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Review: On solutions of y”" 4+ a,y' +a,y = 0.

Summary:
Given constants a;, a, € R, consider the differential equation

y'+ay +ay=0

with characteristic polynomial having roots

a 1
ry = —Elztiy/af—4ao.
(1) If 22 —4a, > 0, then y,(t) = ™t and y,(t) = e"t.
1
(2) If a2 — 4a, < 0, then introducing o = —%, g = 5\/4a0 — a2,
yi(t) = e cos(Bt),  y(t) = e sin(St).

(3) If a2 — 42, =0, then y,(t) = e~ 2 L.




Review: On solutions of y”" 4+ a,y' +a,y = 0.

Question:

2
a
Consider the case (3), with a2 — 4a, = 0, that is, a, = Zl

» Does the equation
22
y'tay +y=0

have two linearly independent solutions?

» Or, is every solution to the equation above proportional to

n(t)=e 3t [
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Repeated roots as a limit case.

Remark:

>

Case (3), where 4a, — a> = 0 can be obtained as the limit
B — 0 in case (2).

Let us study the solutions of the differential equation in the
case (2) as § — 0 for fixed t.

Since cos(ft) — 1 as B — 0, we conclude that

yia(t) = e % Teos(Bt) — e T T = yi(t).
sin(0t)

gt
y8(t) = e 7 Fsin(8t) — Bt e 2t 0.

Since — 1 as 3 — 0, that is, sin(5t) — (t,

Is y,(t) = t yi(t) solution of the differential equation?
Introducing y, in the differential equation one obtains: Yes.

Since y, is not proportional to y;, the functions y;, y, are a
fundamental set for the differential equation in case (3).
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Main result for repeated roots.

Theorem
If a;, ap € R satisfy that af = 4a,, then the functions

a1, a

y(t)=e"2%  yt)=te 2",
are a fundamental solution set for the differential equation
y" +ay 4+ ay = 0.
Example
Find the general solution of 9y” + 6y’ +y = 0.

Solution: The characteristic equation is 92 +6r+1=0, so

1 1
rQ =————1—6++36—36 = ry=——.
BOL 3

The Theorem above implies that the general solution is

y(t) = e 3+ ¢ te /3,
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Reduction of the order method: Constant coefficients.

Proof case a> — 4a, = 0:
Recall: The characteristic equation is r> + a;r + a, = 0, and its
solutions are ry = (1/2)[—a, £ \/a? — 4a,|.

The hypothesis a? = 4a, implies r, = r. = —a, /2.

So, the solution r, of the characteristic equation satisfies both
r_'_2+alr++a():0, 2I’+—|—31:O.

It is clear that y;(t) = e™! is solutions of the differential equation.

A second solution y, not proportional to y; can be found as
follows: (D’Alembert ~ 1750.)

Express: y,(t) = v(t) y2(t), and find the equation that function v
satisfies from the condition y)" + a,y, + a,y, = 0.

Reduction of the order method: Constant coefficients.

Recall: y, = vy, and yJ/ + a1y, + a,y, = 0. So, y, = ve™! and
yi=ve"t + rove™t, vy =v"e"t £ 2r,v et 4 rPve™t.
Introducing this information into the differential equation
V' +2nv + rfv} et +a [V +rnv]e*t +ave*t =0.
{v” +2rv + rfv} + al[v’ + r+v} +a,v=0
v+ (2r+ + al) v 4 (r+2 + a.r. + ao) v=20

Recall that r, satisfies: r? + a;r, + a, = 0 and 2r, + a, = 0.
Vi=0 = v=(g+at) = y=(q+act)e™




Reduction of the order method: Constant coefficients.

Recall: We have obtained that y,(t) = (¢, + ,t) e™.

If c, =0, then y, = cie™t and y; = e™! are linearly dependent
functions.

If ¢, # 0, then y, = (¢, + &t) €™t and y; = e™" are linearly
independent functions.

Simplest choice: ¢, =0 and ¢, = 1. Then, a fundamental solution
set to the differential equation is

_yl(t) — el’+t’ yz(t) — tel’+t I:‘

The general solution to the differential equation is

y(t) =& e™t + & te™L.

Reduction of the order method: Constant coefficients.

Example
Find the solution to the initial value problem
5
Wty +y=0 y(0)=1  y(0)=z
1
Solution: The solutions of 9r2 +6r+1 =0, are r, = r. = —3

The Theorem above says that the general solution is

t
) ettt () ~Se (1) et

The initial conditions imply that

1:y(0):C1,
5 c = ¢ =1, c, = 2.
§:y/(0):_§1+cz

We conclude that y(t) = (1 + 2t) e /3. <
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Reduction of the order method: Variable coefficients.

Remark: The same idea used to prove the constant coefficients
Theorem above can be used in variable coefficients equations.

Theorem
Given continuous functions p, q : (t;, t;) — R, let y; : (t;,t,) = R
be a solution of

y'+p(t)y +q(t)y =0,

If the function v : (t;,t,) — R is solution of

vi(t) v + [2y'(t) + p(t)yl(t)] v = 0. (1)

then the functions y, and y, = v y, are fundamental solutions to
the differential equation above.

Remark: The reason for the name Reduction of order method is
that the function v does not appear in Eq. (1). This is a first order
equation in v/




Reduction of the order method: Variable coefficients.

Example
Find a fundamental set of solutions to

t2y" + 2ty — 2y =0,
knowing that y;(t) = t is a solution.

Solution: Express y»(t) = v(t) »1(t). The equation for v comes
from t2y) 4+ 2ty! — 2y, = 0. We need to compute

Y, = Vi, yvi=tv +v, vl =tv'+2V.

So, the equation for v is given by
t*(t v +2V) +2t(tV +v) —2tv=0
By (22 +2t°) vV + (2t —2t) v =0

4
BV 442V =0 = V- v—O

Reduction of the order method: Variable coefficients.

Example
Find a fundamental set of solutions to

t2y" + 2ty — 2y =0,
knowing that y;(t) = t is a solution.

4
Solution: Recall: v + —v = 0.

- . 4
This is a first order equation for w = v/, given by w’ + ?W =0, so

/
w 4 —4

= = In(w)=—4In(t)+ ¢ = w(t)=qt

, ¢ € R.

Integrating w we obtain v, that is, v = c,t73 + ¢, with G, G € R.
Recalling that y, = t v we then conclude that y, = Gt 2 + at.
Choosing ¢, =1 and ¢; = 0 we obtain the fundamental solutions

1
yi(t) =t and y,(t) = el 4




Reduction of the order method: Variable coefficients.

Proof of the Theorem: The choice of y, = vy, implies
vo=vVyutvy, oy =Vt y vyl
This information introduced into the differential equation says that
(V' +2Vy vy )+ p(Vn+vy)+auyn =0

v+ @2y +py) V' + (0 +pyi+an)v=0.
The function y; is solution of y +py/ + qy, = 0.
Then, the equation for v is given by Eq. (1), that is,

wv"+ 2yl +py)v =0.

Reduction of the order method: Variable coefficients.

Proof: Recall y; v/ + (2y] + py,) v/ = 0. We now need to show
that y; and y, = vy, are linearly independent.

N 4%

W —
2y (Vi +wy)

= y(V'yi + vy]) — vy,

We obtain W,,,, = v'y2. We need to find v. Denote w = v/, so

/ /

w
ww (2 py)w=0 = —=-2"_p
w i
Let P be a primitive of p, that is, P'(t) = p(t), then
In(w) = =2In(y,) — P = w= el =Pl oy = vy 2e P

We obtain v'y? = e=F, hence W,,,, = e=F, which is non-zero.
We conclude that y; and y, = vy, are linearly independent. (]




