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Review: Second order linear ODE.
Definition
(a) A second order linear differential equation in the unknown vy is
L(y) = y" +a(t)y' + ao(t) y = b(t), (1)
(b) Eq. (1) is called homogeneous iff the b = 0.

(c) Eq. (1) is called of constant coefficients iff a; and a, are
constants; otherwise is called of variable coefficients.

(d) The functions y;, and y, are fundamental solutions of L(y) =0
iff L(y1) =0, L(y,) =0 and y;, y, are linearly independent.

(e) The general solution of the homogeneous equation L(y) =0
denotes any function y,en that can be written as

Ygen(t) = ay(t) + e y(t),

where y;, y, are fundamental solutions of L(y) =0 and ¢, ¢,
are arbitrary constants.
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|ldea: Soving constant coefficients equations.

Remark: Just by trial and error one can find solutions to second
order, constant coefficients, homogeneous, linear differential
equations. We present the main ideas with an example.

Example

Find solutions to the equation y” + 5y’ + 6y = 0.

Solution: We look for solutions proportional to exponentials e, for
an appropriate constant r € R, since the exponential can be
canceled out from the equation.

If y(t) = e, then y'(t) = re’, and y"(t) = r?e™. Hence

(rP+5r+6)e"=0 < r’+5r+6=0.

That is, r must be a root of the polynomial p(r) = r? 4 5r + 6.

This polynomial is called the characteristic polynomial of the
differential equation.




ldea: Soving constant coefficients equations.

Example
Find solutions to the equation y” + 5y’ + 6y = 0.

Solution: Recall: p(r) = r? 4+ 5r + 6.

The roots of the characteristic polynomial are

1 n= -2,
r=5(-5+v25-24) = —( 5+1) = { 1 ;
r2 _ —
Therefore, we have found the fundamental solutions
n(t)=e  y(t)=e
Therefore, the general solution is
Ygen(t) = e 2t 4+ ce 3t ¢, G € R. 4

|ldea: Soving constant coefficients equations.

Summary: The differential equation y” + 5y’ + 6y = 0 has
infinitely many solutions,

y(t) = ce 2t + e 3, a, 6 €R.

Remarks:
» There are two free constants in the solution found above.

» The ODE above is second order, so two integrations must be
done to find the solution. This explain the origin of the two
free constant in the solution.

» An IVP for a second order differential equation will have a
unique solution if the IVP contains two initial conditions.
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The characteristic equation.

Definition
Given a second order linear homogeneous differential equation with
constant coefficients

y'+ay' +a =0, (2)

the characteristic polynomial and the characteristic equation
associated with the differential equation in (2) are, respectively,

p(r) = r* + a,r + a, p(r) = 0.

Remark: If r, # r, are the solutions of the characteristic equation
and ¢, ¢, are constants, then the general solution of Eq. (2) is

y(t) = et + e
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Characteristic polynomial with complex roots.

Main result for constant coefficients equations.

Theorem (Constant coefficients)
Given real constants a,, a,, consider the homogeneous, linear
differential equation on the unknown y : R — R given by

y'+ay +ay=0.

Let ry, r— be the roots of the characteristic polynomial
p(r) = r? 4 a;r + ay, and let c,, ¢, be arbitrary constants. Then,
the general solution of the differential eqation is given by:

(a) If ry # r—, real or complex, then y(t) = c,e™t + ¢, e 1.
(b) Ifrp =r_ =% €R, thenis y(t) = c,e’t + ¢, te't.

Furthermore, given real constants t,, y, and y,, there is a unique
solution to the initial value problem

Y'+tay' +ay=0,  y(t)=ve y(t)=y.




Main result for constant coefficients equations.

Example
Find the solution y of the initial value problem
y'+5/+6=0, y(0)=1  y(0)=-L1
Solution: A solution of the differential equation above is
y(t) = ce 2t + e 3t

We now find the constants ¢, and ¢, that satisfy the initial
conditions above:

1=y(0)=q¢+ o, —1=y'(0) = —2¢, — 3¢,
a=1-¢=1=2(1-¢)+3g=>¢c=-1=¢ =2
Therefore, the unique solution to the initial value problem is

y(t) =2e7 2t — e3¢, 4

Main result for constant coefficients equations.

Example
Find the general solution y of the differential equation

2y" -3y’ +y=0.

Solution: We look for every solution of the form y(t) = e, where
r is a solution of the characteristic equation
1 r]_ — ].,
2r2—3r—|—1:O=>r:Z(3:|:\/9—8)$ 1
rn = —.
2

Therefore, the general solution of the equation above is

y(t) = ciet + cet’?,

where ¢,, ¢, are arbitrary constants. <
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Characteristic polynomial with complex roots.

Example
Find the general solution of the equation y” — 2y’ + 6y = 0.

Solution: We first find the roots of the characteristic polynomial,
1
r’—2r+6=0 = ry= SQREVA=24) = = 1+iV/5.

A fundamental solution set is
Jit) = VI (1) = VR,

These are complex-valued functions. The general solution is

y(t) =& eVt L g 1-VOE g eC. 4




Characteristic polynomial with complex roots.

» Complex numbers have the form z = a + ib, where 2= —1.
» The complex conjugate of z is the number Z = a — ib.

» Re(z) = a, Im(z) = b are the real and imaginary parts of z

z+z z—z
» Hence: Re(z) = i and Im(z) = ¥
i
oo .
- a—+ ib)" , :
> 2T — g w In particular holds et = 2 e?.
< n!
n—

» Euler's formula: e = cos(b) + isin(b).

» Hence, a complex number of the form e

can be written as

eatib — g3 [cos(b) + isin(b)], e? b — g2 [cos(b) — isin(b)].

» From e*® and e?~'® we get the real numbers
1 ) : 1 : . _
E(ea+’b+ea_’b) = e? cos(b), ?(e‘”’b—ea_’b) = e? sin(b).
i

Characteristic polynomial with complex roots.

Remark:

» The solutions found above include real-valued and
complex-valued solutions.

» Since the differential equation is real-valued, it is usually
important in applications to obtain the most general
real-valued solution. (See RLC circuit in Applications.)

» In the expression above it is difficult to take apart real-valued
solutions from complex-valued solutions.

» In other words: It is not simple to see what values of ¢ and ¢,
make the general solution above to be real-valued.

» One way to find the real-valued general solution is to find
real-valued fundamental solutions.




Characteristic polynomial with complex roots.

Theorem (Complex roots)

If the constants a;, a, € R satisfy that af — 443, < 0, then the
characteristic polynomial p(r) = r? + a,r + a, of the equation

y'+ay +ay=0 (3)

has complex roots ri. = a+ i3 and r— = « — i3, where

a 1
04:—51, 5:5\/430—312.

Furthermore, a fundamental set of solutions to Eq. (3) is
t) = e () = o,
while another fundamental set of solutions to Eq. (3) is

yi(t) = e*f cos(Bt), vo(t) = e*Fsin(Bt).

Characteristic polynomial with complex roots.

|dea of the Proof: Recall that the functions
n(t) = e(a+iﬁ)t7 y(t) = e(a_w)t7
are solutions to y” + a, y’ + a, y = 0. Also recall that

7(t) = et [cos(Bt) +isin(Bt)],  7(t) = e*[cos(Bt) —isin(St)].
Then the functions

1 1

yi(t) = 5()71(’5) + (1)) ya(t) = Z()N/l(t) — (1))

are also solutions to the same differential equation. We conclude
that y; and y, are real valued and

y(t) = et cos(Bt), y(t) = e“tsin(Bt).




Characteristic polynomial with complex roots.

Example
Find the real-valued general solution of the equation

y" -2y’ +6y =0.
Solution: Recall: Complex valued solutions are
Ja(t) = eIV (r) = VR,

Y

Any linear combination of these functions is solution of the
differential equation. In particular,

B(0) = 5[0+ 5(0], (0) = - [7(0) — 7))

Now, recalling e(1£iVB) t _ ot tiV5it

Y

1 . . 1 . .
n(t) = 5 ef Vot 1 et e_'\/gt} . y(t) = ¥ ef eVt _ gt e_’\/gt]
j

Characteristic polynomial with complex roots.
Example
Find the real-valued general solution of the equation

y" =2y +6y =0.

t . , ot . _
Solution: y; = % [e'\/gt 4+ e_"/gt}, Vv, = - [en/ﬁt - e—/\/ﬁt}_

The Euler formula and its complex-conjugate formula

eVt = [cos(v/5 t) + isin(V5 1)),
VBt _ [cos(VB t) — isin(V5t)],

imply the inverse relations
VBt | e=V5t — 0 og(v/Bt), e/V5t — e V5t = 2jsin(v/5t).
So functions y; and y, can be written as

vi(t) = et cos(V/5t), v.(t) = etsin(v/5 t).




Characteristic polynomial with complex roots.

Example
Find the real-valued general solution of the equation

y" =2y + 6y =0.

Solution: Recall: y(t) = g eIVt 4 & o(1-iVB)t &,6 e C.
The calculation above says that a real-valued fundamental set is
yi(t) = et cos(v/5t), v.(t) = et sin(v/5 t).
Hence, the complex-valued general solution can also be written as
y(t) = [cicos(vV5 t) + o sin(VE t)] e, a,c € C.
The real-valued general solution is simple to obtain:
y(t) = [a cos(V/5t) + ¢, sin(vV5 t)] e, ¢, G € R,

We just restricted the coefficients ¢;, ¢, to be real-valued. <

Characteristic polynomial with complex roots.

Example
Show that y,(t) = e cos(v/5t) and y,(t) = e sin(+/5t) are
fundamental solutions to the equation y” — 2y’ + 6y = 0.

Solution: y,(t) = et cos(v/5t), y.(t) = e'sin(v/5t).
Summary:
These functions are solutions of the differential equation.
They are not proportional to each other, Hence Ii.

>
>
» Therefore, y;, y» form a fundamental set.
>

The general solution of the equation is

y(t) = [c1 cos(V/5t) + ¢ sin(V/5t)] et

» y is real-valued for ¢, ¢, € R.

» y is complex-valued for ¢, ¢, € C.




Characteristic polynomial with complex roots.

Example
Find real-valued fundamental solutions to the equation
y'"+2y" +6y=0.

Solution:
The roots of the characteristic polynomial p(r) = r? +2r + 6 are

r4 =

[-2+V4-24] = %[—2 +V=20] = rp=-1+iV5

N| —

These are complex-valued roots, with
a=-—1, 8 = /5.

Real-valued fundamental solutions are

vi(t)=e "t cos(\/g t), v(t)=e "t sin(\/g t). B

Characteristic polynomial with complex roots.

Example
Find real-valued fundamental solutions to the equation

y'+2y +6y=0.
Solution: y,(t) = e f cos(V51t), y,(t) = et sin(V/51).

in this example describe physical
processes related to damped
oscillations. For example
pendulums with friction.

Differential equations like the one




Characteristic polynomial with complex roots.

Example
Find the real-valued general solution of y” +5y = 0.

Solution: The characteristic polynomial is p(r) = r? + 5.
Its roots are ry = ++/5i. This is the case & = 0, and 0= V5.

Real-valued fundamental solutions are
vi(t) =cos(vV5t),  y(t) =sin(v/51).
The real-valued general solution is

y(t) = ¢ cos(v/5t) + ¢, sin(V/5 t), a, & € R,

Remark: Equations like the one in this example describe
oscillatory physical processes without dissipation, a = 0.

<




