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Overview and notation.

Overview: The Laplace Transform method can be used to solve
constant coefficients differential equations with discontinuous
source functions.

Notation:
If L[f(t)] = F(s), then we denote L71[F(s)] = f(t).

Remark: One can show that for a particular type of functions f,
that includes all functions we work with in this Section, the
notation above is well-defined.

Example
1

From the Laplace Transform table we know that E[eat} = —.
s—a

Then also holds that £~! {L} = e,
s—a
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The definition of a step function.
Definition
A function v is called a step function at t = 0 iff holds

0 fort <0,
u(t):{ or

1 fort>0.

Example

Graph the step function values u(t) above, and the translations
u(t — c) and u(t + ¢) with ¢ > 0.

Solution:

u@®

ut-o) u(t + c)
¥ S 1 —

0|
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The definition of a step function.

Remark: Given any function values f(t) and ¢ > 0, then f(t — ¢)
is a right translation of f and f(t + c) is a left translation of f.

Example

f(t) f(l):em

o] f=uwe"




The definition of a step function.

Remark: Given any function values f(t) and ¢ > 0, then f(t — ¢)
is a right translation of f and f(t + c) is a left translation of f.

Example
ol =o' f(t)
1 1
/ 1
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Piecewise discontinuous functions.

Example
Graph of the function f(t) = e [u(t — 1) — u(t — 2)].

Solution:

vy [f(ty=e" [u(t-1)-u(t=2}]
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Piecewise discontinuous functions.
Example
Graph of the function f(t) = e [u(t — 1) — u(t — 2)].
Solution:

vy [f(ty=e" [u(t-1)-u(t=2}]
e eat

,/u(t—l)—u(t—Z):

BRI [

1 2 t

Notation: The function values u(t — c¢) are denoted in the
textbook as uc(t).
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The Laplace Transform of discontinuous functions.

Theorem
Given any real number ¢ > 0, the following equation holds,

—CSs

Llu(t — )] = es . s>0.

Proof:
Llu(t —c)] = / e tu(t—c)dt = / e ' dt,
0 Cc

e—CS

T 1 —Ns —cs\ __
]—Nlinoo—g(e e %) = pot s> 0.

Llu(t — ¢)

—CS

We conclude that L[u(t — ¢)] = €

S
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The Laplace Transform of discontinuous functions.

Example
Compute L[3u(t — 2)].

e—2s

Solution:  L[3u(t —2)] =3L[u(t —2)] =3 <

3e2s

S

We conclude: L[3u(t —2)] =

Example

—3s
Compute £71 [

Al

Solution: £71 {6—535]
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The Laplace Transform of discontinuous functions.

Example
Compute L[3u(t — 2)].

e—2s

Solution:  L[3u(t —2)] =3L[u(t —2)] =3 <

3e2s

S

We conclude: L[3u(t —2)] =

Example

—3s
Compute £71 [

Al

—3s

eT] = u(t —3).

e

Solution: £71 {



The Laplace Transform of discontinuous functions.

Example
Compute L[3u(t — 2)].

e—2s

Solution:  L[3u(t —2)] =3L[u(t —2)] =3 <

36_25

We conclude: L[3u(t —2)] = s
Example

—3s
Compute £_1[e }

s

—3s

. . —1 e . _
Solution: L { . ]_u(t 3).
e—35

We conclude: L”l{ . }:u(t—3)
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Properties of the Laplace Transform.

Theorem (Translations)
If F(s)= L[f(t)] exists fors>a> 0 and c >0, then holds

Llu(t —c)f(t—c)] =e < F(s), s> a.
Furthermore,
L[ef(t)] = F(s — ¢), s>a+c.

Remark:

» Ltranslation (uf)] = (exp) (L[f]).

» L[(exp) (f)] = translation(L[f]).
Equivalent notation:

> Llu(t —c)f(t —c)] = e~ = L[f(t)],

> Lletf(t)] = L[f](s — ¢).
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Properties of the Laplace Transform.

Example
Compute L[u(t — 2) sin(a(t — 2))].

Solution: L[sin(at)] = ﬁ, Llu(t —c)f(t —c)] = e L[f(1)].

52
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Properties of the Laplace Transform.

Example
Compute L[u(t — 2) sin(a(t — 2))].

2 Llu(t — )f(t—c)] = e~ LIF(1)].

Solution: Lsin(at)] = a7

a

Lu(t = 2) sina(t = 2))] = e™* Llsin(at)] = 7 "



Properties of the Laplace Transform.

Example
Compute L[u(t — 2) sin(a(t — 2))].

Solution: L[sin(at)] = 2 50 Llu(t —c)f(t —c)] = e~ = LIf(1)].

s?+a
L[u(t — 2) sin(a(t — 2))] = e L[sin(at)] = e 2 ﬂ%
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Properties of the Laplace Transform.

Example
Compute L[u(t — 2) sin(a(t — 2))].

Solution: L[sin(at)] = 2 50 Llu(t —c)f(t —c)] = e~ = LIf(1)].

s2+a
L[u(t — 2) sin(a(t — 2))] = e L[sin(at)] = e 2 ﬂ%
We conclude: L[u(t —2) sin(a(t —2))] = e * 524_%. <

Example
Compute L[e3" sin(at)].

Solution: Recall: L[e“*f(t)] = L[f](s — ¢).



Properties of the Laplace Transform.

Example
Compute L[u(t — 2) sin(a(t — 2))].

Solution: L[sin(at)] = 2 50 Llu(t —c)f(t —c)] = e~ = LIf(1)].

s?+a
. ) . ) a
Llu(t—2) sin(a(t — 2))] = e > L[sin(at)] = e** Ry
_ _ a
We conclude: L[u(t —2) sin(a(t —2))] = e * ol <
Example
Compute L[e3" sin(at)].
Solution: Recall: L[e“*f(t)] = L[f](s — ¢).
. 3t . - a .
We conclude: L[e’" sin(at)] = G with s > 3. <
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Find the Laplace transform of f(t) = )
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Completing the square we obtain,

2 -2t +2=(2-2t+1)-1+2=(t—-1)°+1

This is a parabola t? translated to the
right by 1 and up by one. This is a
discontinuous function.



Properties of the Laplace Transform.

Example
0, t<1,

Find the Laplace transform of f(t) = {( 2 _op 4 2) > 1
t= — 2t ) t = =

Solution: Using step function notation,
f(t) = u(t —1)(t2 — 2t +2).
Completing the square we obtain,

2 -2t +2=(2-2t+1)-1+2=(t—-1)°+1

f(t)
This is a parabola t? translated to the /
right by 1 and up by one. This is a P

discontinuous function.
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Solution: Recall: f(t) = u(t—1) [(t —1)* + 1].
This is equivalent to
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Properties of the Laplace Transform.

Example
0, t<1,

Find the Laplace transform of f(t) = {( 2 _o¢49) > 1

Solution: Recall: f(t) = u(t—1) [(t —1)* + 1].
This is equivalent to
f(t)=u(t—1)(t—1)2+ u(t —1).
Since L[t?] = 2/s3, and L[u(t — c)g(t — c)] = e~ L[g(t)], then

LIF(1)] = Llu(t — 1) (t = 1)*] + L[u(t - 1)]



Properties of the Laplace Transform.

Example
0, t<1,

Find the Laplace transform of f(t) = {( 2 _o¢49) > 1

Solution: Recall: f(t) = u(t—1) [(t —1)* + 1].
This is equivalent to
f(t)=u(t—1)(t—1)2+ u(t —1).
Since L[t?] = 2/s3, and L[u(t — c)g(t — c)] = e~ L[g(t)], then

LIF(E)] = Llu(t — 1) (t — 1)2] + Llu(t — 1)] = 33 + 1



Properties of the Laplace Transform.

Example
0, t<1,

Find the Laplace transform of f(t) = {( 2 _o¢49) > 1

Solution: Recall: f(t) = u(t—1) [(t —1)* + 1].
This is equivalent to
f(t)=u(t—1)(t—1)2+ u(t —1).
Since L[t?] = 2/s3, and L[u(t — c)g(t — c)] = e~ L[g(t)], then

LIF(E)] = Llu(t — 1) (t — 1)2] + Llu(t — 1)] = 33 + 1

We conclude: L[f(t)] = 65;3 (2+ s?). <
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Remark: The inverse of the formulas in the Theorem above are:
L7 e F(s)] = u(t —c) f(t - c),
L7YF(s = c)] = e f(2).

Example

Find £ [Se }

Solution: £} [Si_:sg} = lﬁ_l [e_4s 3 }




Properties of the Laplace Transform.
Remark: The inverse of the formulas in the Theorem above are:
L7 e F(s)] = u(t —c) f(t - c),

L7YF(s = c)] = e f(2).

Example
Find £ [52_:59]
Solution: £} [Si_:sg} = %E‘l [e_4s 5219}.

Recall: £71 [52 j_ 32] = sin(at).




Properties of the Laplace Transform.
Remark: The inverse of the formulas in the Theorem above are:
L7 e F(s)] = u(t —c) f(t - c),

L7YF(s = c)] = e f(2).

Example
—4s
. _1[ €
Find £ 5.
—4s

T _ } 1 —as 3
Solution: L [52 +9} =3 L [e 2 +9}.

] a .
Recall: £ [52 n 32] = sin(at). Then, we conclude that

—4s

o [Si +9} - % u(t — 4) sin(3(t — 4)).
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Example

Find £71 [%]
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Example
: [ (s—=2)

Find £ [(5_2)2+9].

s

Solution: £_1[
uH 52 4 a2

} = cos(at),



Properties of the Laplace Transform.

Example

Find £71 [%]

Solution: £_1[ } = cos(at), L7I[F(s — c)] = e f(¢).
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Properties of the Laplace Transform.

Example

: [ (s—=2)
Find £ [(5_2)2+9].
s

52 4 a2

Solution: £_1[ } = cos(at), L7I[F(s — c)] = e f(¢).

(s—2)

m} = et cos(3t).

We conclude: £t {



Properties of the Laplace Transform.

Example )

Find £71 [%]

Solution: £71 [52 j_ 32} = cos(at), L7I[F(s — c)] = e f(¢).
We conclude: £7* {(‘5(_52_)2219} = et cos(3t).

Example .

Find £ [5226_ 2|



Properties of the Laplace Transform.

Example )

Find £71 [%]

Solution: £71 [52 j_ 32} = cos(at), L7I[F(s — c)] = e f(¢).
We conclude: £7* {(‘5(_52_)2219} = et cos(3t).

Example .

Find £ [5226_ 2|

Solution: Recall: ﬁ_l{ } = sinh(at)

52 _ 32



Properties of the Laplace Transform.

Example )

Find £71 [%]

Solution: £71 [52 j_ 32} = cos(at), L7I[F(s — c)] = e f(¢).
We conclude: £7* {(‘5(_52_)2219} = et cos(3t).

Example .

Find £ [5226_ 2|

on- . -1 d .
Solution: Recall: £ {52 — a2} = sinh(at)
and £71 [e" < F(s)] = u(t — ) f(t - ¢).



Properties of the Laplace Transform.

Example

Find c—l[

2e—3si|

s2—4l

Solution: Recall:
-1 H — —cCs

c [ﬂ} —sinh(at), L[~ F(s)] = u(t — c) f(t —c).



Properties of the Laplace Transform.

Example

Find 5—1[

2e73s
s? — 4]

Solution: Recall:

£ [m} = sinh(at), L',_l[e_cs F(s



Properties of the Laplace Transform.

Example

Find 5—1[

2e73s
s? — 4]

Solution: Recall:

L—l[ =sinh(at), L' [e"=F(s)] = u(t —c) F(t - c).

52—32}

e !

26735
s2—4

We conclude: ﬁ_l[ } = u(t — 3) sinh(2(t — 3)). <



Properties of the Laplace Transform.

Example

e—2s
Fi .
ind £ [52+s—2]



Properties of the Laplace Transform.

Example
1 e—2s
Find £78| ——].
" s2+s-2

Solution: Find the roots of the denominator:

[-1+V1+8]

N

54 =
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Find £78| ——].
" s2+s-2
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Equations with discontinuous sources (Sect. 6.4).

» Differential equations with discontinuous sources.
» We solve the IVPs:
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Example
Use the Laplace transform to find the solution of the IVP
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Example
Use the Laplace transform to find the solution of the IVP

y'+2y=u(t-4), y(0)=3.
1 171 1
s(s+2) 2 {E B (s+2)]
The algebraic equation for L[y] has the form,

Solution: Recall:

Lly] =3L[e?"] +

1 [e74s 1 ef4s 1 ]
s (s+2)

2
—2t 1 —2(t—4
Lly) =3L[e] + 5 (E[u(t —4)] = L[u(t — 4) e )]).
We conclude that
y(t) =32 + % u(t — 4) [1 - e*2(f*4>]
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» Differential equations with discontinuous sources.
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step functions.
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Example
Use the Laplace transform to find the solution of the IVP
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Solution:
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Example
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Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

I ;r, 0 y(0) =0, B 1, te[0,m)
yi Yy gy = b(1), J(0) =0, b(t)_{07 c [r00).

Solution: The graphs imply: b(t) = u(t) — u(t — )

Now is simple to find L[b], since

e*’TI'S

LIb(t)] = L[u(t)] - L[u(t — 7)] = % T s

So, the source is L[b(t)] = (1 —e ™)
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Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

I ;r, 0 y(0) =0, B 1, te[0,m)
yi Yy gy = b(1), J(0) =0, b(t)_{()’ c [r00).

Solution: The graphs imply: b(t) = u(t) — u(t — )

Now is simple to find L[b], since

e*’TI'S

LIb(t)] = L[u(t)] - L[u(t — 7)] = % T s

So, the source is L[b(t)] = (1 —e ™) =, and the equation is

0| =

L)+ L)+ £ = (1)
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Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP
v, .5 y(0) =0, 1, telo,m)
+y' + 2y = b(t), b(t) =
VY= gy =0, M0 e o).

Solution: So:  L[y"] + L[y'] + Z Lly]=(1-e™) %

The initial conditions imply: L[y"] = s° L[y] and L[y'] = s L][y].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, Mﬂ:{Ltemm)

" / 5
+y 4+ 2y = b(t),
Ry gy = g g 0, tée[r,o0).

1
Solution: So:  L[y"] + L[y'] + 2 Lly]=(1-eT) =
The initial conditions imply: L[y"] = s° L[y] and L[y'] = s L][y].

5 1
Therefore, (52 + s+ Z) Lly]=(1-eT™) =



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP
v, .5 y(0) =0, 1, telo,m)
+y' + 2y = b(t), b(t) =
VY= gy =0, M0 e o).

1
Solution: So:  L[y"] + L[y'] + 2 Llyl]=(1-e7™) <
The initial conditions imply: E[y"] = 525[}/] and ﬁ[yl] =sL[y].
Therefore (52 + s+ §> Lly] = (1 - e_m) 1
1 4 5
1

We arrive at the expression: L[y] = (1 — efﬂs) - -
s <s2 +s+ %)
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Denoting: H(s) = ——,
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Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, b(t):{l, te[0,7)

5
" !/
+y' + oy = b(t),
oy v =b(1) y'(0) =0, 0, te[mo0).

4

1
Solution: Recall: L[y] = (1-e ™) ——.
s (52 +s+ %)
1
Denoting: H(s) = ——,
s (52 +s+ %)

we obtain, L[y] = (1 —e ) H(s).
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Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, b(t):{l, te[0,7)

5
" !/
+y' + oy = b(t),
oy v =b(1) y'(0) =0, 0, te[mo0).

4

1

Solution: Recall: L[y]=(1—-¢ ™) ————.
( ) s (52 +s+ %)

1

Denoting: H(s) = ——,
s (52 +s+ %)

we obtain, L[y] = (1 —e ) H(s).

In other words: y(t) = L™ [H(s)] — £ '[e™ H(s)].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, Mﬂ:{LtEmm)

" / 5
+y 4+ 2y = b(t),
Ry gy = g g 0, tée[ro0).

Solution: Recall: y(t) = £} [H(s)] — £t [e7™ H(s)].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

” ;9 y(0) =0, - 1, tel0,m)
Yy gy = b(1), J(0) =0, b(t)_{o’ e [ 00).

Solution: Recall: y(t) = £} [H(s)] — £t [e7™ H(s)].
Denoting: h(t) = L7 '[H(s)],



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

” ;9 y(0) =0, - 1, tel0,m)
Yy gy = b(1), J(0) =0, b(t)_{o’ e [ 00).

Solution: Recall: y(t) = £} [H(s)] — £t [e7™ H(s)].
Denoting: h(t) = L7 '[H(s)], the L[] properties imply

L7 e ™ H(s)] = u(t — ) h(t — 7).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

” ;9 y(0) =0, - 1, tel0,m)
Yy gy = b(1), J(0) =0, b(t)_{()’ e [ 00).

Solution: Recall: y(t) = £} [H(s)] — £t [e7™ H(s)].
Denoting: h(t) = L7 '[H(s)], the L[] properties imply
L7 e ™ H(s)] = u(t — ) h(t — 7).

Therefore, the solution has the form

y(t) = h(t) — u(t — ) h(t — ).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

” ;9 y(0) =0, - 1, tel0,m)
Yy gy = b(1), J(0) =0, b(t)_{()’ e [ 00).

Solution: Recall: y(t) = £} [H(s)] — £t [e7™ H(s)].
Denoting: h(t) = L7 '[H(s)], the L[] properties imply
L7 e ™ H(s)] = u(t — ) h(t — 7).
Therefore, the solution has the form
y(t) = h(t) — u(t — ) h(t — ).

We only need to find h(t) = £7! [(215)}
S\s*+s+3



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP
5 y(0) =0, 1, te€[0,m)
" /
+y' + -y = b(t), b(t) =
Yy gy = b(t) J/(0) =0, (1) 0. téelm o)

Solution: Recall: h(t) = £7! [(215)}
s|s°+s+73



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, b(t):{l’ te[0,m)

5
7 /
+ 2y = b(t),
y +vy R4 (1) y'(0) =0, 0, te€[mo0).

Solution: Recall: h(t) = £7! [(215)}
s|s°+s+73

Partial fractions:



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, b(t):{l’ te[0,m)

5
7 /
+ 2y = b(t),
y +vy R4 (1) y'(0) =0, 0, te€[mo0).

Solution: Recall: h(t) = £7! [<215>}
s|s°+s+73

Partial fractions: Find the zeros of the denominator,



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, _f1, tefon)
y'(0) =0, b(t)_{o, t € [r,o0).

£t [M}

Partial fractions: Find the zeros of the denominator,

[-1+V1-75]

5
y'+y + 2V = b(b),

Solution: Recall: h(t)

54 =

N~



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, Mﬂ:{Ltemm)

5
" /

42y = b(b),
Ry gy = g g 0, te [ o).

1
Solution: Recall: h(t) = £7! [—}
s <s2 +s+ %)
Partial fractions: Find the zeros of the denominator,

st ==[-1+v1-5] = Complex roots.

N~



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, _f1, tefon)
y'(0) =0, b(t)_{o, t € [r,o0).

|

5
y'+y + 2V = b(b),

Partial fractions: Find the zeros of the denominator,

Solution: Recall: h(t)

1
se =3 [-1£v1-5] = Complex roots.

The partial fraction decomposition is:



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, _f1, tefon)
y'(0) =0, b(t)_{o, t € [r,o0).

£t [M}

Partial fractions: Find the zeros of the denominator,

5
y'+y + 2V = b(b),

Solution: Recall: h(t)

1
se =3 [-1£v1-5] = Complex roots.
The partial fraction decomposition is:
1

e



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, _f1, tefon)
y'(0) =0, b(t)_{o, t € [r,o0).

£t [M}

Partial fractions: Find the zeros of the denominator,

5
y'+y + 2V = b(b),

Solution: Recall: h(t)

1
se =3 [-1£v1-5] = Complex roots.

The partial fraction decomposition is:

H(s):;:f—i— (bs+c¢)

(s2+s+%)s S <s2+s+%>



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

" ;p 5 y(0) =0, )L t €[0,m)
yi Yy gy = b(t), J(0)=0. b(t)_{o’  c [r00).

Solution: Recall: H(s) = o a + _(bs+c)

<s2+5+%>s s (52—1—5—&—%).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, ] 1, telo,n)
y'(0) =0, b(t) = {0, t € [m, 00).

1 b
Solution: Recall: H(s)= ———— = a + ﬂ

<s2+5+%>s s (52—1—5—&—%).

The partial fraction decomposition is:

5
y//+y/+1y: b(t‘)7



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, ] 1, telo,n)
y'(0) =0, b(t) = {0, t € [m, 00).

1
Solution: Recall: H(s) = — - = 2. _(bs+c)

<s2+5+%>s s (52—1—5—&—%).

The partial fraction decomposition is:

5
y//+y/+1y: b(t‘)7

1:a(52+s+%>+s(bs+c)



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

0) =0, 1, te]o,
oy=0, { 0.7)

5
" /
+y + 2y =b(t),
oy gy (t) y'(0) =0, 0, te€[mo0).

1 b
Solution: Recall: H(s)= ———— = 24 ﬂ
<s2+5+%>s s (52—1—5—&—%)
The partial fraction decomposition is:

5
1:a(52+s+2>+s(bs+c):(a+b)52+(a+c)s—|—za.



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, ] 1, telo,n)
y'(0) =0, b(t) = {0, t € [m, 00).

1 b
Solution: Recall: H(s)= ———— = a + M

<s2+5+%>s s (52—1—5—&—%).

The partial fraction decomposition is:

5
y//+y/+1y: b(t‘)7

5 5
1= a(s2+s+ Z) +s(bs+c) = (a+b)52+(a+c)s—|—za.
This equation implies that a, b, and ¢, are solutions of

a+b=0, a+c=0, Zazl.



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

" ;L9 y(0) =0, _ 1, te€[0,m)
g +y+Zy_b(t), y'(0) =0, b(t)_{o, t € [r,00).

Solution: So: a=—-, b=—=, c=—-—.



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

yll+y/+§y:b(t), y(O):O, b(t):{l, tE[O,TF)

4 y'(0) =0, 0, te&[mo0).
4 4 4
lution: So: a= -, b= —— = ——.
Solution: So: a 5 5 c 3

Hence, we have found that,

1

) = (52+s+%>s



Differential equations with discontinuous sources.
Example

Use the Laplace transform to find the solution of the IVP

yll+y/+§y:b(t), y(O):O, b(t):{l, tE[O,TF)

4 y'(0) =0, 0, te&[mo0).
4 4 4
lution: So: a= -, b= —— = ——.
Solution: So: a 5 5 c 3

Hence, we have found that,

(s+1)
H(S):(52+j+i>s_g[l -



Differential equations with discontinuous sources.
Example

Use the Laplace transform to find the solution of the IVP

yll+y/+§y:b(t), y(O):O, b(t):{l, tE[O,TF)

4 y'(0) =0, 0, te&[mo0).
4 4 4
lution: So: a= -, b= —— = ——.
Solution: So: a 5 5 c 3

Hence, we have found that,

(52+s+%>s 5

s (52+S+2)}

We have to compute the inverse Laplace Transform

H(s) — 1 _4[1 (s+1)



Differential equations with discontinuous sources.
Example

Use the Laplace transform to find the solution of the IVP

yll+y/+§y:b(t), y(O):O, b(t):{l, tE[O,TF)

4 y'(0) =0, 0, te&[mo0).
4 4 4
lution: So: a= -, b= —— = ——.
Solution: So: a 5 5 c 3

Hence, we have found that,

(52+s+%>s 5

s (52+S+2)}

We have to compute the inverse Laplace Transform

H(s) — 1 _4[1 (s+1)

h(e) = = £t E = (52(5;223)]



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

7 r, 5 y(0) =0, _ 1, te[0,m)
y'+y +Zy—b(t), J(0)=0. b(t)—{07 e r00).

) 4 .rl (s+1)
Solution: Recall: h(t)= - £ 1= - 2>~/ |
(t) 5 [S (52—|—s+2)]



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, b(t):{l, te[0,m)

5
" /
4y 42y = b(b),
oy v =b(1) y'(0) =0, 0, te[m, 00).

4
Solution: Recall: h(t) = ﬂ/v’*l P — &]
| | 5 s (s2+s+3))

In this case we complete the square in the denominator,



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y//+y/+§y:b(t), y(0) =0, b(t):{l, t €[0,m)

4 y'(0) =0, 0, te|[mo00).

4 1 1
Solution: Recall: h(t) = - £! [f — LL]
5 S (52 + s+ 71)
In this case we complete the square in the denominator,
1 1 5

5 1

2 2

4 2() 4} 4 4
s +s+ [54— 2s+ +



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y//+y/+§y:b(t), y(0) =0, b(t):{l, t €[0,m)

4 y'(0) =0, 0, te|[mo00).

4 1 1
Solution: Recall: h(t) = - £! [f — LL]
5 S (52 + s+ 71)
In this case we complete the square in the denominator,
1 1 5 1



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, Mﬂ:{Ltemm)

5
" /
4y 42y = b(b),
oy v =b(1) y'(0) =0, 0, te[m, 00).

4
Solution: Recall: h(t) = ﬂ/v’*l P — &]
| | 5 s (s2+s+3))

In this case we complete the square in the denominator,

SN R
So mn_écﬁp—“+”}

SR



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, Mﬂ:{Ltemm)

5
" /
4y 42y = b(b),
oy v =b(1) y'(0) =0, 0, te[m, 00).

4
Solution: Recall: h(t) = ﬂ/v’*l P — &]
| | 5 s (s2+s+3))

In this case we complete the square in the denominator,

BRSSO S
So mn_254E [@fgguﬂ



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

1" I y(0) =0, _ 1, te]0,m)
Sty gy =, y'(0) =0, b(t)_{O, t € [, 00).

Solution: Recall: h(t) = gﬁfl F} - ﬂL'*l [[<5+%)+é}



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

1 ;L9 y(0) =0, _ 1, te]0,m)
y t+y +Zy_b(t)’ J(0) =0, b(t)_{o, e [r.00).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

1 ;L9 y(0) =0, _ 1, te]0,m)
y t+y +Zy_b(t)’ J(0) =0, b(t)_{o, e [r.00).

Recall: L71[F(s—c)] = e f(t



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

1 ;L9 y(0) =0, _ 1, te]0,m)
y t+y +Zy_b(t)’ J(0) =0, b(t)_{o, e [r.00).

Solution: Recall: h(t) = gﬁfl E} 2 £ [[<S+%)+é}

Recall: L71[F(s—c)] = e f(t ) Hence,

h(t) = 4 [1 — e t/2 cos(t) — % e /2 sin(t)}.

5



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP
5 y(0) =0, 1, tel0,m)
Y'+y' + 2y =b(t), b(t) =

4 y'(0) =0, 0, t€|[m 00).

Solution: Recall: h(t) = gﬁfl E} - ﬂL'*l [[<S+%)+é}

Recall: L71[F(s—c)] = e f(t ) Hence,

1

h(t) == [1 — e t/2 cos(t) — 3 e /2 sin(t)]

We conclude: y(t) = h(t) + u(t — m)h(t — 7). <



Equations with discontinuous sources (Sect. 6.4).

» Differential equations with discontinuous sources.
» We solve the IVPs:
(a) Example 1:

y'+2y=u(t—4), y(0)=3.

(b) Example 2:
no 2 y 0, :
—y = b(t), b(t) =
Yy gy = b(t) J/(0) =0 (t)
(c) Example 3:

5 y(
1 !
+y'+=y=g(t
y Ty 4)/ g(t), y’(

te[0,m)
t € [m,00).

te[0,m)
t € [m,00).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

, 5 y(0) =0, [ sin(t) telo,n)
vty A+ gy =elt) y'(0) =0, g(t)_{o t € [r,00).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

, 5 y(0) =0, [ sin(t) telo,n)
vty A+ gy =elt) y'(0) =0, g(t)_{o t € [r,00).

Solution:

Rewrite the source function using
step functions.



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

, 5 y(0) =0, [ sin(t) telo,n)
vty A+ gy =elt) y'(0) =0, g(t)_{o t € [r,00).

Solution:

y 10)
Rewrite the source function using 1
step functions.




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y”+y/+§y:g(t), y(0) =0, g(t) = { sin(t) te€[0,m)

4 y'(0) =0, 0 t € [m, 00).
Solution:
y 10)
Rewrite the source function using 1
step functions.
0 pi t

y sin (t)
1

o pi t




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y”+y/+§y:g(t), y(0) =0, g(t) = { sin(t) te€[0,m)

4 y'(0) =0, 0 t € [m, 00).
Solution:

y 10)

Rewrite the source function using 1

step functions.
0 pi t

y[ s y | u-u(t-pi)

14
5 ;J. :




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

b5 y(0) =0, [ sin(t) telo,n)
Ay gy =eth gy, g(t)_{o t € [r,00).

Solution: The graphs imply: g(t) = [u(t) — u(t — )] sin(t).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

b5 y(0) =0, [ sin(t) telo,n)
Ay gy =eth gy, g(t)_{o t € [r,00).

Solution: The graphs imply: g(t) = [u(t) — u(t — )] sin(t).

Recall the identity: sin(t) = —sin(t — ).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

b5 y(0) =0, [ sin(t) telo,n)
Ay gy =eth gy, g(t)_{o t € [r,00).

Solution: The graphs imply: g(t) = [u(t) — u(t — )] sin(t).
Recall the identity: sin(t) = —sin(t — ). Then,

g(t) = u(t) sin(t) — u(t — ) sin(t),



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

b5 y(0) =0, [ sin(t) telo,n)
Ay gy =eth gy, g(t)_{o t € [r,00).

Solution: The graphs imply: g(t) = [u(t) — u(t — )] sin(t).
Recall the identity: sin(t) = —sin(t — ). Then,
g(t) = u(t) sin(t) — u(t — ) sin(t),

g(t) = u(t) sin(t) + u(t — ) sin(t — 7).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

b5 y(0) =0, [ sin(t) telo,n)
Ay gy =eth gy, g(t)_{o t € [r,00).

Solution: The graphs imply: g(t) = [u(t) — u(t — )] sin(t).
Recall the identity: sin(t) = —sin(t — ). Then,
g(t) = u(t) sin(t) — u(t — ) sin(t),
g(t) = u(t) sin(t) + u(t — ) sin(t — m).

Now is simple to find L[g],



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

b5 y(0) =0, [ sin(t) telo,n)
Ay gy =eth gy, g(t)_{o t € [r,00).

Solution: The graphs imply: g(t) = [u(t) — u(t — )] sin(t).
Recall the identity: sin(t) = —sin(t — ). Then,
g(t) = u(t) sin(t) - u(t — ) sin(t),
g(t) = u(t) sin(t) + u(t — ) sin(t — 7).
Now is simple to find £[g], since

Llg(t)] = Llu(t) sin(t)] + Lu(t — =) sin(t — 7)].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

w5 y(0) =0, |} sin(t) te[0,m)
Y —l—y—i—zy—g(t), y'(0) =0, g(t)_{O t € [m,00).

Solution: So:  L[g(t)] = L[u(t) sin(t)] + L[u(t — =) sin(t — 7)].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

w5 y(0) =0, |} sin(t) te[0,m)
Y —l—y—i—zy—g(t), y'(0) =0, g(t)_{O t € [m,00).

Solution: So:  L[g(t)] = L[u(t) sin(t)] + L[u(t — =) sin(t — 7)].

1 1
Llg(t)] = 11 +e ™ m




Differential equations with discontinuous sources.

Example

Use the Laplace transform to find the solution of the IVP
5 y(0) =0, sin(t) te0,n)

Y'+y' +gy=st), .0 o, 8=

4 y'(0) 0 t € [m,00).

Solution: So:  L[g(t)] = L[u(t) sin(t)] + L[u(t — =) sin(t — 7)].
1 1
Llg(t)] = m—i—e CEEE

Recall the Laplace transform of the differential equation

£l + £IY) + 5 £1v] = £lg].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

Vv 2y =g, 20 - g g(t) = { sin(t) ¢ € [0.7)

4 y'(0) 0 t € [m,00).
Solution: So:  L[g(t)] = L[u(t) sin(t)] + L[u(t — =) sin(t — 7)].
1 1
Llg(t)] = m—i—e CEEE

Recall the Laplace transform of the differential equation
5
L+ LT+ 7 £IV] = Llg]-

The initial conditions imply:



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

Vv 2y =g, 20 - g g(t) = { sin(t) ¢ € [0.7)

4 y'(0) 0 t € [m,00).
Solution: So:  L[g(t)] = L[u(t) sin(t)] + L[u(t — =) sin(t — 7)].
1 1
Llg(t)] = m—i—e CEEE

Recall the Laplace transform of the differential equation
5
L+ LT+ 7 £IV] = Llg]-

The initial conditions imply: L[y"] = s> L[y]



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

Vv 2y =g, 20 - g g(t) = { sin(t) ¢ € [0.7)

4 y'(0) 0 t € [m,00).
Solution: So:  L[g(t)] = L[u(t) sin(t)] + L[u(t — =) sin(t — 7)].
1 1
Llg(t)] = m—i—e CEEE

Recall the Laplace transform of the differential equation
5
L+ LT+ 7 £IV] = Llg]-

The initial conditions imply: L£[y"] = s> L[y] and L[y'] = s L]y].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP
5 y(0) =0, sin(t) te0,n)
"y 2y = £), £) =
Yy + gy =e(t) /() = 0, g)=1, € [r.o0).
Solution: So:  L[g(t)] = L[u(t) sin(t)] + L[u(t — =) sin(t — 7)].
B 1 a1
ﬁ[g(t)] = m‘i‘e 7(52_’_1)

Recall the Laplace transform of the differential equation
5
L+ LT+ 7 £IV] = Llg]-

The initial conditions imply: L£[y"] = s> L[y] and L[y'] = s L]y].
1
(s +1)

5 -7
Therefore, (52 +s+ Z> Lly]=(1+e™)



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

w5 y(0) =0, |} sin(t) te[0,m)
Y —l—y—i—zy—g(t), y'(0) =0, g(t)_{O t € [m,00).

1
(s2+1)

Solution: Recall: (52 +s+ %) Lly]=(1+e ™)



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y”+y’+§y:g(t), y(O):g, g(t)—{Sin(t) te[0,m)

4 y'(0) = 0 t € [m,00).
Solution: Recall: (52 +s+ §) Lly] = (1 + eﬂrS) 1 _
4 (s*+1)

1
(s2+s+%> (2+1)

Lly]=(1+e™)



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y”+y’+§y:g(t), y(O):g, g(t)—{sm(t) te[0,m)

4 y'(0) = 0 t € [m,00).
Solution: Recall: (52 +s+ §) Lly] = (1 + eﬂrS) 1 _
4 (s*+1)

1
(s2+s+%> (2+1)

Lly]=(1+e™)

1
(52+s+%) (s2+1)

Introduce the function H(s) =



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y'+y + %y =g(1), EO; g(t) = { o) Z E {22)
Solution: Recall: (5 +s+ %) Lly]=(1+e ™) & :_ 0

1

= e) (52 + 5+ 5) (2+1)

1
(52+s+%) (s2+1)

Introduce the function H(s) =

Then, y(t) = L7H(s)] + L [e™™ H(s)].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

w5 y(0) =0, _J sin(t) te[0,m)
Yy + gy =8, J/(0) = 0, g(l“)—{0 € [ro0).

Solution: Recall: y(t) = L7*[H(s)] + £ [e™™ H(s)], and
1

) = <s2+s+%> (2+1)




Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

w5 y(0) =0, _J sin(t) te[0,m)
Yy + gy =8, J/(0) = 0, g(l“)—{0 € [ro0).

Solution: Recall: y(t) = L7*[H(s)] + £ [e™™ H(s)], and
1

) = <s2+s+%> (2+1)

Partial fractions:



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

y"+y’+§y:g(t), )j(o)zg, g(t)_{sin(t) tE[O,Tr)

4 y'(0) 0 t € [m, 00).

Solution: Recall: y(t) = L7*[H(s)] + £ [e™™ H(s)], and
1

) = <s2+s+%) (2+1)

Partial fractions: Find the zeros of the denominator,



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

y"+y’+§y:g(t), )j(o)zg, g(t)_{sin(t) tE[O,Tr)

4 y'(0) 0 t € [m, 00).

Solution: Recall: y(t) = L7*[H(s)] + £ [e™™ H(s)], and
1

) = <s2+s+%) (2+1)

Partial fractions: Find the zeros of the denominator,

[-1+v1-75]

S5+ =

N



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

y"+y’+§y:g(t), )j(o)zg, g(t)_{sin(t) tE[O,Tr)

4 y'(0) 0 t € [m, 00).

Solution: Recall: y(t) = L7*[H(s)] + £ [e™™ H(s)], and
1

) = <s2+s+%) (2+1)

Partial fractions: Find the zeros of the denominator,

Sy = [—1 +v1-— 5] =  Complex roots.

N



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP
5 y(0) =0, sin(t) te0,n)
Y'+y' +gy=st), O o, 8=

4 y'(0) 0 t € [m, 00).

Solution: Recall: y(t) = L7*[H(s)] + £ [e™™ H(s)], and
1

) = <s2+s+%) (2+1)

Partial fractions: Find the zeros of the denominator,

1
Sy = 5 [—1 +v1-— 5] =  Complex roots.

The partial fraction decomposition is:



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP
5 y(0) =0, sin(t) te0,n)
Y'+y' +gy=st), O o, 8=

4 y'(0) 0 t € [m, 00).

Solution: Recall: y(t) = L7*[H(s)] + £ [e™™ H(s)], and
1

) = <s2+s+%) (2+1)

Partial fractions: Find the zeros of the denominator,
1

Sy = 5 [—1 +v1-— 5] =  Complex roots.
The partial fraction decomposition is:
1 (as + b) (cs+d)

Frsr D@D @rs+)  F0



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y”+y/—|—§y:g(t), y(0) =0, g(t):{sm(t) t€[0,7)

4 y'(0) =0, 0 t € [m, 00).
. 1 (as+ b) (cs+d)
Solution: So: = :
oon: =e (s2+s+2)(s2+1) (s2+s+2) (s2+1)



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y”+y/+§y:g(t), y(0) =0, g(t):{sm(t) t€[0,7)

4 y'(0) =0, 0 t € [m, 00).
. 1 (as+ b) (cs+d)
Solution: So: = :
oon: =e (s2+s+2)(s2+1) (s2+s+2) (s2+1)

Therefore, we get

1= (as+b)(52+1)—|—(cs+d)<52+5+%>,



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y”+y/+§y:g(t), y(0) =0, g(t):{sm(t) t€[0,7)

4 y'(0) =0, 0 t € [m, 00).
. 1 (as+ b) (cs+d)
Solution: So: = :
oHHon: =0 (s2+s+2)(s2+1) (s2+s+2) (s2+1)

Therefore, we get

1= (as+b)(52+1)+(cs+d)<52+5+%>,

1:(a+c)s3+(b+c+d)52+(a+§c+d)s+(b+§d).



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

w4 5 y(0) =0, _ sin(t) te0,m)
Ay =elth gy, g(t)_{o t € [r,00).

Solution: So: ! _ (as + b) (cs +d)
T (2454 3)(s2+1)  (2+s+2)  (s2+1)

Therefore, we get

1= (as+b)(52+1)+(cs+d)<52+5+%>,

1:(a+c)s3+(b+c+d)sz+(a+§c+d)s+(b+§d).

This equation implies that a, b, ¢, and d, are solutions of

5 5
at+c=0, b+c+d=0, a+Zc+d:0, b+Zd:1.



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

.5 y(0) = 0, [ sin(t) tefo,n)
yity + gy =elt) ymyw,gm_{o t € [, o0).

1 12 1 4
L

Solution: So: a= 17 17 7 17



Differential equations with discontinuous sources.

Example

Use the Laplace transform to find the solution of the IVP

I P {sin(t) teom)

y'(0) =0, 0 t € [, 00).
P L 12 16 4
Solution: So: a= 7 b= 17 c 7 d= 17

. 4 (4s+3) (—4s+1)
We have found: H(s) = — {(52 s+ 9) + 2+ 1) }

17



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, £(t) = { sin(t) te[0,n)

5
y'+y + >y =g(t),

4 y'(0) =0, 0 t € [m, 00).
P L 12 16 4
Solution: So: a= 7 b= 17 c= 7 d= 17

. 4 (4s+3) (—4s+1)
We have found: H(s) = 7 {(52 519 211 }

Complete the square in the denominator,



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, £(t) = { sin(t) te[0,n)

5
y'+y + >y =g(t),

4 y'(0) =0, 0 t € [m, 00).
P L 12 16 4
Solution: So: a= 7 b= 17 c= 7 d= 17

. 4 (4s+3) (—4s+1)
We have found: H(s) = 7 {(52 519 211 }

Complete the square in the denominator,

s2+s+§— {52+2(1)s+1}—1+§
4 2 4] 4 4



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, £(t) = { sin(t) te[0,n)

5
y'+y + >y =g(t),

4 y'(0) =0, 0 t € [m, 00).
P L 12 16 4
Solution: So: a= 7 b= 17 c= 7 d= 17

. 4 (4s+3) (—4s+1)
We have found: H(s) = 7 {(52 519 211 }

Complete the square in the denominator,

Pist = [52—1—2(1)5—1—1}—14—5—(54—1)2—%1
4 2 4] 4 4 2 '



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, £(t) = { sin(t) te[0,n)

5
y'+y + >y =g(t),

4 y'(0) =0, 0 t € [m, 00).
P L 12 16 4
Solution: So: a= 7 b= 17 c= 7 d= 17

. 4 (4s+3) (—4s+1)
We have found: H(s) = 7 {(52 519 211 }

Complete the square in the denominator,

5 1 17 1 5 142
sz—i-s—i-f:[52—1—2(7)54—7}—1—%1:(54—*) +1.

4 2)°7 ] 2
4 (4s+3)  (-4s+1)
H<S)_17[[(s+§)2+1] (52+1)]'



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

v, 4.5 y(0) =0, _ | sin(t) te€][0,m)
y —l—y—i—zy—g(t), y'(0) =0, g(t)_{o t € [m,00).

Solution: So:  H(s)

:i[ (4s + 3) (—4s+1)}
17 (s+1)?+1 (+D )



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

v, 4.5 y(0) =0, _ | sin(t) te€][0,m)
y —l—y—i—zy—g(t), y'(0) =0, g(t)_{O t € [m,00).

e -4 (45 +3) (—4s+1)
Solution: So:  H(s) = 17 [[(s—% %)2 ey 1) }

Rewrite the polynomial in the numerator,



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, a(t) = { sin(t) te0,n)
'(0)=0,

y// +y/ 4 §y — g(t),
y'(0) 0 t € [m, 00).

4

e -4 (45 +3) (—4s+1)
Solution: So:  H(s) = 17 [[(s—% %)2 ey 1) }

Rewrite the polynomial in the numerator,

(4s+3):4(s+%—%>+3



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, a(t) = { sin(t) te0,n)
'(0)=0,

y// +y/ 4 §y — g(t),
y'(0) 0 t € [m, 00).

4

e -4 (45 +3) (—4s+1)
Solution: So:  H(s) = 17 [[(s—% %)2 ey 1) }

Rewrite the polynomial in the numerator,

(4s+3):4(s+%—%>+3:4<s+%>—|—1,



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, a(t) = { sin(t) te0,n)
'(0)=0,

y// +y/ 4 §y — g(t),
y'(0) 0 t € [m, 00).

4

e -4 (45 +3) (—4s+1)
Solution: So:  H(s) = 17 [[(s—% %)2 ey 1) }

Rewrite the polynomial in the numerator,

(4s+3):4(s+%—%>+3:4<s+%>—|—1,

) _
] [Gaien @D TED

1 s 1}’



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

v, 4. 5 y(0) =0, B sin(t) tel0,m)
yity gy =s), y'(0) = 0, g(t)_{o t € [r,00).

Solution:




Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

V'Y + §y — (1) y(0) =0, a(t) = { sin(t) tel0,m)

4 " y'(0)=0, 0 t € [m,00).
Solution:
< _i (s+%) 1 - s 1
H()17[4[(s+;)2+1]+[(s+;)2+1} ‘e )

Use the Laplace Transform table to get H(s) equal to

4

His) = 37

[45[ 2 cos(t)] + L[e /2 sin(t )]—4£[cos(t)]+£[sin(t)]]



Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

V'Y + §y — (1) y(0) =0, a(t) = { sin(t) tel0,m)

4 " y'(0)=0, 0 t € [m,00).
Solution:
a4 (s+3) 1 B s 1
H()17[4[(s+;)2+1]+[(s+;)2+1} ‘@D @)

Use the Laplace Transform table to get H(s) equal to

H(s) = 147 |4 £[e/2 cos(t)] -+ L[e™*/2sin(t)] — 4 Llcos( )] + Llsin(8)]]
H(s)=L [% (4e’t/2 cos(t) + e~ /?sin(t) — 4 cos(t) + sin(t))] :



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

5 y(0) =0, sin(t) tel[0,m)
//_|_ /_|_7 _ £), ) =
vy gy =gt J/(0) = 0. g(t) 0 ¢ € [r,00).
Solution: Recall:

H(s) = E[% (4e_t/2 cos(t) + e /2 sin(t) — 4 cos(t) + sin(t))} :



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, £(t) — { sin(t) te[0,n)

5
y'+y + >y =g(t),

4 y'(0) =0, 0 t € [m, 00).
Solution: Recall:
4 —t/2 —t/2 & :
H(s) 25[1—7 (4e cos(t) + e/ “sin(t) —4cos(t)+sm(t)>]

Denote:
h(t) = 14—7 [4e*t/2 cos(t) + e /2 sin(t) — 4 cos(t) + sin(t)} .



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, £(t) — { sin(t) te[0,n)

5
y'+y + >y =g(t),

4 y'(0) =0, 0 t € [m, 00).
Solution: Recall:
H(s) = [{% (4e‘t/2 cos(t) + e t/?sin(t) — 4 cos(t) + sin(t))} .
Denote:
h(t) = 14—7 [4e*t/2 cos(t) + e */2sin(t) — 4 cos(t) + sin(t)}.

Then, H(s) = L[A(t)].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, ot :{sin(t) t e[0,n)

5
y'+y + >y =g(t),

4 y'(0) =0, 0 t € [m, 00).
Solution: Recall:
H(s) = [{% (4e‘t/2 cos(t) + e t/?sin(t) — 4 cos(t) + sin(t))} .
Denote:
h(t) = 14—7 [4e*t/2 cos(t) + e~ /2 sin(t) — 4 cos(t) + sin(t)}.

Then, H(s) = L[h(t)]. Recalling: L[y(t)] = H(s) + e ™ H(s),



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, £(t) — { sin(t) te[0,n)

5
y'+y + >y =g(t),

4 y'(0) =0, 0 t € [m, 00).
Solution: Recall:
H(s) = [{% (4e‘t/2 cos(t) + e t/?sin(t) — 4 cos(t) + sin(t))} .
Denote:
h(t) = 14—7 [4e*t/2 cos(t) + e */2sin(t) — 4 cos(t) + sin(t)}.

Then, H(s) = L[h(t)]. Recalling: L[y(t)] = H(s) + e ™ H(s),

Lly(t)] = L[h(t)] + e L[h(t)].



Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, £(t) — { sin(t) te[0,n)

5
y'+y + >y =g(t),

4 y'(0) =0, 0 t € [m, 00).
Solution: Recall:
H(s) = [{% (4e‘t/2 cos(t) + e t/?sin(t) — 4 cos(t) + sin(t))} .
Denote:
h(t) = 14—7 [4e*t/2 cos(t) + e */2sin(t) — 4 cos(t) + sin(t)}.

Then, H(s) = L[h(t)]. Recalling: L[y(t)] = H(s) + e ™ H(s),

Lly(t)] = L[h(t)] + e L[h(t)].
We conclude: y(t) = h(t) + u(t — m)h(t — ). <



Generalized sources (Sect. 6.5).

The Dirac delta generalized function.
Properties of Dirac's delta.

Relation between deltas and steps.
Dirac's delta in Physics.

The Laplace Transform of Dirac’s delta.

vV v v v Vv Yy

Differential equations with Dirac's delta sources.



Generalized sources (Sect. 6.5).

The Dirac delta generalized function.
Properties of Dirac’s delta.

Relation between deltas and steps.
Dirac's delta in Physics.

The Laplace Transform of Dirac’s delta.

vV v v v v Yy

Differential equations with Dirac's delta sources.



The Dirac delta generalized function.

Definition
Consider the sequence of functions for n > 1,

0, t<0
Sn(t) =4 M Oété;
0, t> —.

n



The Dirac delta generalized function.

Definition
Consider the sequence of functions for n > 1,

d
0, t<0 L
Sn(t) =4 M Oétf; RN}
0, t>-. NS
n i
B E—



The Dirac delta generalized function.

Definition
Consider the sequence of functions for n > 1,

dn
0, t<0
1
Sa(t)y =4 ™ 0<tf;
07 t>—. 1
n
0

I '
_—

The Dirac delta generalized function is given by

lim d,(t) = 6(t), teR.

n—oo



The Dirac delta generalized function.

Definition
Consider the sequence of functions for n > 1,

d
0, t<01 L
BB =4 ™ 0SS SR
0, t> —. 1_:_I_,d
n
B R E—

The Dirac delta generalized function is given by
lim d,(t) = 6(t), teR.
n—oo
Remarks:
(a) There exist infinitely many sequences J,, that define the same
generalized function §.



The Dirac delta generalized function.

Definition
Consider the sequence of functions for n > 1,

d
0, t<0 L
Sa(t) =4 1 Ogtf; AR
0, t>-=-. NS
n
BT I E—

The Dirac delta generalized function is given by
lim d,(t) = 6(t), teR.
n—oo
Remarks:
(a) There exist infinitely many sequences J,, that define the same
generalized function §.
(b) For example, compare with the sequence J, in the textbook.



The Dirac delta generalized function.

d

n

31— 3




The Dirac delta generalized function.

d
n

d delta R-{0}




The Dirac delta generalized function.

d
n

d delta R-{0}

Remarks:
(a) The Dirac 4 is a function on the domain R — {0}, and
d(t) =0 for t € R —{0}.



The Dirac delta generalized function.

d
n

d delta R-{0}

Remarks:
(a) The Dirac 4 is a function on the domain R — {0}, and
d(t) =0 for t € R —{0}.

(b) 0 at t =0 is not defined, since 6(0) = lim,_oc N = +00.



The Dirac delta generalized function.
dn

d delta R-{0}

Remarks:

(a) The Dirac 4 is a function on the domain R — {0}, and
d(t) =0 for t € R —{0}.

(b) 0 at t =0 is not defined, since 6(0) = lim,_oc N = +00.

(c) ¢ is not a function on R.



Generalized sources (Sect. 6.5).

The Dirac delta generalized function.
Properties of Dirac’s delta.
Relation between deltas and steps.
Dirac's delta in Physics.

The Laplace Transform of Dirac’s delta.

vV v v v Vv Yy

Differential equations with Dirac's delta sources.



Properties of Dirac’s delta.

Remark: The Dirac J is not a function.



Properties of Dirac’s delta.
Remark: The Dirac J is not a function.

We define operations on Dirac’s  as limits n — oo of the
operation on the sequence elements §,,.



Properties of Dirac’s delta.
Remark: The Dirac ¢ is not a function.
We define operations on Dirac’s  as limits n — oo of the
operation on the sequence elements §,,.
Definition
(t—c)= lim o,(t — c),

n—oo



Properties of Dirac’s delta.
Remark: The Dirac ¢ is not a function.
We define operations on Dirac’s  as limits n — oo of the
operation on the sequence elements §,,.
Definition
(t—c)= lim o,(t — c),

n—oo
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n—oo



Properties of Dirac’s delta.
Remark: The Dirac ¢ is not a function.
We define operations on Dirac’s  as limits n — oo of the
operation on the sequence elements §,,.
Definition
(t—c)= lim o,(t — c),

n—oo

ad(t)+ bd(t) = lim [adn(t) + bdn(t)],

n—oo

f(t)d(t) = lim [F(t)da(t)],

n—oo



Properties of Dirac’s delta.
Remark: The Dirac ¢ is not a function.
We define operations on Dirac’s  as limits n — oo of the
operation on the sequence elements §,,.
Definition
(t—c)= lim o,(t — c),

n—oo

ad(t)+ bd(t) = lim [adn(t) + bdn(t)],

n—oo

f(t)d(t) = lim [F(t)da(t)],

n—oo

b b
/5(t)dt: lim / on(t) dt,



Properties of Dirac’s delta.
Remark: The Dirac ¢ is not a function.
We define operations on Dirac’s  as limits n — oo of the
operation on the sequence elements §,,.
Definition
(t—c)= lim o,(t — c),

n—oo

ad(t)+ bd(t) = lim [adn(t) + bdn(t)],

n—oo

f(t)d(t) = lim [F(t)da(t)],

n—oo

b b
/5(t)dt: lim / on(t) dt,

£lo] = lim £[5,].



Properties of Dirac’s delta.

Theorem

a>0.



Properties of Dirac’s delta.

Theorem

Proof:

o(t) dt

—a

a>0.



Properties of Dirac’s delta.

Theorem

Proof:



Properties of Dirac’s delta.

Theorem

Proof:



Properties of Dirac’s delta.

Theorem

Proof:



Properties of Dirac’s delta.

Theorem

Proof:



Properties of Dirac’s delta.

Theorem

Proof:

We conclude: o(t)dt =1.



Properties of Dirac’s delta.

Theorem
If f : R — R is continuous, t, € R and a > 0, then

to+a
/ I(t — t,) F(t) dt = f(t,).

0—a



Properties of Dirac’s delta.

Theorem
If f :R — R is continuous, t, € R and a > 0, then

to+a
/ I(t — tp) () dt = f(ty).
tp—a

Proof: Introduce the change of variable 7 = t — t,,

I = /t0+a o(t — &) f(t)dt

0—a



Properties of Dirac’s delta.

Theorem
If f :R — R is continuous, t, € R and a > 0, then

to+a
/ I(t — tp) () dt = f(ty).
tp—a

Proof: Introduce the change of variable 7 = t — t,,

I:/to+a5(t—t0) )y de= [ o(r) F(r + 1) dr.

0o—a —a



Properties of Dirac’s delta.

Theorem
If f :R — R is continuous, t, € R and a > 0, then

to+a
/ I(t — t,) F(t) dt = f(t,).

0—a

Proof: Introduce the change of variable 7 = t — t,,

I:/tOJra(S(t—to) )y de= [ o(r) F(r + 1) dr.

to— —a

a
a

I = Iim/ On(7) F(T + &) dT
n—oo |_,



Properties of Dirac’s delta.

Theorem
If f :R — R is continuous, t, € R and a > 0, then

to+a
/ I(t — tp) () dt = f(ty).
tp—a

Proof: Introduce the change of variable 7 =t — t,,

I:/tOJra(S(t—to) )y de= [ o(r) F(r + 1) dr.

to— —a

a
a 1/n
I = lim / On(7) F(T+ &) d7 = lim / nf(r+t)dr
=00 J_4 0

n—oo



Properties of Dirac’s delta.
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Relation between deltas and steps.

Theorem
The sequence of functions for n > 1,

0, t<0

1

Un(t): nt, Ogtfg
1, t> —
n

0 \ U3 12 1

satisfies, for t € (—o0,0) U (0,1/n) U (1/n,o0), both equations,

U (t) = dn(t), lim up(t) = u(t), teR.
Remark:
» If we generalize the notion of derivative as
J'(t) = lim §,(t), then holds v/(t) = d(t).

» Dirac’s delta is a generalized derivative of the step function.
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Dirac’s delta in Physics.

Remarks:

(a) Dirac's delta generalized function is useful to describe
impulsive forces in mechanical systems.

(b) An impulsive force transmits a finite momentum in an
infinitely short time.

(c) For example: The momentum transmitted to a pendulum
when hit by a hammer. Newton's law of motion says,

mV'(t) = F(t), with F(t) = Fd(t— t).

The momentum transfer is:

to+ At to+At
Al = lim mv(t) = lim / F(t)dt = F,.
At—0 to—At At—0 to—At

Thatis, Al = F,.
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The Laplace Transform of Dirac's delta.

Recall: The Laplace Transform can be generalized from functions
to 9, as follows, L[6(t — c)] = lim L[6,(t — ¢)].

Theorem
L[o(t—c)]=e .

Proof:

£t~ o)) = lim Lloa(t— ). du(t) = n[u(t) —u(t )],

£fo(e — o)) = Jim n(£lu(t — o)) - £[u(t —c— 7))

L[o(t—c)] = lim n(e;cs - e

c—|—%)s
= e |lim

n—oo

This is a singular limit, %. Use I'Hopital rule.
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We therefore conclude that L[§(t — ¢)] = e <.
Remarks:

(a) This result is consistent with a previous result:

to+a
/ It — t) F(t) dt = ().
(b) L[5(t — ¢)] = /oo 5t — ) et dt — &=
0

(c) L[5(t — ) f(1)] :/0 S(t—c) e StF(t)dt = e~ f(c).
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Differential equations with Dirac’s delta sources.

Example
Find the solution y to the initial value problem

y" —y=-206(t - 3), y(0) =1, y'(0) = 0.

Solution: Compute: L[y"] — L[y] = —20 L[§(t — 3)].

Lly" =s*Ly]-sy(0)—y'(0) = (s*~1)L[y]-s= —20e>,

We arrive to the equation L[y] = S —20e 2-1)

(s*—1)

L[y] = L[cosh(t)] — 20 Lu(t — 3) sinh(t — 3)],

We conclude: y(t) = cosh(t) — 20 u(t — 3) sinh(t — 3). <
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Example
Find the solution to the initial value problem

y' +4y =56(t —7) — 6(t — 2m), y(0) =0, y'(0) = 0.

Solution: Compute: L[y"] +4 L[y] = L[6(t — 7)] — L[6(t — 27)],
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Recall: e~ L[f(t)] = L[u(t — ¢) f(t — ¢)]. Therefore,
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Example
Find the solution to the initial value problem

y" + 4y =56(t —7) — 6(t — 2m), y(0) =0, y'(0) = 0.
Solution: Recall:
£y = % c[u(t—r) sin[2(t—)]] —% £[u(t—2n) sin[2(t~2n)]|.
This implies that,

y(8) = 5 ot — m) sin[2(t — )] — 3 u(t — 2n) sin[2(t — 2n)],

We conclude: y(t) = % [u(t —m) — u(t — 2m)] sin(2t). <



