Power series solutions near regular points (Sect. 5.2).

We study: P(x)y” + Q(x)y’ + R(x)y =0.
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Remark: The power series of a function may not be defined on the
whole domain of the function.

Example

1
The function y(x) = 1 is defined for x € R — {1}.

: The power series
Cy(x)=1/(1-x)

. 1 >~ .

1 1 X
/ converges only for |x| < 1.
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Review of power series.

Theorem (Ratio test)

[o.@]
Given the power series y(x) = Z an (x — xp)", introduce the
n=0

number L — lim 1201l
n—o00 |an|

. Then, the following statements hold:

(1) The power series converges in the domain |x — xg|L < 1.
(2) The power series diverges in the domain |x — xo|L > 1.
(3) The power series may or may not converge at |x — xg|L = 1.

1
Therefore, if L # 0, then p = 7 is the series radius of convergence;

if L =0, then the radius of convergence is p = co.
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Solutions using power series.

Summary for regular points:

(1) Propose a power series representation of the solution centered
at x,, given by

y() = an(x—x)"; (1)
n=0

(2) Introduce Eq. (1) into the differential equation
P(x)y"+ Q(x)y'+ R(x)y = 0.

(3) Find a recurrence relation among the coefficients aj;
(4) Solve the recurrence relation in terms of free coefficients;

(5) If possible, add up the resulting power series for the solution y.
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The recurrence relation is (n + 1)a(,.1) + ca, = 0 for all n > 0.
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Example
Find a power series solution y(x) around the point x, = 0 of the

equation
a y +cy=0, ceR.

n
. ) —c
Solution: Solved recurrence relation: a, = 7') Q.
n:

The solution y of the differential equation is given by

y(X) _ Z (_nc;)n ax" = y(X) _ aoz (_;'X)"
n=0 ’ n=0 ’

— (ax)"
If we recall the power series e® = E —
n!

n=0

—CX

then, we conclude that the solution is y(x) = a, e
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Find a power series solution y(x) around the point x, = 0 of the

equation
y// + y _ 0

Solution: Introduce y and y” into the differential equation,
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Z (n+2)(n+ 1)ant2) + an) x" = 0.
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Equivalently: (n+2)(n+1) a(nt2) = —an,



Examples of the power series method.

Example

Find a power series solution y(x) around the point x, = 0 of the

equation
y'"+y=0.

Solution: Recall: (n+2)(n+ 1) agp42) = —an, n = 0.



Examples of the power series method.

Example

Find a power series solution y(x) around the point x, = 0 of the
equation
q y"+y=0.

Solution: Recall: (n+2)(n+ 1) agp42) = —an, n = 0.

For neven: n=0, (2)(1)a,=—a,



Examples of the power series method.

Example

Find a power series solution y(x) around the point x, = 0 of the
equation
q y"+y=0.

Solution: Recall: (n+2)(n+ 1) agp42) = —an, n = 0.

For neven: n=0, (2)(1)a,=-a, = a,= —% 3o,



Examples of the power series method.

Example

Find a power series solution y(x) around the point x, = 0 of the
equation
q y"+y=0.

Solution: Recall: (n+2)(n+ 1) agp42) = —an, n = 0.

For neven: n=0, (2)(1)a,=-a, = a,= —% 3o,

n=2, (4)(3)as=—a,



Examples of the power series method.

Example

Find a power series solution y(x) around the point x, = 0 of the
equation
q y"+y=0.

Solution: Recall: (n+2)(n+ 1) agp42) = —an, n = 0.

For neven: n=0, (2)(1)a,=-a, = a,= —% 3o,



Examples of the power series method.

Example

Find a power series solution y(x) around the point x, = 0 of the
equation
q y"+y=0.

Solution: Recall: (n+2)(n+ 1) agp42) = —an, n = 0.

For neven: n=0, (2)(1)a,=-a, = a,= —% 3o,



Examples of the power series method.

Example

Find a power series solution y(x) around the point x, = 0 of the

equation
y"+y=0.

Solution: Recall: (n+2)(n+ 1) agp42) = —an, n = 0.

For neven: n=0, (2)(1)az=-a = a = —3 a,
1
n—= 27 (4)(3)34 = —a, = a4 ﬁ do,
1
n=4, (6)(5a =—a1 = a6 e %



Examples of the power series method.

Example

Find a power series solution y(x) around the point x, = 0 of the
equation
y"+y=0.

Solution: Recall: (n+2)(n+ 1) agp42) = —an, n = 0.

For neven: n=0, (2)1)a,=-a = a= _% 20,
1
n —= 27 (4)(3)34 = —a, = aq = ﬁ ao,
1
n= 4, (6)(5)36 = —ay = ag = _E -

: (="
We obtain: ay, = W ao, for k > 0.
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Example
Find a power series solution y(x) around the point x, = 0 of the
equation

y// +y=0.
1)k —1)k
Solution: Recall: ax, = ((2k§| a0 and a1 = (2(k+)1)| .

Therefore, the solution of the differential equation is given by

-~ (1) (-1
y(x) = aokzo k), x%k 4 alkZ;) mx”‘“.

One can check that these are precisely the power series
representations of the cosine and sine functions, respectively,

y(x) = a, cos(x) + a, sin(x).
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Example

Find the first three terms of the power series expansion around the
point x, = 2 of each fundamental solution to the differential

i
equation V' xy =0,
Solution: We relabel the y”,
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Solution: The recurrence relation is:
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Find the first three terms of the power series expansion around the
point x, = 2 of each fundamental solution to the differential

equation
a y"—xy=0.

Solution: The recurrence relation is:
a—a =0, (n+2)(n+1)a42) —2an—ap-1) =0, n=>1

We solve this recurrence relation for the first four coefficients,

n=0 a—3=0 = a,=a,

n=1 (3)(2)as—2a,—a3,=0 = 33:%+%’
2 (4)(3)3 2a a 0 = a o + 4
n= _ 4 _ %, A
e T T

~ _ o2 (A0 AN oy3 (Ao ()4
Y & ag+ ay(x — 2) + ao(x 2)+(6+3)(x 2)+(6—|—12)(x 2)%.



Examples of the power series method.

Example
Find the first three terms of the power series expansion around the
point x, = 2 of each fundamental solution to the differential

equation
q y" —xy=0.

Solution: The first terms in the power series expression for y are

do d;
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Examples of the power series method.

Example
Find the first three terms of the power series expansion around the
point x, = 2 of each fundamental solution to the differential

equation
q y" —xy=0.

Solution: The first terms in the power series expression for y are

a, a a, a
y ~ ao+al(x—2)+ao(x—2)2+(—0+—1)(X—2)3+(goJré)(x—Z)“.

6 3
1 1
y:a0[1+(x—2)2+6(x—2)3+6(x—2)4+---}
+al{(xf2)+%(x72)3+1—12(xf2)4+---}



Examples of the power series method.

Example
Find the first three terms of the power series expansion around the
point x, = 2 of each fundamental solution to the differential

equation
q y" —xy=0.

Solution: The first terms in the power series expression for y are

y ~ ao+al(xf2)+ao(xf2)2+<@+i)(xf2)3+(@+i>(xf2)4.

6 3 6 12
1 1
y:a0[1+(x—2)2+6(x—2)3+6(x—2)4+---}
+al{(xf2)+%(x72)3+1—12(xf2)4+---}

So the first three terms on each fundamental solution are given by

1 1 1
Vi~ 1+(X—2)2+6(x—2)3, Vo o (x—2)—|—§(x—2)3—l—ﬁ(x—2)4.



The Euler equation (Sect. 5.4).

» Overview: Equations with singular points.
» We study the Euler Equation:
(x = %)y +po(x = %)y + gy =0.
» Solutions to the Euler equation near x,.
» The roots of the indicial polynomial.

» Different real roots.
» Repeated roots.
» Different complex roots.
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iff holds P(x,) = 0.
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Recall: The point x, € R is a singular point of the equation

P(x)y" + Q(x)y' + R(x)y =0
iff holds P(x,) = 0.

Remarks:

» We are interested in finding solutions to the equation above
arbitrary close to a singular point x;.

» The order of the differential equation changes in a
neighborhood of a singular point.

» In the limit x — x, the following could happen:

(a) The two linearly independent solutions remain bounded.
(b) Only one solution remains bounded.



Overview: Equations with singular points.

Recall: The point x, € R is a singular point of the equation

P(x)y" + Q(x)y' + R(x)y =0
iff holds P(x,) = 0.

Remarks:

» We are interested in finding solutions to the equation above
arbitrary close to a singular point x;.

» The order of the differential equation changes in a
neighborhood of a singular point.
» In the limit x — x, the following could happen:

(a) The two linearly independent solutions remain bounded.
(b) Only one solution remains bounded.
(c) None solution remains bounded.



Overview: Equations with singular points.

Remarks:

» If the singular point of a differential equation is not so
singular, in a sense to be made precise later on, then it is
known how to find solutions to such equation.



Overview: Equations with singular points.

Remarks:

» If the singular point of a differential equation is not so
singular, in a sense to be made precise later on, then it is
known how to find solutions to such equation.

» Singular points where the singular behavior of the solution is
somehow mild, in a sense to be made precise later, will be
called regular-singular points.



Overview: Equations with singular points.

Remarks:

» If the singular point of a differential equation is not so
singular, in a sense to be made precise later on, then it is
known how to find solutions to such equation.

» Singular points where the singular behavior of the solution is
somehow mild, in a sense to be made precise later, will be
called regular-singular points.

» The main example of a equation with a regular-singular point
is the Euler differential equation.



The Euler equation (Sect. 5.4).

» Overview: Equations with singular points.
» We study the Euler Equation:
(x = %)y +po(x = %)y + gy =0.
» Solutions to the Euler equation near x;.
» The roots of the indicial polynomial.

» Different real roots.
» Repeated roots.
» Different complex roots.
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The Euler equation

Definition
Given real constants p,, q,, the Euler differential equation for the
unknown y with singular point at x, € R is given by

(X—Xo)zy,/+Po(X—Xo)y/+QOy:0-

Remarks:
» The Euler equation has variable coefficients.
» Functions y(x) = €™ are not solutions of the Euler equation.
» The point x, € R is a singular point of the equation.

» The particular case x, = 0 is is given by

Xy +pxy +qy=0.



The Euler equation (Sect. 5.4).

» Overview: Equations with singular points.
» We study the Euler Equation:

(x = %)y +po(x = %)y + gy =0.
» Solutions to the Euler equation near x,.
» The roots of the indicial polynomial.

» Different real roots.
» Repeated roots.
» Different complex roots.
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Summary of the main idea:

» The main idea to find solution to the constant coefficients
equation y” + a, y' 4+ a, y = 0 was to look for functions of the
form y(x) = e™. The exponential cancels out from the
equation and we obtain an equation only for r without x,
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Solutions to the Euler equation near x,.

Summary of the main idea:

» The main idea to find solution to the constant coefficients
equation y” + a, y' 4+ a, y = 0 was to look for functions of the
form y(x) = e™. The exponential cancels out from the
equation and we obtain an equation only for r without x,

(r2+alr+ao)e”<:0 & (r2+alr+ao):0. (2)

> In the case of the Euler equation x? y” + poxy' 4+ goy = 0 the
exponential functions e™ do not have the property given in
Eq. (2), since

(x2r2+p0xr+q0)e'X:0 & X°rP4pxr+qg =0,

but the later equation still involves the variable x.



Solutions to the Euler equation near x,.

Summary of the main idea: Look for solutions like y(x) = x".



Solutions to the Euler equation near x,.

Summary of the main idea: Look for solutions like y(x) = x".
These function have the following property:

Y(x) = rx?



Solutions to the Euler equation near x,.

Summary of the main idea: Look for solutions like y(x) = x".
These function have the following property:

y'(x)= rx™1 = xy'(x) = rx’;



Solutions to the Euler equation near x,.

Summary of the main idea: Look for solutions like y(x) = x".
These function have the following property:

y'(x)= rx™1 = xy'(x) = rx’;

Y'(x) = rlr = )52



Solutions to the Euler equation near x,.

Summary of the main idea: Look for solutions like y(x) = x".
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Solutions to the Euler equation near x,.

Summary of the main idea: Look for solutions like y(x) = x".
These function have the following property:

Yx)=rxt = xy(x)=rx";
YV'(X)=r(r—=1)x"% = xy'"(x)=r(r-1)x".

2.1

Introduce y = x" into Euler’s equation x*y” + pyxy' + gy =0,
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Solutions to the Euler equation near x,.

Summary of the main idea: Look for solutions like y(x) = x".
These function have the following property:

Yx)=rx1 = xy(x)=rx;

YV'(X)=r(r—=1)x"% = xy'"(x)=r(r-1)x".

Introduce y = x" into Euler's equation x> y” + poxy’ + goy = 0,
for x # 0 we obtain

Hr—D+pral v =0 & r(r—1)+pr+a=0

The last equation involves only r, not x.

This equation is called the indicial equation, and is also called the
Euler characteristic equation.



Solutions to the Euler equation near x,.

Theorem (Euler equation)

Given p,, qo, X, € R, consider the Euler equation
(x = x0)*y" + po(x = x0) ¥’ + g0y = 0. (3)
Let ry, r— be solutions of r(r — 1) 4+ por + g, = 0.
(a) If rp # r_, then a real-valued general solution of Eq. (3) is
y(x) = co|x = x| + ci|x — x|, xF X0, € €ER.
(b) If ry = r_, then a real-valued general solution of Eq. (3) is

y(x) = [Co—l- clln(\x —x0|)} |x — x|, X #Xxp € ¢ ER.

Given x, # X1, Yo, ¥1 € R, there is a unique solution to the IVP

(x = %)Y +Po(x—%) Y +Qy =0, y(x))=yo ¥ (x)=y.
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» We study the Euler Equation:
(x = %)y +po(x = %)y + gy =0.
» Solutions to the Euler equation near x,.
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» Repeated roots.
» Different complex roots.
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Example

Find the general solution of the Euler equation
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Different real roots.

Example

Find the general solution of the Euler equation

x2y" +4xy' 42y =0.
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Different real roots.

Example

Find the general solution of the Euler equation

x2y" +4xy' +2y =0.

Solution: We look for solutions of the form y(x) = x",
xy'(x) = <", x2y"(x) = r(r —1)x"
Introduce y(x) = x" into Euler equation,
[r(r=1)+4r+2]x"=0 < r(r—1)+4r+2=0.

The solutions of r? + 3r +2 = 0 are given by

1
=[-3+v9-%8



Different real roots.

Example

Find the general solution of the Euler equation

x2y" +4xy' +2y =0.

Solution: We look for solutions of the form y(x) = x",
xy'(x) = <", x2y"(x) = r(r —1)x"
Introduce y(x) = x" into Euler equation,
[r(r=1)+4r+2]x"=0 < r(r—1)+4r+2=0.

The solutions of r? + 3r +2 = 0 are given by

:%[—31\/9—8 = rp=-1 r.=-2



Different real roots.

Example

Find the general solution of the Euler equation
x2y" +4xy' 42y =0.
Solution: We look for solutions of the form y(x) = x",
xy'(x) = <", x2y"(x) = r(r—1)x".
Introduce y(x) = x" into Euler equation,
[r(r=1)+4r+2]x"=0 < r(r—1)+4r+2=0.

The solutions of r? + 3r +2 = 0 are given by

ri:%[f3:|:\/9—8 = rp=-1 r=-2

The general solution is y(x) = ¢ |x|™* + ¢, |x| 2.
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Example

Find the general solution of x?y” —3xy’ +4y =0.
Solution: We look for solutions of the form y(x) = x",

xy'(x) = rx", x2y"(x) =r(r—1)x".
Introduce y(x) = x" into Euler equation,

[r(r—1)=3r+4]x"=0



Repeated roots.

Example

Find the general solution of x?y” —3xy’ +4y =0.
Solution: We look for solutions of the form y(x) = x",

xy'(x) = rx", x2y"(x) =r(r—1)x".
Introduce y(x) = x" into Euler equation,

[r(r=1)=3r+4]x"=0 < r(r—1)—3r+4=0.



Repeated roots.

Example

Find the general solution of x?y” —3xy’ +4y =0.
Solution: We look for solutions of the form y(x) = x",

xy'(x) = rx", x2y"(x) =r(r—1)x".
Introduce y(x) = x" into Euler equation,
[r(r=1)=3r+4]x"=0 < r(r—1)—3r+4=0.
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Repeated roots.

Example

Find the general solution of x?y” —3xy' 4+ 4y =0.

Solution: We look for solutions of the form y(x) = x",
xy'(x) = rx", x2y"(x) =r(r—1)x".

Introduce y(x) = x" into Euler equation,

[r(r=1)=3r+4]x"=0 < r(r—1)—3r+4=0.

The solutions of r?> — 4r + 4 = 0 are given by

1
i:§[4i 16 — 16



Repeated roots.

Example

Find the general solution of x?y” —3xy' 4+ 4y =0.

Solution: We look for solutions of the form y(x) = x",
xy'(x) = rx", x2y"(x) =r(r—1)x".

Introduce y(x) = x" into Euler equation,

[r(r=1)=3r+4]x"=0 < r(r—1)—3r+4=0.

The solutions of r?> — 4r + 4 = 0 are given by

1
i:§[4i 16—-16] = r=r_ =2



Repeated roots.

Example

Find the general solution of x?y” —3xy’ +4y =0.
Solution: We look for solutions of the form y(x) = x",

xy'(x) = rx", x? y'(x)=r(r—1)x".

Introduce y(x) = x" into Euler equation,

[r(r=1)=3r+4]x"=0 < r(r—1)—3r+4=0.

The solutions of r?> — 4r + 4 = 0 are given by

1
+=5[4+V16-16] = ri=r =2
Two linearly independent solutions are

yi(x) = x2, Vs :len(\x|).



Repeated roots

Example

Find the general solution of x?y” —3xy’ +4y =0.
Solution: We look for solutions of the form y(x) = x",

xy'(x) = rx", x2y"(x) =r(r—1)x".
Introduce y(x) = x" into Euler equation,
[r(r=1)=3r+4]x"=0 < r(r—1)—3r+4=0.

The solutions of r?> — 4r + 4 = 0 are given by

1
jE:§[4i 16—-16] = r=r_=2.
Two linearly independent solutions are
n)=x% v =x2In(|x)).

The general solution is y(x) = ¢; x* + ¢, x% In(|x|).
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Example
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xy'(x) = ", x? y'(x)=r(r—1)x"
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Different complex roots.

Example
Find the general solution of the Euler equation

x2y" —3xy' +13y =0.
Solution: We look for solutions of the form y(x) = x",

xy'(x) = ", x? y'(x)=r(r—1)x"

Introduce y(x) = x" into Euler equation

[r(r=1)-3r+13]x"=0 & r(r—1)—3r+13=0.



Different complex roots.

Example
Find the general solution of the Euler equation

x*y" —3xy'+13y = 0.
Solution: We look for solutions of the form y(x) = x",

xy'(x) = ", x? y'(x)=r(r—1)x"

Introduce y(x) = x" into Euler equation
[r(r=1)-3r+13]x"=0 & r(r—1)—3r+13=0.
The solutions of the indicial equation r?> —4r 4+ 13 = 0 are

1
ri:§[4:t 16 — 52



Different complex roots.

Example
Find the general solution of the Euler equation

x*y" —3xy'+13y = 0.
Solution: We look for solutions of the form y(x) = x",

xy'(x) = ", x? y'(x)=r(r—1)x"

Introduce y(x) = x" into Euler equation
[r(r=1)-3r+13]x"=0 & r(r—1)—3r+13=0.
The solutions of the indicial equation r?> —4r 4+ 13 = 0 are

1 1
ri:§[4:|: 16 — 52| = ri:§[4j: —36



Different complex roots.

Example
Find the general solution of the Euler equation

x2y" —3xy' +13y = 0.
Solution: We look for solutions of the form y(x) = x",
xy'(x) = ", x2y"(x) = r(r—1)x"
Introduce y(x) = x" into Euler equation
[r(r=1)-3r+13]x"=0 & r(r—1)—3r+13=0.
The solutions of the indicial equation r?> —4r 4+ 13 = 0 are

1 1 r+:2+3l'
— C[44+V16-52] = rL=-[4+/—36] =
e =5 e =3 {r:2—3i.



Different complex roots.

Example
Find the general solution of the Euler equation

x2y" —3xy' +13y =0.
Solution: We look for solutions of the form y(x) = x",
xy'(x) = ", x2y"(x) = r(r—1)x"
Introduce y(x) = x" into Euler equation
[r(r=1)-3r+13]x"=0 & r(r—1)—3r+13=0.
The solutions of the indicial equation r?> —4r 4+ 13 = 0 are

1 1 r+:2+3l'
— C[44+V16-52] = rL=-[4+/—36] =
e =5 e =3 {r:2—3i.

The general solution is y(x) = ¢, |x|(*3) + ¢, [x|(?=37),



Different complex roots.

Theorem (Real-valued fundamental solutions)

If po, go € R satisfy that [(pa —1)% - 4q0] < 0, then the indicial
polynomial p(r) = r(r — 1) + por + q, of the Euler equation

x2y" 4+ poxy +qoy =0 (4)

has complex roots ry = a+ i3 and r— = o — i3, where

= oD g fag— (-1

Furthermore, a fundamental set of solution to Eq. (4) is
Fa(x) = X ga(x) = x|,
while another fundamental set of solutions to Eq. (4) is

yi(x) = |x|* cos (8 In|x]), va(x) = |x|*sin(3 In|x|).



Different complex roots.

Proof: Given j = |x|(@") and §, = |x|(@=0),



Different complex roots.

Proof: Given j = |x|(“*#) and §, = |x|(®=®)  introduce

[y

1. .
}/1:§(~1+)72), )/125()/1—}/2)-



Different complex roots.

Proof: Given j = |x|(“*#) and §, = |x|(®=®)  introduce

1

}/1:§(~1+)72)7 )/125()71—}72)-

[y

Use another Euler equation to rewrite y and ¥,,



Different complex roots.

Proof: Given j = |x|(“*#) and §, = |x|(®=®)  introduce

1

}/1:§(~1+)72)7 )/125()71—}72)-

[y

Use another Euler equation to rewrite y and ¥,,

n= |X|(a+iﬂ)



Different complex roots.

Proof: Given j = |x|(“*#) and §, = |x|(®=®)  introduce

1

}/1:§(~1+)72)7 )/125()71—}72)-

[y

Use another Euler equation to rewrite y and ¥,,

$i = Ix|FO) = x| x|



Different complex roots.

Proof: Given j = |x|(“*#) and §, = |x|(®=®)  introduce

1

}/1:§(~1+)72)7 )/125()71—}72)-

[y

Use another Euler equation to rewrite y and ¥,,

h= |X|(a+iﬂ) = |x|* |x|’ﬂ = |x|* ALICSES!



Different complex roots.

Proof: Given j = |x|(“*#) and §, = |x|(®=®)  introduce

1

}/1:§(~1+)72)7 )/125()71—}72)-

[y

Use another Euler equation to rewrite y and ¥,,

7= |X|(a+iﬂ) = |x|* |X|iﬁ = |x|* eIn(|x|"5) = |x|* eBIn(Ix])



Different complex roots.

Proof: Given j = |x|(“*#) and §, = |x|(®=®)  introduce

1

}/1:§(~1+)72)7 )/125()71—)72)-

[y

Use another Euler equation to rewrite y and ¥,,

7= |X|(a+iﬂ) = |x|* |X|iﬁ = |x|* eIn(|x|"5) = |x|* eBIn(Ix])

71 = |x|*[cos(BIn|[x]) + 1sin(3In|x])],



Different complex roots.

Proof: Given j = |x|(“*#) and §, = |x|(®=®)  introduce

[y

" 1,0 .
Y1:§(1+Y2)7 )/125()/1—)/2)-

Use another Euler equation to rewrite y and ¥,,

7= |X|(a+iﬂ) = |x|* |X|iﬁ = |x|* eIn(|x|"5) = |x|* eBIn(Ix])

71 = |x|*[cos(BIn|[x]) + 1sin(3In|x])],
7> = |x|*[cos(BIn|x|) — Lsin(BIn|x])].



Different complex roots.

Proof: Given j = |x|(“*#) and §, = |x|(®=®)  introduce

[y

" 1,0 .
Y1:§(1+Y2)7 )/125()/1—)/2)-

Use another Euler equation to rewrite y and ¥,,

7= |X|(a+iﬂ) = |x|* |X|iﬁ = |x|* eIn(|x|"5) = |x|* eBIn(Ix])

$1 = [x|* [cos(BIn|x|) + Lsin(B1In |x])],
7> = |x|*[cos(BIn|x|) — Lsin(BIn|x])].
We conclude that
yi(x) = |x|* cos (8 In|x]), va(x) = |x|*sin(3 In|x|).



Different complex roots.

Example
Find a real-valued general solution of the Euler equation

x2y" —3xy' +13y = 0.



Different complex roots.

Example
Find a real-valued general solution of the Euler equation

x2y" —3xy' +13y =0.
Solution: The indicial equation is r(r —1) —3r 4+ 13 = 0.



Different complex roots.

Example
Find a real-valued general solution of the Euler equation

x2y" —3xy' +13y = 0.
Solution: The indicial equation is r(r —1) —3r 4+ 13 = 0.

The solutions of the indicial equations are



Different complex roots.

Example
Find a real-valued general solution of the Euler equation

x2y" —3xy' +13y = 0.
Solution: The indicial equation is r(r —1) —3r 4+ 13 = 0.

The solutions of the indicial equations are

rP—4r+13=0



Different complex roots.

Example
Find a real-valued general solution of the Euler equation

x2y" —3xy' +13y = 0.
Solution: The indicial equation is r(r —1) —3r 4+ 13 = 0.

The solutions of the indicial equations are

rP—4r+13=0 = r.=2+3i, r.=2-3i.



Different complex roots.

Example
Find a real-valued general solution of the Euler equation
x2y" —3xy' +13y = 0.
Solution: The indicial equation is r(r —1) —3r 4+ 13 = 0.
The solutions of the indicial equations are
r’—4r+13=0 = r,=2+3i, r.=2-3i
A complex-valued general solution is

|23/

y(x)=2¢& |x| (2+37) +C |x ¢, ¢ eC.



Different complex roots.

Example
Find a real-valued general solution of the Euler equation

x2y" —3xy' +13y = 0.
Solution: The indicial equation is r(r —1) —3r 4+ 13 = 0.

The solutions of the indicial equations are
r’—4r+13=0 = r,=2+3i, r.=2-3i
A complex-valued general solution is
y(x) =& x| 1 & |x3) g, g ec.

A real-valued general solution is

y(x) = a|x|?cos(3In|x]) + ¢ |x|?sin(3In|x]), @, & €R.

<



Equations with regular-singular points (Sect. 5.5).

Equations with regular-singular points.
Examples: Equations with regular-singular points.
Method to find solutions.
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Example: Method to find solutions.



Equations with regular-singular points (Sect. 5.5).

Equations with regular-singular points.
Examples: Equations with regular-singular points.
Method to find solutions.

vV v v Y

Example: Method to find solutions.

Recall:
The point x, € R is a singular point of the equation

P(x)y"+ Q(x)y' + R(x)y =0

iff holds that P(x,) = 0.



Equations with regular-singular points.

Definition
A singular point x, € R of the equation

P(x)y"+ Q(x)y' + R(x)y =0
is called a regular-singular point iff the following limits are finite,
- (x—=x)*R(x)

lim w lim =7 \7J
X—X0 P(x) ’ X—X0 P(x) ’

and both functions

(x —x) Q(x) (x = %)? R(x)
P(x) P(x) '

admit convergent Taylor series expansions around x,.



Equations with regular-singular points.

Remark:

» If x, is a regular-singular point of
P(x)y"+ Q(x)y'+ R(x)y =0
and P(x) ~ (x — x,)" near x,, then near x, holds

Q(x) ~ (x — xo)"*l, R(x) ~ (x — XO)"*Q.



Equations with regular-singular points.

Remark:

» If x, is a regular-singular point of
P(x)y"+ Q(x)y'+ R(x)y =0
and P(x) ~ (x — x,)" near x,, then near x, holds

Q(X) =~ (x —x)" 1, R(x) ~(x —x)"2

» The main example is an Euler equation, case n = 2,

(X —Xo)2y” +P0(X —Xo)y/ +Gy=0.



Equations with regular-singular points.

Example

Show that the singular point of every Euler equation is a
regular-singular point.



Equations with regular-singular points.

Example
Show that the singular point of every Euler equation is a
regular-singular point.
Solution: Consider the general Euler equation
(x — Xo)2y” + po(x — Xo)y, +qy =0,

where p,, qo, Xo, are real constants.



Equations with regular-singular points.

Example
Show that the singular point of every Euler equation is a
regular-singular point.
Solution: Consider the general Euler equation
(x — Xo)2y” + po(x — Xo)y, +qy =0,

where p,, qo, Xo, are real constants. This is an equation
Py" + Qy’ + Ry = 0 with

P(x) = (x = %)%, Q(x) = po(x — x0), R(x) = qo.



Equations with regular-singular points.

Example
Show that the singular point of every Euler equation is a
regular-singular point.

Solution: Consider the general Euler equation

(X - Xo)2y” + Po(X - Xo)y, +qy=0,

where p,, qo, Xo, are real constants. This is an equation
Py" + Qy’ + Ry = 0 with

P(x) = (x — xo)z, Q(x) = po(x — x0), R(x) = qo.

Therefore, we obtain,

i (%) Q)
X—X0 P(x)



Equations with regular-singular points.

Example
Show that the singular point of every Euler equation is a
regular-singular point.

Solution: Consider the general Euler equation

(X - Xo)2y” + Po(X - Xo)y, +qy=0,

where p,, qo, Xo, are real constants. This is an equation
Py" + Qy’ + Ry = 0 with

P(X) = (X - X0)27 Q(X) = po(X — X0)7 R(X) = qo-
Therefore, we obtain,

(= %) Q)

X—X0 P(X) - pO‘/



Equations with regular-singular points.

Example
Show that the singular point of every Euler equation is a
regular-singular point.

Solution: Consider the general Euler equation

(X - Xo)2y” + Po(X - Xo)y, +qy=0,

where p,, qo, Xo, are real constants. This is an equation
Py" + Qy’ + Ry = 0 with

P(X) = (X - X0)27 Q(X) = po(X — Xg)7 R(X) = qo-
Therefore, we obtain,

o RO )RR
X—X0 P(x) 0 X—X0 P(x)



Equations with regular-singular points.

Example
Show that the singular point of every Euler equation is a
regular-singular point.

Solution: Consider the general Euler equation

(X - Xo)2y” + Po(X - Xo)y, +qy=0,

where p,, qo, Xo, are real constants. This is an equation
Py" + Qy’ + Ry = 0 with

P(x) = (x — xo)z, Q(x) = po(x — x0), R(x) = qo.

Therefore, we obtain,

im —(X_XO) Q) = m ———
XLXo P(x) Pos XLXo P(x)



Equations with regular-singular points.

Example
Show that the singular point of every Euler equation is a

regular-singular point.
Solution: Consider the general Euler equation
(x — Xo)2y” + po(x — Xo)y, +qy =0,

where p,, qo, Xo, are real constants. This is an equation
Py" + Qy’ + Ry = 0 with

P(x) = (x — xo)z, Q(x) = po(x — x0), R(x) = qo.

Therefore, we obtain,

i (x — x) Q(x) . i (x — %)% R(x)

o P(x) o Pl

We conclude that x; is a regular-singular point.



Equations with regular-singular points.

Remark: Every equation Py” + Qy’ + Ry = 0 with a
regular-singular point at x, is close to an Euler equation.



Equations with regular-singular points.

Remark: Every equation Py” + Qy’ + Ry = 0 with a
regular-singular point at x, is close to an Euler equation.

Proof:
For x # x, divide the equation by P(x),



Equations with regular-singular points.

Remark: Every equation Py” + Qy’ + Ry = 0 with a
regular-singular point at x, is close to an Euler equation.

Proof:
For x # x, divide the equation by P(x),
Q(x) R(x)
" / .



Equations with regular-singular points.

Remark: Every equation Py” + Qy’ + Ry = 0 with a
regular-singular point at x, is close to an Euler equation.

Proof:
For x # x, divide the equation by P(x),
Q(x) R(x)
" / .

and multiply it by (x — x)?,



Equations with regular-singular points.

Remark: Every equation Py” + Qy’ + Ry = 0 with a
regular-singular point at x, is close to an Euler equation.

Proof:
For x # x, divide the equation by P(x),
Q(x) R(x)
" / .

and multiply it by (x — x)?,

(x—x)Q(x)7 ,, 1(x—x)*R(x)
P(x) }y +[ P(x)

2.1

(x =)y + (x = )| y=o.



Equations with regular-singular points.

Remark: Every equation Py” + Qy’ + Ry = 0 with a
regular-singular point at x, is close to an Euler equation.

Proof:
For x # x, divide the equation by P(x),
Q(x) R(x)
" / .

and multiply it by (x — x)?,

(x — xO)Q(x)} S {(x — x)2R(x)

P(x) P 170

(= x)2y" + (x = )]

The factors between [ | approach constants, say py, go, as x — X,



Equations with regular-singular points.

Remark: Every equation Py” + Qy’ + Ry = 0 with a
regular-singular point at x, is close to an Euler equation.

Proof:
For x # x, divide the equation by P(x),
Q(x) R(x)
" / .

and multiply it by (x — x)?,

X — xO)Q(x)} S {(x — x)2R(x)

(x — x0)2 Y+ (x — %) [( PO P0x) y=0.

The factors between [ | approach constants, say py, go, as x — X,

(x — XO)Z)’” +(x—X)poy + qoy = 0.



Equations with regular-singular points (Sect. 5.5).

Equations with regular-singular points.

>
» Examples: Equations with regular-singular points.
» Method to find solutions.

>

Example: Method to find solutions.



Examples: Equations with regular-singular points.
Example
Find the regular-singular points of the differential equation

(1-x%)y" —2xy +ala+1)y =0,
where « is a real constant.



Examples: Equations with regular-singular points.

Example

Find the regular-singular points of the differential equation
(1-x%)y" —2xy +ala+1)y =0,

where « is a real constant.

Solution: Find the singular points of this equation,



Examples: Equations with regular-singular points.
Example
Find the regular-singular points of the differential equation

(1-x%)y" —2xy +ala+1)y =0,
where « is a real constant.

Solution: Find the singular points of this equation,

0= P(x)



Examples: Equations with regular-singular points.
Example
Find the regular-singular points of the differential equation

(1-x%)y" —2xy +ala+1)y =0,
where « is a real constant.

Solution: Find the singular points of this equation,

0=P(x) = (1—X2)



Examples: Equations with regular-singular points.
Example
Find the regular-singular points of the differential equation

(1-x%)y" —2xy +ala+1)y =0,
where « is a real constant.

Solution: Find the singular points of this equation,

0=P(x)=(1-x3)=(1-x)(1+x)



Examples: Equations with regular-singular points.

Example

Find the regular-singular points of the differential equation
(1-x%)y" —2xy +ala+1)y =0,

where « is a real constant.

Solution: Find the singular points of this equation,

X, = 1,

x; = —1.

0:P(X):(1—X2):(1—X)(1—|—X) = {



Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x%)y" —2xy +ala+1)y =0,
where « is a real constant.
Solution: Find the singular points of this equation,
X =1
0=Px)=(1-x)=1-x)(1+x) = { ’

x; = —1.

Case x, = 1:



Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x%)y" —2xy +ala+1)y =0,
where « is a real constant.
Solution: Find the singular points of this equation,
2 XD = ]_7
0=Px)=(1-x)=1-x)(14+x) =
x; = —1.
Case x, = 1: We then have
(x—1)Q(x)
P(x)



Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x%)y" =2xy' +afa+1)y =0,
where « is a real constant.
Solution: Find the singular points of this equation,
X =1
0=Px)=(1-x)=1-x)(1+x) = { ’

x; = —1.

Case x, = 1: We then have

(x=1)Q() _ (x=1)(=2x)

P(x) (1—x)(1+x)




Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x%)y" =2xy' +afa+1)y =0,
where « is a real constant.
Solution: Find the singular points of this equation,
2 Xg = ]_7
0=Px)=(1-x)=1-x)(14+x) =
x; = —1.
Case x, = 1: We then have
(x-1)Q(x) (x—1)(-2x)  2x
P(x) S (1-x)(1+x) 14X




Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x%)y" =2xy' +afa+1)y =0,
where « is a real constant.
Solution: Find the singular points of this equation,
{Xo =1,
0=Px)=(1-x)=1-x)(1+x) =
x; = —1.
Case x, = 1: We then have

(x—1)Q(x) _ (x — 1)(—2x) _ 2
P(x) (I-x)(1+4+x) 1+x’




Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x%)y" =2xy' +afa+1)y =0,
where « is a real constant.
Solution: Find the singular points of this equation,
{Xo =1,
0=Px)=(1-x)=1-x)(1+x) =
x; = —1.
Case x, = 1: We then have

(x—1)Q(x) _ (x — 1)(—2x) _ 2
P(x) (1-x)(1+x) 1+x’

(2R (x—17[afa + 1)
P(x) (1—-x)(1+x)




Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x%)y" =2xy' +afa+1)y =0,
where « is a real constant.
Solution: Find the singular points of this equation,
{Xo =1,
0=Px)=(1-x)=1-x)(1+x) =
x; = —1.
Case x, = 1: We then have

(x—1)Q(x) _ (x — 1)(—2x) _ 2
P(x) (1-x)(1+x) 1+x’

(x —1)?2 R(x) _ (x —1)?[a(a+1)] _ (x = 1) [+ 1)]
P(x) (1—-x)(1+x) 1+ x




Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x%)y" =2xy' +afa+1)y =0,
where « is a real constant.
Solution: Find the singular points of this equation,
{ X =1,
0=Px)=(1-x)=1-x)(1+x) =
x; = —1.
Case x, = 1: We then have

(x—1)Q(x) _ (x — 1)(—2x) _ 2
P(x) (1-x)(1+x) 1+x’

(x —1)?2 R(x) _ (x —1)?[a(a+1)] _ (x = 1) [+ 1)]
P(x) (1—-x)(1+x) 1+ x

both functions above have Taylor series around x, = 1.




Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x*)y" =2xy +a(a+1)y =0,

where « is a real constant.

Solution: Recall:

(x —1) Q(x) 2x (x — 1)’ R(x)  (x=1) [a(a + 1)] '

P(x) T 1+x P(x) N 1+ x



Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x*)y" =2xy +a(a+1)y =0,

where « is a real constant.

Solution: Recall:

(x —1) Q(x) 2x (x — 1)’ R(x)  (x=1) [Oz(a + 1)] .

P(x) = l+x P(x) 1+ x

Furthermore, the following limits are finite,

-1k
x—1 P(X)



Examples: Equations with regular-singular points.
Example
Find the regular-singular points of the differential equation
(1-x*)y" =2xy +a(a+1)y =0,

where « is a real constant.

Solution: Recall:

(-1QK) 2% (x—1PR(x) _ (x—Dla(a+1)
P(x) C14x’ P(x) B 1+ x '

Furthermore, the following limits are finite,



Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x*)y" =2xy +a(a+1)y =0,

where « is a real constant.

Solution: Recall:

(x —1) Q(x) 2x (x — 1)’ R(x)  (x=1) [Oz(oz + 1)] .

P(x) = l+x P(x) 1+ x

Furthermore, the following limits are finite,

m-——=1 [im M
x—1 P(X) ’ x—1 P(X)



Examples: Equations with regular-singular points.

Example
Find the regular-singular points of the differential equation
(1-x*)y" =2xy +a(a+1)y =0,

where « is a real constant.

Solution: Recall:

(x —1) Q(x) 2x (x — 1)’ R(x)  (x=1) [Oz(oz + 1)] .

P(x) 14X P(x) B 1+ x
Furthermore, the following limits are finite,

=1, |imwza

<N P(x) 1 P(x)



Examples: Equations with regular-singular points.
Example
Find the regular-singular points of the differential equation
(1-x)y" —2xy' +a(a+1)y =0,
where « is a real constant.

Solution: Recall:

(-1QK) 2 (x—1PR(kx) _ (x—Dla(a+1)
P(x) C14x’ P(x) B 1+ x '

Furthermore, the following limits are finite,

—1, jim X D2 R()

A P(x) Ll T

We conclude that x, = 1 is a regular-singular point.



Examples: Equations with regular-singular points.

Example

Find the regular-singular points of the differential equation
(1-x%)y" =2xy' +afa+1)y =0,

where « is a real constant.

Solution:
Case x; = —1:



Examples: Equations with regular-singular points.

Example

Find the regular-singular points of the differential equation
(1-x%)y" =2xy' +afa+1)y =0,

where « is a real constant.

Solution:
Case x; = —1:

(x+1) Q)
P(x)



Examples: Equations with regular-singular points.

Example
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Recall: If x, is a regular-singular point of
P(x)y" +Q(x)y + R(x)y =0,
2
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with limitslim O(sz‘ﬁ;?(x) = poand lim (X,f&)(x) =,

then the coefficients of the differential equation above near x, are
close to the coefficients of the Euler equation

(X - Xo)zy” + PO(X - Xo)y/ +qy=0.

Idea: If the differential equation is close to an Euler equation, then
the solutions of the differential equation might be close to the
solutions of an Euler equation.

Recall: One solution of an Euler equation is y(x) = (x — xp)".
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(1) Look for a solution y of the form

y(X) — Z an (X — Xo)(n“rr);
n=0
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(1) Look for a solution y of the form
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n=0

(2) Introduce this power series expansion into the differential
equation and find both a the exponent r and a recurrence
relation for the coefficients aj;



Method to find solutions.

Summary: Solutions for equations with regular-singular points:

(1) Look for a solution y of the form
y(x) = Z an (x — x) ("),
n=0

(2) Introduce this power series expansion into the differential
equation and find both a the exponent r and a recurrence
relation for the coefficients aj;

(3) First find the solutions for the constant r. Then, introduce this
result for r into the recurrence relation for the coefficients a,.
Only then, solve this latter recurrence relation for the
coefficients a,.
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Example
Find the solution y near the regular-singular point x, = 0 of

x2y" —x(x+3)y' +(x+3)y =0.
Solution: We look for a solution y(x) = Za x{mtn),

The first and second derivatives are given by

[e.9]

y/ _ Z(n+ r)an X(n—l—r—l)’

n=0



Example: Method to find solutions.
Example
Find the solution y near the regular-singular point x, = 0 of

x2y" —x(x+3)y' +(x+3)y =0.
Solution: We look for a solution y(x) = Za x{mtn),

The first and second derivatives are given by

[e.9]

I — n—+r a,,x(”+f—1), y//: n+r)(n+r—1 anx(”+r_2),
y
n=0 n=0



Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

x2y" —x(x+3)y' +(x+3)y =0.
Solution: We look for a solution y(x) = Za x{mtn),

The first and second derivatives are given by

y' = Z(n+ Fap x(tr=1 = Z(n +r)(n+r—1)a, x("Fr=2),
n=0 n=0

In the case r = 0 we had the relation
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n=0 n=1



Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

x2y" —x(x+3)y' +(x+3)y =0.
Solution: We look for a solution y(x) = Za x{mtn),

The first and second derivatives are given by

y' = Z(n+ Fap x(tr=1 = Z(n+ A (n+r—1)a,x(m=2),
n=0 n=0

In the case r = 0 we had the relation

o (o]
E na, x("1 = E na,,x(”_l),
n=0 n=1

but for r # 0 this relation is not true.
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Example
Find the solution y near the regular-singular point x, = 0 of

Xy = x(x+3)y +(x+3)y =0,

Solution: We now compute the term (x + 3)y,

x+3)y= (X+3)Zanx(”+r)
n=0
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Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

Xy = x(x+3)y +(x+3)y =0,

Solution: We now compute the term (x + 3)y,

x+3)y= (X+3)Zanx(”+r)
n=0

X+3 Za X(n+r+1)+23a X(n+r

o0

(X + 3)y — Z a(nil) X(n+r) + Z3an X(n+r)-

n=1 n=0
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Example
Find the solution y near the regular-singular point x, = 0 of

X2y —x(x+3)y' +(x+3)y=0.
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Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

X2y —x(x+3)y' +(x+3)y=0.

Solution: We now compute the term —x(x + 3) y/,
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n=0 n=0



Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

X2y —x(x+3)y' +(x+3)y=0.

Solution: We now compute the term —x(x + 3) y/
o0
—x(x+3)y = —(x*> + 3x) Z(n + r)ap x(rtr)
n=0

o0

—x(x+3)y = Z(n + r)a, x(Fr) Z 3(n+ r)a, x("1),

n=0

o0

—x(x+3)y' = - Z(n—i—r— 1)a(n—1) x(ntr) —Z 3(n+r)a, x(n1),
n=1 n=0
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Example
Find the solution y near the regular-singular point x, = 0 of

x*y" —x(x+3)y +(x+3)y =0.

Solution: We compute the term x? y”,

oo
x2y" = x? Z(n +r)(n+r—1)a, x(ntr=2)
n=0



Example: Method to find solutions.
Example
Find the solution y near the regular-singular point x, = 0 of

x*y" —x(x+3)y +(x+3)y =0.

Solution: We compute the term x? y”,

oo
x2y" = x? Z(n +r)(n+r—1)a, x(ntr=2)
n=0

[ee]

X2y = Z(n +r)(n+r—1)a,x"tn,
n=0



Example: Method to find solutions.
Example
Find the solution y near the regular-singular point x, = 0 of

x*y" —x(x+3)y +(x+3)y =0.

Solution: We compute the term x? y”,

oo
x2y" = x? Z(n +r)(n+r—1)a, x(ntr=2)
n=0

[ee]

X2y = Z(n +r)(n+r—1)a,x"tn,
n=0

The guiding principle to rewrite each term is to have the power
function x("*) labeled in the same way on every term.
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Example: Method to find solutions.

Example

Find the solution y near the regular-singular point x, = 0 of

Xy —x(x+3)y +(x+3)y =0.

Solution: The differential equation is given by
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n=0 n=1
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We split the sums into the term n = 0 and a sum containing the
terms with n > 1,



Example: Method to find solutions.

Example

Find the solution y near the regular-singular point x, = 0 of

Xy —x(x+3)y +(x+3)y =0.

Solution: The differential equation is given by

Z(n +r)(n+r—1)a,x("n) — Z(n +r—1)ag, 1) x("*")
n=0 n=1

- Z 3(n+ r)a, x"1) 4 Z a(n—1) x(mr) 4 Z 3a, x("1) = 0.
n=0 n=1 n=0

We split the sums into the term n = 0 and a sum containing the
terms with n > 1, that is,
0=[r(r—1)—3r+3Jax"+

Z [(n+r)(n+r— a,—(n+r—1)agn—1)—3(n+r)a,+agm—_1)+3an x(rtr)

n=1



Example: Method to find solutions.

Example

Find the solution y near the regular-singular point x, = 0 of

Xy —x(x+3)y +(x+3)y =0.
Solution: Therefore, [r(r — 1) —3r+3] =0 and

[(n+r)(n+r—1)a,,—(n+r—1)a(,,_1) —3(n+r)aptag-_1)+3a,| =0.
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Find the solution y near the regular-singular point x, = 0 of

Xy —x(x+3)y +(x+3)y =0.
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Example: Method to find solutions.

Example

Find the solution y near the regular-singular point x, = 0 of

Xy —x(x+3)y +(x+3)y =0.
Solution: Therefore, [r(r — 1) —3r+3] =0 and
[(n+r)(n+r—1)a,,—(n+r—1)a(,,_1)—3(n+r)a,,+a(,,_1)+3a,,} =0.

The last expression can be rewritten as follows,

[[(n—l—r)(n—i—r—1)—3(n+r)+3]a,,—(n+r—l—l)a(n_l)] =0,

[[(n—i— Nn+r—1)=3(n+r— 1)]an —(n+r— 2)3(,,,1)] =0.
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Example
Find the solution y near the regular-singular point x, = 0 of

X2y —x(x+3)y' +(x+3)y =0.
Solution: Hence, the recurrence relation is given by the equations

r(r—1)—3r+3=0,
(n+r—1)(n+r—3)an—(n+r—2)ap_1) =0.

First: solve the first equation for ry.
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above and solve for the a,; the result is a solution y; of the
original differential equation;
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Example
Find the solution y near the regular-singular point x, = 0 of

X2y —x(x+3)y' +(x+3)y =0.
Solution: Hence, the recurrence relation is given by the equations

r(r—1)—3r+3=0,
(n+r—1)(n+r—3)an—(n+r—2)ap_1) =0.

First: solve the first equation for ry.

Second: Introduce the first solution ry into the second equation
above and solve for the a,; the result is a solution y; of the
original differential equation;

Third: Introduce the second solution r— into into the second
equation above and solve for the aj;



Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

X2y —x(x+3)y' +(x+3)y =0.
Solution: Hence, the recurrence relation is given by the equations

r(r—1)—3r+3=0,
(n+r—1)(n+r—3)an—(n+r—2)ap_1) =0.

First: solve the first equation for ry.

Second: Introduce the first solution ry into the second equation
above and solve for the a,; the result is a solution y; of the
original differential equation;

Third: Introduce the second solution r—_ into into the second
equation above and solve for the a,; the result is a solution y_ of
the original differential equation;
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Example: Method to find solutions.
Example

Find the solution y near the regular-singular point x, = 0 of

X2y —x(x+3)y +(x+3)y =0.

Solution: We first solve r(r —1) —3r +3 =0.
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Example

Find the solution y near the regular-singular point x, = 0 of
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Example: Method to find solutions.
Example

Find the solution y near the regular-singular point x, = 0 of
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Solution: We first solve r(r —1) —3r +3 =0.

r+:37
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Example

Find the solution y near the regular-singular point x, = 0 of

X2y —x(x+3)y +(x+3)y =0.

Solution: We first solve r(r —1) —3r +3 =0.

r+:37

rP—4r+3=0 = rn=-[4+V16-12] = {

N =
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Introduce ry = 3 into the equation for aj,:

(n+2)na, — (n+1)ap—1 = 0.



Example: Method to find solutions.
Example

Find the solution y near the regular-singular point x, = 0 of

X2y —x(x+3)y +(x+3)y =0.

Solution: We first solve r(r —1) —3r +3 =0.

r+:37

N =

rP—4r+3=0 = rn=-[4+V16-12] = {

r—=1.
Introduce ry = 3 into the equation for aj,:
(n+2)na, — (n+1)ap—1 = 0.

One can check that the solution y is

2 1 1
y+:aox3 1+§X+1X2+175X3+"' .
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Find the solution y near the regular-singular point x, = 0 of
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Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

x?y" —x(x+3)y' +(x+3)y =0.

Solution: Introduce r— = 1 into the equation for a,:

n(n—2)a, — (n—1)a,—1 =0.
One can also check that the solution y_ is

2 1 1
Y- =a X x2+§x3+1x4+1—5xs+~- .



Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

x?y" —x(x+3)y' +(x+3)y =0.
Solution: Introduce r— = 1 into the equation for a,:

n(n—2)a, — (n—1)a,—1 =0.
One can also check that the solution y_ is

2 1 1
y—:32X|:X2+§X3+ZX4+T5X5+"':|~

Notice:

2 1 1
yf:32X3|:1+§X+ZX2+EX3+"':|
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Example
Find the solution y near the regular-singular point x, = 0 of

x?y" —x(x+3)y' +(x+3)y =0.
Solution: Introduce r— = 1 into the equation for a,:

n(n—2)a, — (n—1)a,—1 =0.
One can also check that the solution y_ is

2 1 1
y—:32X|:X2+§X3+ZX4+T5X5+"':|~

Notice:

2 1 1 a
— 3 Z =52 34 ... .
Yo =aXx [1+3x—|—4x —|—15x+ } = y_ aly+.
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Solution: The solutions y; and y_ are not linearly independent.
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Solution: The solutions y; and y_ are not linearly independent.

This Example shows that the method does not provide all solutions
of a differential equation near a regular-singular point,



Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

x2y" —x(x+3)y' +(x+3)y =0.

Solution: The solutions y; and y_ are not linearly independent.
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Example

Find the solution y near the regular-singular point x, = 0 of

x2y" —x(x+3)y' +(x+3)y =0.

Solution: The solutions y; and y_ are not linearly independent.

This Example shows that the method does not provide all solutions
of a differential equation near a regular-singular point, it only
provides at least one solution near a regular-singular point.

Remark: It can be shown the following result:

If the roots of the Euler characteristic polynomial ry, r— differ by
an integer, then the second solution y_, the solution corresponding
to the smaller root, is not given by the method above.



Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

x2y" —x(x+3)y' +(x+3)y =0.

Solution: The solutions y; and y_ are not linearly independent.

This Example shows that the method does not provide all solutions
of a differential equation near a regular-singular point, it only
provides at least one solution near a regular-singular point.

Remark: It can be shown the following result:

If the roots of the Euler characteristic polynomial ry, r— differ by
an integer, then the second solution y_, the solution corresponding
to the smaller root, is not given by the method above.

This solution involves logarithmic terms.



Example: Method to find solutions.

Example
Find the solution y near the regular-singular point x, = 0 of

x2y" —x(x+3)y' +(x+3)y =0.

Solution: The solutions y; and y_ are not linearly independent.

This Example shows that the method does not provide all solutions
of a differential equation near a regular-singular point, it only
provides at least one solution near a regular-singular point.

Remark: It can be shown the following result:

If the roots of the Euler characteristic polynomial ry, r— differ by
an integer, then the second solution y_, the solution corresponding
to the smaller root, is not given by the method above.

This solution involves logarithmic terms.

We do not study this type of solutions in these notes. <



