Review for Final Exam. Chapters 7, 6, 5.

Systems of linear Equations (Chptr. 7).
Laplace transforms (Chptr. 6).

>

>

» Power series solutions (Chptr. 5).

» Second order linear equations (Chptr. 3).
>

First order differential equations (Chptr. 2).

Systems of linear Equations (Chptr. 7).

Summary: Find solutions of X’ = Ax, with A a 2 x 2 matrix.

First find the eigenvalues \; and the eigenvectors v(7) of A,
(a) If A\; # Ay, real, then {v(1) v(®)} are linearly independent, and
the general solution is x(x) = ¢y vt eMt 1 ¢, v(2) 2t

(b) If A1 # A2, complex, then denoting A+ = o + i and
v(®) = a4 bi, the complex-valued fundamental solutions

x(t) = (a + bi) eletF)?
x() = et (a £ bi) [cos(t) + isin(5t)].

x() = et [acos(4t) —bsin(Bt)] +ie™" [asin(Ft)+bcos(3t)].

Real-valued fundamental solutions are
x1) = e [acos(Bt) — bsin(5t)],

x(?) = et [asin(Bt) + b cos(5t)].




Systems of linear Equations (Chptr. 7).

Summary: Find solutions of X’ = Ax, with A a 2 x 2 matrix.
First find the eigenvalues \; and the eigenvectors v{)) of A.

(c) If Ay = Ao = A, real, and their eigenvectors {v(1) v(2)} are
linearly independent, then the general solution is

x(x) = c vl &M 4 v e

(d) If A1 = A2 = A, real, and there is only one eigendirection v,
then find w solution of (A — Al)w = v. Then fundamental
solutions to the differential equation are given by

xD =ver  x?) = (vi+w)e.
Then, the general solution is

x=cve'l +co(vt+w)e
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Example

: : , 3 1 4
Find the solution to: x' = Ax, x(0) = K A= > 1]
Solution:

(1 =A) 4 oy a2 1
p()\)—| 5 (—1—\) =A=-1)(A+1)—8=X"—-1-38,
p(A)=X—-9=0 = )\.==£3

Case A\, =3,
—2 4 1 -2 2
A— 3l [2 _4] —>[O O] = vi=2w = V [1]
Case \_ = —3,

4 4 1 1 —1
_ — _ (-) —
A—|—3I—[2 2]—>[0 O] = Vi=—V» = V —[1]
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Example

Find the solution to: x' = Ax, x(0) = [3] R\

Solution: Recall: Ay = £3, vit) = 2], v(i®) =

The general solution is x(t) = ¢

1
The initial condition implies, }

f-o-aff s3] + [
[2] - (2—T—1) [—11 é] g] = [2]

1 [—
We conclude: x(t) = = [2] e3t—1—§ [ 1] e 3t
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Laplace transforms (Chptr. 6).

Summary:
» Main Properties:
L[ ()] = s" L[f(t)] — sV F0) — - — F7D(0);  (18)
e L[f(t)] = Lluc(t) f(t — c)]; (13)
LI, = £le (1) (14)

» Convolutions:

L[(f « g)(t)] = L[f(2)] LIg(t)].

» Partial fraction decompositions, completing the squares.
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Example
Use L.T. to find the solution to the IVP

y'+ 9y =us(t), y(0)=3, y'(0)=2.

e—55

Solution: Compute L[y"] + 9 L[y] = L[us(t)] = , and recall,

Lly"| =s"Lly] - sy(0)—y'(0) = L[y"]=s"L[y]-3s-2.

e—55

(s> +9)L[y] —3s—2=

S

— (35 + 2) —5s 1
£l = (s2+9) Te s(s®>+9)°
s 2 3 e 1

AR ICED R ERD)




Laplace transforms (Chptr. 6). FE June 13, 2008.

Example
Use L.T. to find the solution to the IVP

y'+9y =us(t), y(0)=3, y(0)=2

s 2 3 L
Solution: Recall Lly]|=3 55—+ - 5= R
olution: Reca [v] (52+9)+3(s2+9)+e 5(52+9)
1

s(s249)

2
£ly] = 3[eos(30)] + 5 Llsin(31)] + e~
Partial fractions on

1 _a (bs+c¢) a(s*+9)+ (bs+ c)s

H(s)

55219 s (219 (s219)

1=as*+9a+bs’°+cs=(a+ b)s®>+cs+9a

1
c=0, b=—-a = b=—-.

a_1
9’ 9
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Example
Use L.T. to find the solution to the IVP

y'+9y =us(t), y(0)=3, y'(0)=2
Solution: So, L[y] = 3 L[cos(3t)] + % L[sin(3t)] 4+ e > H(s), and

1 111 s

H(S):s(s2+9) :§{g_sz+9

| = 5 (£lu(e)] ~ cieos(30))

e—5$ H(S) — %(e_55 ,C[U(t)] — 6_55 L[COS(3t)])

e~5 H(s) = é(z[us(t)] — L[us(t) cos(3(t — 5))}).

L[y] = 3 L]cos(3t)] +§ L[sin(3t)]+ é (E[U5(t)] — L[ us(t) cos(3(t—5))] ) :
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Example
Use L.T. to find the solution to the IVP

y'+9y =us(t), y(0)=3, y'(0)=2.

Solution:

£ly] = 3 Lleos(30)] + 5 Llsin(38)]+ g (Llus(6)] £ us(t) cos(3(t-5))] ).

Therefore, we conclude that,

us(t)
0

y(t) = 3cos(3t) + % sin(3t) + [1 — cos(3(t — 5))} :

Review for Final Exam. Chapters 7, 6, 5.

Systems of linear Equations (Chptr. 7).
Laplace transforms (Chptr. 6).

>
>

» Power series solutions (Chptr. 5).

» Second order linear equations (Chptr. 3).
>

First order differential equations (Chptr. 2).




Power series solutions (Chptr. 5).

Summary: Solve: a(x)y” + b(x)y’ + ¢(x) y = 0 near xo.

oo
(a) If xp is a regular point, then y(x) = Z an (x — x0)".
n=0
Find a recurrence relation for a,.

o
(b) If xo is a regular-singular point, y(x) = Z an (x — xo)(”+r)_
n=0

Find a recurrence relation for a, and indicial equation for r.

(c) Euler equation: (x — x0)?y" + a(x —x0)y' + By =0.

Solutions: If y(x) = |x — xo|", then r is solution of the indicial
equation p(r) =r(r—1)+ar+ 3 =0.

Power series solutions (Chptr. 5).

Summary: Solving the Euler equation

(x —x0)*y" +a(x—x)y +By=0.

(i) If 1 # r, reals, then the general solution is
y(x) =ca |x — xo|" + a2 |x — x0|".
i) If i # rn, complex, denote them as ro = X\ £ pi. Then, the
i
real-valued general solution is
y(x) = a1 Ix — xo|* cos(pIn |x — xol)

+ o |x — xo|? sin(pIn [x — xol).

(iii) If n = rp = r, real, then the general solution is

y(x) = (aa+ e In|x = x) |x — x0|"
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Example
Find the recurrence relation for the coefficients of the power series
solution centered at xg = 0 of the equation y” — 3y’ + xy = 0.

Solution: xg = 0 is a regular point of the differential equation.

oo (0.}
Therefore, y(x) = Z apx" = xy= Z ap xntL),
n=0 n=0

y'(x) = Z na,x"-1 = —3y = Z(—3n)an x(n=1),
n=0 n=0
y'(x) = Z n(n—1)a,x("2).
n=0
S0 Dour )+ 3 anx Y 1 5 a0
n=0 n=0 n=0
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Example
Find the recurrence relation for the coefficients of the power series
solution centered at xg = 0 of the equation y” — 3y’ + xy = 0.

Solution:
Z n(n—1)a, x("=2) 4+ Z(—3n)an x(n=1) 4 Z apxt) = 0.
n=0 n=0 n=0

Z n(n—1)a,x"2) + Z(—3n)an xn=1) 4 Z apx("t1) =0,
n=1 n=0

n=2
m=n-—2 m=n-—1 m=n-+1
m-—n m—n m—n

oo

Z(n+2)(n+ 1)ano X”+Z(—3)(n+ apt1 x”+z ap—1x"=0.
n=0 n=0 n=1
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Example
Find the recurrence relation for the coefficients of the power series
solution centered at xg = 0 of the equation y” — 3y’ + xy = 0.

Solution:
D (n+2)(n+1)app2x"+> (=3)(n+1)ans1 X"+ ap_1x" =0.
n=0 n=0 n=1

(2)(1)az + (=3)(1)ar+

[(n+2)(n+1)ant2 — 3(n+ 1)api1 + ap-1] x" =0
=1

n

We conclude: 2a, —3a; =0, and

(n+2)(n+1)api2 —3(n+1)ant1 +ap-1=0, n=>1.

Power series solutions (Chptr. 5). FE June 13, 2008.

Example

Find the first two terms on the power series expansion around
xg = 0 of each fundamental solution of y” — 3y’ + xy = 0.

Solution: Recall: 2a, —3a; =0, and

(n+2)(n+1)apy2 —3(n+ 1apt1 +ap—1=0, n>1.

3 . T
Therefore, ar = 5 a1, and n =1 in the other equation implies

a

(3)(2)&)3 — 3(2)32 +a =0 = az=ay— EO
. . . 3 ao
Using the equation for ap we obtain a3 = 51— 5

y(x) = 30+31X+32X2—|—a3x3+...

3 3 a
y(x):ao+alx+§alx2+(531—€0>x3+---
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Example

Find the first two terms on the power series expansion around
xo = 0 of each fundamental solution of y” — 3y’ + xy = 0.

3 3 a
Solution: Recall: y(x) = ap+ a;x+ > a1 x° + (531 — €O> x3 4.

1 3 3
y(x):ao(1—6x3+~-)—|—a1<x—|—§X2—|—§X3—|—~'),

We conclude that:




