Review of Chapter 7.

» Review of Sections 7.5, 7.6, 7.8.
» Const. Coeff., homogeneours linear differential systems:

> Real, different eigenvalues (7.5).
» Complex, different eigenvalues (7.6).
» Repeated eigenvalues (7.8).

Exam: November 12, 2008. Problem 4.

Example

Find the general solution of X’ = Ax, where A = [\_/% g]

Solution: Eigenvalues of A:

p(\) = ‘(_3\5” (_ZEA)‘ =(A+2)(A+3)—-2=0
N+ +4=0 = )\i:%[—Si\/25—16}:%[—5i3]

Hence Ay = —1, A_ = —4. Eigenvector for \;.
2 2 2 —V2 2 —V2
(A—I—/)—[\/z _1]—>[2 —\/§]—>[0 (\)/1

2vi = /2 . Choosing vi = v/2 and v, = 2, we get v(T) = [\éﬁ]




Exam: November 12, 2008. Problem 4.

Example
. . -3 V2
! _
Find the general solution of X' = Ax, where A = [\/5 _2].
Solution: Recall: Ay = —1, A_ = —4, and v(t) = [\ﬂ

Eigenvector for \_.

asan=[g 9] =i Ve ~o 7

vi = —vV2v,. Choosing vi = —v/2 and v» = 1, so, vi) = [_1/5]
ons: x(1) = | V2| et x(5) = [TV2] g4
Fundamental solutions: x\7/ = 5 e bt x\7) = ) e "'t
General solution: x = ¢ [\f] e t+ o [_1 2] e 4t <
Exam: November 12, 2008. Problem 4.
Example
Plot the phase portrait of several linear combinations of the
fundamental solutions found above,
+ _ [V2] ¢ o [FV2] ae
X [\é_] e ', x [ 1 ] e .
Solution:
We start plotting the i
vectors A Ve
() _ [V2
\"/ [\é_] 3 ‘ _;1 = \\\ %1 ‘ X,
S
(-) _ |~V2 »
ool




Exam: November 12, 2008. Problem 4.

Example

Plot the phase portrait of several linear combinations of the
fundamental solutions found above,

(1) = [V2] gt ) = [7V2] e
X [é—]e,x llle.

Solution: .
We plot the solutions o
x("'), _X(—i-)7 \? ,,,,,,,,,,,,, d
B TS 2
x(=) x5 /,/1 <
,’4//

Exam: November 12, 2008. Problem 4.
Example

Plot the phase portrait of several linear combinations of the
fundamental solutions found above,

(1) = [V2] gt ) 2 [7V2] e
X [\é_]e,x llle.

Solution: .
Recall: A\_ < Ay < 0. We \
plot the solutions 1 Lo
X = x(+) + X(_), V(‘)§ 777777777777777 |
that is, %V~ “
x = vt emt p (D) g4t 5 2 A
/’4//




Exam: November 12, 2008. Problem 4.

Example

Plot the phase portrait of several linear combinations of the
fundamental solutions found above,

(1) = [V2] gt ) = [7V2] e
X [é—]e,x llle.

Solution:
We plot the solutions

X =C x() + & x(_),

for ¢ = £1 and ¢ = %1.

Exam: November 12, 2008. Variation of Problem 4.

Example

Let Ay =4, A =1, v(t) = !ﬁ and v(-) = [_1/51

Plot the phase portrait of several linear combinations of the
fundamental solutions x(t) = () gr+t (=) — (=) At

Solution: .
Here Ax > A_ > 0. We ]
plot the solutions [ A L@
=
X(Jr)7 —x(+), | o
-1 A T X1
VAN RN
. Q\
X)X, 2
1/%




Exam: November 12, 2008. Variation of Problem 4.

Example

Let Ay =4, A\_=1, vit) = [ﬁ and v(-) = [_ﬂ

Plot the phase portrait of several linear combinations of the
fundamental solutions x(1) = () A+t x(=) = (=) A=t

Solution: x,
Recall: Ay > A_ > 0. We
plot the solutions T e
x = x(H) 4 x(5). R N b
that is, N
x = v(t) et () et , 2 =
s

Exam: November 12, 2008. Variation of Problem 4.

Example

Let Ay =4, A_ =1, v(t) = !ﬁ and v(-) = [_1/5]

Plot the phase portrait of several linear combinations of the
fundamental solutions x(t) = () X+t (=) — (=) At

Solution:
Recall: Ax > X\ > 0. We A O

plot the solutions O /

x = ¢ x(T) + ¢ x(5), RN

fOI’ G = :|:1 and Cr = j:]_ P """""""""" -2




Exam: November 12, 2008. Variation of Problem 4.

Example

Let Ay =4, A =—1, v(t) = [ﬂ and v(-) = [_ﬂ

Plot the phase portrait of several linear combinations of the
fundamental solutions x(T) = () A+t x(=) — (=) A=t

Solution:

Here Ay > 0> A_. We
plot the solutions

Exam: November 12, 2008. Variation of Problem 4.

Example

Let Ay =4, \_=—1, v(t) = [ﬁ and v(o) = [_ﬂ

Plot the phase portrait of several linear combinations of the
fundamental solutions x(+) = y(H) A+t x(=) — (=) A~

Solution:

Recall: A\, >0 > \_. We
plot the solutions

that is,

X = v(+) et + v(_) e t.




Exam: November 12, 2008. Variation of Problem 4.

Example

Let Ay =4, A_=—1, v(t) = [ﬁ and v(-) = [_ﬂ

Plot the phase portrait of several linear combinations of the
fundamental solutions x() = v() Mt x(=) = (=) At

Solution:
Recall: Ay > 0> A_. We
plot the solutions

X =C x(+) + ¢ x(_),

for c; = +1 and ¢ = +1.

Extra problem.

Example
Find x solution of the IVP

X = Ax, x(O)ZH, A:[_l 1].

Solution: Eigenvalues of A:

p(A):‘(_iIA) (1fA)‘ =(A=1)(A+3)+4=0

1
AN +2X+1=0 = Ap = [-2&VA—4] =1

Hence A, = A_ = —1. Eigenvector for \..
-2 4 1 -2 1 -2
(A+/)_[—1 2] —>[1 _2] —>[0 O].

vi = 2 v5. Choosing v = 2 and v» = 1, we get v(T) = ﬁ]




Extra problem.

Example
Find x solution of the IVP

x = Ax, x(0) = E] : A
. 2
Solution: Recall: . = —1, and v(t) = [ ]

Find w solution of (A+ )w = v.
—2 4| |wm 2 -2 4 2 1 -2 -1
— = JEEEN
-1 2| |wo 1 -1 2 1 0 O 0
: 2 —1
Hencew1:2W2—1,that|s,w:[]Wz—l—l ]

Choose wo =0, so w = [_1] .

Extra problem.

Example
Find x solution of the IVP
; 1 _|-3 4
x = Ax, x(0) = [3], A= [_1 1].
: -1
Solution: Recall: Ay = —1, v(t) = [1] and w = [ 0].




Extra problem.

Example
Find x solution of the IVP
;o 1 -3 4
X = Ax, x(0) [3] : A= 1 1] .
Solution: Recall: x = ¢ [ﬂ e t+ o (E] t+ [_Olb et

Initial condition: 1 =cC 2 + c -1

oo [0 1] [2] = 3] [2] =[5 2] ] -

The solution is x = 3 E] e t+5 ([2 t+ [_1]) e L.

Extra problem.

Example

Let A\ = —1 with v = E] and w = [_01].

Plot £x(1) = +ve~t and +x(®) = :i:(v t+ w) et

Solution:




Extra problem.
Example
Let A\ = 1 with _ |2 nd w = -1
et \=1lwithv= | a = ol
Plot £x(1) = +vet and +x(? :ﬂ:(vt+w) et.

Solution:

Extra problem.

Example
Given any vectors a and b, sketch qualitative phase portraits of

x(M) = [a cos(t) — b sin(3t)] e, x(?) = [a sin((t) + b cos(3t)] e**.
for the cases a = 0, and o« > 0, where § > 0.

Solution:




Extra problem.

Example
Given any vectors a and b, sketch qualitative phase portraits of

x(M) = [a cos(5t) — b sin(8t)] e, x(2) = [a sin((t) + b cos(3t)] e**.
for the cases & = 0, and a < 0, where 3 > 0.

Solution:




