Review Exam 3.

» Sections 6.1-6.6.
» 5 or 6 problems.
» 50 minutes.

>

Laplace Transform table included.

Definition of the Laplace Transform. (Sect 6.1).

Example
Use the definition of the LT to find the LT of f(t) = cosh(t).

Solution: Recall that cosh(t) = (e! + e~ *)/2, and that

L[cosh(t)] = /OOO e @ dt
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We conclude: L[cosh(t)] =




Computing Laplace Transforms. (Sect 6.2-6.4).

Example

e 25g

(s —3)2+25

Find the inverse Laplace Transform of F(s) =

Solution: We start rewriting function F,

s ls=3+3
(s —3)%2 4 52 (s —3)%2 + 52

F(s)=e 2

(s —3)
(s —3)2 + 52

5(3)
(s —3)2 + 52

1
F(s)=e % e % E

F(s) = e > L[cos(5t)](s — 3) + g e 2% L[sin(5t)](s — 3)
Recall (14): L[f(t)](s — c) = L[e" f(t)].

F(s) = e > L[e>" cos(5t)] + g e %5 L[e3 sin(5t)].

Computing Laplace Transforms. (Sect 6.2-6.4).

Example
e %5

(s —3)2+25

Find the inverse Laplace Transform of F(s) =

Solution: 3
Recall: F(s) = e 2L[e3 cos(5t)] + s e 2% L[e3 sin(5t)].

Recall (13): e < L[f(t)] = Llu(t — ¢) f(t — c)].

F(s) = Lu(t — 2) 372 cos(5(t — 2))]
42 Llu(t —2) X2 sin(5( — 2))]

mn:uu—zn%F%km@u—2»+§gmap_mﬂ.<




Computing Laplace Transforms. (Sect 6.2-6.4).

Example
0

VAN

| L oxgre<e,
Find the LT of f(t) = { 2
3

t > 6.

Solution: We need to rewrite the function f in terms of functions
that apear in the LT table. We need a box function for the first
part, and a step function for the second part.

[u(t) — u(t —6)] +3u(t—6).

N | ~+

f(t) =

F(t) = % u(t) + (—% +3) u(t—6) = % u(t) + %(—t+6) u(t —6).

F(t) = %[t u(t) — (t — 6) u(t — 6)].

Computing Laplace Transforms. (Sect 6.2-6.4).

Example
0

VAN

t <06,

w N~

Find the LT of f(t) =
t > 0.

Solution: Recall: f(t) = %[t u(t) — (t—6) u(t —6)].

LIFW] = 5 (£l u(e)] — £t~ 6) u( — 6)]),
LIFD) = 5 (C[ — e *£ld),
LA = 5(5 — %),
We conclude that L[f(t)] = L (1—e ). <
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Impulsive forces Sect.(6.5).

Example
(Sect 6.5, ~ Probl.7) Find the solution to the initial value problem

y'+y=0(t—m)cos(t),  y(0)=0, y'(0)=0.

Solution: Compute the Laplace Transform of the equation,
LIy"] + L[y] = L[5(t — ) cos(t)]

To compute the right-hand side above, we need the definition of
the LT. Given any smooth function f and a constant ¢, holds

L[5(t — c)f(t)] = /OOO e "t f(t)6(t — c) dt = [e7*f(t)]

t=c

c+e
We have used that / o(t —c) g(t) dt = g(c).

Cc—e€

We obtain the formula: L[o(t — ¢)f(t)] = f(c)e™ .

Impulsive forces Sect.(6.5).

Example
(Sect 6.5, ~ Probl.7) Find the solution to the initial value problem

y'+y=6(t—mcos(t),  y(0)=0, y'(0)=0.
Solution: Recall:  L[j(t — ¢)f(t)] = f(c) e . Hence
s* LIyl + LIy] = L]6(t — 7) cos(t)] = cos(m)e ™ = —e ™"

1

__ _—Ts _

—e 7 L]sin(t)].

Recall the property (13): e~ <L[f(t)] = E[u(t —c)f(t— C)};

Lly] = —L[u(t —7) sin(t — )] = y(t) = —u(t —7) sin(t — 7).
<




Convolutions Sect.(6.6).
Example
Given any function g(t) with Laplace transform G(s) = L[g(t)],

e—2s
m G(s).

Solution: One way to solve this is with the splitting

1 —2s 1 \/§
e N I G

find the function f satisfying L[f(t)] =

LIf(0) = &2

LIF(t)] = e % Llsin(V31)] L[g(t)]

L[f(1)] = %E[UQ(t) sin(V3(t — 2))] Llg(t)].

f(t) = % /0 (1) sin(V3 (7 —2)) g(t — 7)1 dT. <

Exam: November 12, 2008. Problem 3

Example
Sketch the graph of g and use LT to find y solution of

y// — 6y = g(t), y(o) — y’(O) =0, g(t) - { (:in(t — 7-() : i :’

Solution: _ _
Express g using step functions,

g(t) = ux(t) sin(t — m).

Lluc(t) f(t —c)] = e = L[f(t)].

Therefore,

Llg(t)] = e7™L]sin(z)].

We obtain: L[g(t)] = ©




Exam: November 12, 2008. Problem 3

Example
Sketch the graph of g and use LT to find y solution of

y// - 6y _ g(t), )/(0) — y’(O) = 0, g(t) = { (:n(t _ 71-) i i :7

Solution: L[g(t)] = 52_;51'
LI~ 6.£1] = Llg(t)] = 51
E-0L= Gy = W= Gy
H(s) — 1 _ 1
(s24+1)(s2—6) (s2+1)(s+ v6)(s — v6)
i) =1 +a\@) s _b\@) - ((ZZ i il)) ‘

Exam: November 12, 2008. Problem 3

Example
Sketch the graph of g and use LT to find y solution of
0, t<m,

y" —6y =g(t), y(0)=y'(0)=0, g(t)= { sin(t — ), t>m.

- B a b (cs+ d)
Solution: H(s) = (51 Vo) + (5 Vo) + 1)
1 b (cs + d)

(1)t VB)(s—v6) (51v6) (s vB)  (£+1)

1=a(s — V6)(s* + 1)+ b(s + v6)(s* + 1) + (cs + d)(s* — 6).

The solution is: a:—L L c=0, d:—l.
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Exam: November 12, 2008. Problem 3

Example
Sketch the graph of g and use LT to find y solution of
0, t<m,

y' =6y =g(t), y(0)=y'(0)=0, g(t)= { sin(t —7), t>.

Solution: H(s) = ! {—( ! ! 2V6 }

14/6 s+\/6)+(s—\/5)_(52+1)

1 {_L[e—“@t} +L[e¥81] - 2\/5£[sin(t)]]

H(s) = YN

H(s) = E[Tl\/é (—e_‘/gt +evot_2/6 sin(t))]

1

h(t) = YN

[—e—ﬁf IO NG sin(t)} = H(s) = L[h(¢)].

Exam: November 12, 2008. Problem 3

Example
Sketch the graph of g and use LT to find y solution of

0, t<m,

y' =6y =g(t), y(0)=y'(0)=0, g(t)= { sin(t —7), t>T.

Solution: Recall: L[y] = e H(s), where H(s) = L[h(t)], and

h(t) = ﬁ [—e_\/gt +ev0t _2\/6 sin(t)]

Lyl = e ™ LIA(8)] = Llux(e) h(t—7)] = y(t) = un(t) h(t 7).
Equivalently:

Ur(t) V6 (t—n VB (t— .
y(i_“):14\/6 {—e (t=m) 4 oVO(t )—2\/65|n(t—7r)]. 4




