Power series solutions near regular points (Sect. 5.2).

We study: P(x)y” 4+ Q(x)y’ + R(x)y = 0.

Review of power series.
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Review of power series.

Definition
The power series of a function y : R — R centered at xg € R is

y(x) = Z an (x — xo)".
n=0

Example
1 o
> :Zx”:l—l—x—l—xQ—l—---.Herexonand\X\<1.
1—x pard
= x" x2
> eX:ZH:1+x+E+---.Herex0:OandxeR.
n=0

» The Taylor series of y : R — R centered at xg € R is
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Review of power series.

Example
Find the Taylor series of y(x) = sin(x) centered at xg = 0.

Solution: y(x) = sin(x), y(0) =0. y'(x) = cos(x), y'(0) = 1.

y'(x) = —sin(x), y"(0) =0. y"(x) = —cos(x), y"(0) = —1.

3 5 o0 (_1)n

in(x) = x — — 4+ = —... in(x) =S L (@n+1)
sin(x) = x 3!+5! = sm(x)—nz:;)(szrl)!x g

Remark: The Taylor series of y(x) = cos(x) centered at xo = 0 is

(=1)" n)
(2n)! '

WK

cos(x) =

i
o

Review of power series.

Remark: The power series of a function may not be defined on the
whole domain of the function.

Example
The function y(x) = is defined for x € R — {1}.
— X
y . .
| The power series
L y(x)= 1/(1-x) . .
1 E = = n
-1 i1 X =
/ converges only for |x| < 1.




Review of power series.

Definition
xO
The power series y(x) = Z an (x — x0)" converges absolutely
n=0
o0
iff the series Z |an| [x — x0|™ converges.
n=0
Example
o0 n
_ (—-1) .
The series s = Z converges, but it does not converge
n
n=1

o0
. 1 .
absolutely, since g — diverges.
n
n=1

Review of power series.

Definition
The radius of convergence of a power series

y() =D an(x = x0)"
n=0

is the number p > 0 that satisfies both
(a) the series converges absolutely for |x — xg| < p;

(b) the series diverges for |x — xg| > p.

diverges converges absolutely  diverges

% £ ; 3 =~
X, X
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Review of power series.

Example
1 o0
= » x" has radius of convergence p = 1.
1 1 "h dius of p=1
— X
n=0
(©.9) Xn
e’ = — has radius of convergence p = o,
2) e* - h dius of
n=0
(3) sin(x) = i =7 x"*1) has radius p = oo
—~ (2n+1)! '
— (-1)"

x?") has radius of convergence p = cc.

(4) cos(x) = Z

prs (2n)!

Review of power series.

Theorem (Ratio test)

n

oo
Given the power series y(x) = Z an (x — x0)", introduce the
n=0

number L = |im ‘an+l|
n—oo |an‘

. Then, the following statements hold:
(1) The power series converges in the domain |x — xg|L < 1.
(2) The power series diverges in the domain |x — xp|L > 1.

(3) The power series may or may not converge at |x — xp|L = 1.

1
Therefore, if L # 0, then p = 7 Is the series radius of convergence;

if L =20, then the radius of convergence is p = c0.




Review of power series.

Remarks: On summation indices:

o
y(x) = Zan (x — x0)" = ag + a1(x — x0) + ao(x — x0)> + - -
n=0
y(x) = Z a (x — x0)k = Z am+3 (x — x0)™T3.
k=0 m=—3

o0
y’(x) = Znan(x—xo)”_l = a; +2ax(x —xp) + - -
n=0

y'(x) = Z nap(x —x)" ! = Z(m + 1) am+1 (x — x0)™
n=1 m=0

where m=n—1, thatis, n=m+ 1.
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Regular point equations.
Problem: We look for solutions y of the variable coefficients
equation
) P(x)y" + Q(x)y' + R(x)y =0,

around xg € R where P(xp) # 0 using a power series representation
of the solution centered at xp, that is,

y(x) = Z an (x — xo)".
n=0

Definition
Given continuous functions P, Q, R : (x;,x) — R, a point
X € (X1, Xx;) is called a regular point of the equation

P()y" + Q(x)y + R(x)y = 0.
iff P(x,) # 0. The point x, is called a singular point iff P(x,) = 0.

Remark: The equation order does not change near regular points.
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Solutions using power series.

Summary for regular points:

(1)

Propose a power series representation of the solution centered
at x,, given by

y() =D an(x = x)"; (1)
n=0

Introduce Eq. (1) into the differential equation
P(x)y" + Q(x)y"+ R(x)y = 0.

Find a recurrence relation among the coefficients ap;
Solve the recurrence relation in terms of free coefficients;

If possible, add up the resulting power series for the solution y.

Power

vV v.v v Y
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Examples of the power series method.

Example
Find a power series solution y(x) around the point x, = 0 of the

equation
q y +cy=0, ceR.

Solution: Recall: The solution is y(x) = a, e *.

We now use the power series method. We propose a power series
centered at xg = O:

O O o0
= Z ax" = y(x)= Z na, x("1) = Z na, x("~1).
n=0 n=0 n=1

Change the summation index: m=n—1,so n=m+ 1.

Y() =D (m+1Damprx™ =D (n+1)an1 x".
m=0 n=0

Examples of the power series method.

Example
Find a power series solution y(x) around the point x, = 0 of the
equation
: y +cy=0, ceR.
o0
Solution: y(x Zan ,and y'(x) = Z(n + a1 x".
n=0

Introduce y and y’ into the differential equation,

Z(n +1)agny1) x" + Z capx"=0
n=0 n=0

Z n—|—1 ,,+1)+ca,,]x":0
n=0

The recurrence relation is (n + 1)a(,1) + ca, = 0 for all n > 0.




Examples of the power series method.

Example
Find a power series solution y(x) around the point x, = 0 of the

equation
q y' +cy=0, c eR.

Solution: Recurrence relation: (n+ 1)a(,;1) +ca, =0, n=0.

Equivalently: a1 = — an. TIhatis,
n+1
n=0, a=-ca = a = —cCay,,
2
n=1 2a=-ca = a an,
3
n=2, 3a;=-ca, = a3= —gao,
o4
n=3, 4as=-—ca; = a an

Examples of the power series method.

Example
Find a power series solution y(x) around the point x, = 0 of the

equation
q y' +cy=0, c eR.

Solution: Solved recurrence relation: a, =

The solution y of the differential equation is given by

 (=9)"  (—cx)”
y(x) = E o awx" = y(x)=a, E P
n=0 n=0
oo
_ ax)"
If Il th P = E (
we recall the power series e 2

then, we conclude that the solution is y(x) = a, e “~.




Examples of the power series method.

Example
Find a power series solution y(x) around the point x, = 0 of the

equation
) y'+y=0.

Solution: Recall: The characteristic polynomial is r? + 1 = 0,
hence the general solution is y(x) = a, cos(x) + a, sin(x).

We re-obtain this solution using the power series method:

0.0} oo
=Y = Y=Y = Y Yo
n=0 n=1 m=0
where m=n—-1,son=m+1;
oo 0.8}
Zn (n—1)a,x("72) = Z(m—I— 2)(m+ 1)amy2 x™.
n=2 m=0
where m=n—2,son=m+ 2.
Examples of the power series method.
Example
Find a power series solution y(x) around the point x, = 0 of the
equation

y"+y=0.
Solution: Introduce y and y” into the differential equation,

oo

Z(n +2)(n+ 1)agng2) x" + Z anx" =0
n=0 n=0

oo

> [(n+2)(n+1)agns2) + an] x" = 0.
n=0

The recurrence relation is (n+2)(n + 1)a(p42) + 2, =0, n=> 0.

Equivalently: (n+ 2)(n+ 1) a(,12) = —an,




Examples of the power series method.

Example

Find a power series solution y(x) around the point x, = 0 of the

equation
a y"+y=0.

Solution: Recall: (n+2)(n+ 1) a(p42) = —an, n=>0.
1

For neven: n=0, (2)(1)a,=—-a, = a = —3 ao,
1
n=2, (4)B)as=—-a, = a 27 %
1
n=4, (6)(5)as=—-a1s = ag= ~ g1 %
We obtai GO for k>0
n: = a,, for k > 0.
e obtain: agy R %
Examples of the power series method.
Example
Find a power series solution y(x) around the point x, = 0 of the
equation g
y +y=0.
Solution: Recall (-1)" d(n+2)(n+1) a
n: ; = a, and (n n a = —a.
olution: Recall: ay (2K ® (n+2)
1
Fornodd: n=1, (3)(2)az=—-a, = a;= —3
1
n = 37 (5)(4)85 = —as = as a ai,
1
n=5 (7N)(0)ar=-a = a=-oa

(=1)*

malforkEO.

We obtain ay,1 =




Examples of the power series method.

Example
Find a power series solution y(x) around the point x, = 0 of the
equation

y// +y= 0.
—1)k —1)k
Solution: Recall: axx = % ao and ayq1 = (2(k +)1)| -

Therefore, the solution of the differential equation is given by

(1) —(=1)F
y(x):aokzz;) (2K)] X2k+alkz:%mx2k+l.

One can check that these are precisely the power series
representations of the cosine and sine functions, respectively,

y(x) = a, cos(x) + a; sin(x). 4

Examples of the power series method.

Example

Find the first three terms of the power series expansion around the
point x, = 2 of each fundamental solution to the differential

equation
a y" —xy=0.

0
Solution: We propose: y = Z an(x —2)".
n=0

It is convenient to rewrite the function xy as follows,

Xy = Zanx(x— 2)" = Zan[(x —2)+2|(x —2)",
n=0 n=0

Xy = Z an(x —2)™ + Z 2ap(x —2)".
n=0 n=0

We relabel the first sum: Z an(x —2)™t = Z a(n—1)(x —2)".

n:O n:]_




Examples of the power series method.
Example

Find the first three terms of the power series expansion around the
point x, = 2 of each fundamental solution to the differential
equation

y" —xy=0.
Solution: We relabel the y”,
y" = Z n(n—1)ap(x —2)"2% = Z(n +2)(n+ 1)any2)(x —2)".
n=2 n=0

Introduce y” and xy in the difFerentiaI equation

O

Z(n—|—2)(n—|—1)a(n+2) x—2)" Z2a,, x—2)" Za(,,_l)(x_z)" —0
(2)(1)a,—2a+ Y {(n+2)(n+1)a(,,+2)—2an—a(n_1)} (x—2)" = 0.

n=1
The recurrence relation for the coefficients a,, is:
a,—a, =0, (n+2)(n+1)a(p12) —2an—a(n-1) = 0, n

WV
[

Examples of the power series method.
Example

Find the first three terms of the power series expansion around the
point x, = 2 of each fundamental solution to the differential

equation
q y" —xy=0.

Solution: The recurrence relation is:
a—a =0, (n+2)(n+1)agsq2) — 2an — 3(n—1) =0, n=>1.

We solve this recurrence relation for the first four coefficients,

nZO 32_3020 = d, = do,

n=1 (3)2)a -2 —3,=0 = a =247

6 3’
n=2 (4)(3)as—2a,—a,=0 = a—@—i—i
— 4 2 1 — 4—6 12.

~ _ _2@1)_3(@i>_4
y >~ ag+a(x—2)+ap(x 2)—i—(6—i—3 (x—2)"+ 6—|—12 (x—2)".




Examples of the power series method.

Example

Find the first three terms of the power series expansion around the
point x, = 2 of each fundamental solution to the differential

equation
k y"—xy=0.

Solution: The first terms in the power series expression for y are

a a a a
ygam+au—ay+%u—2f+(él+§)u—2f+(€+iéyx—m€

y:adL+Q—2f+%@—2F+%&—2V+HJ

+a1[(x—2)+%(x—2)3+i(x—z)u---}

So the first three terms on each fundamental solution are given by

1 1 1
Y1 o~ 1—|—(X—2)2-|—6(X—2)3, Vo (X—2)—|—§(X—2)3+E(X—2)4.




