Non-homogeneous equations (Sect. 3.6).

We study: y" + p(t)y’' + q(t) y = f(t).
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Method of variation of parameters.

Remarks:

» This is a general method to find solutions to equations having
variable coefficients and non-homogeneous with a continuous
but otherwise arbitrary source function,

'+ p(t)y + q(t)y = f(t).

» The variation of parameter method can be applied to more
general equations than the undetermined coefficients method.

» The variation of parameter method usually takes more time to
implement than the simpler method of undetermined
coefficients.




Method of variation of parameters.

Theorem (Variation of parameters)

Let p, q, f : (t;, t,) — R be continuous functions, let y;,
ys: (t;, t;) — R be linearly independent solutions to the
homogeneous equation

y"+p(t)y +q(t)y =0,

and let W,,,,, be the Wronskian of y; and y,. If the functions u,
and u, are defined by

y2(t)f (1) y(£)£ (1)
uy(t) = —mdt, H(t) = mdt,

then the function y, = u,y; + u,y, is a particular solution to the
non-homogeneous equation

y'+p(t)y' + q(t)y = f(t).
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Using the method in an example.
Example

Find the general solution of the inhomogeneous equation

y" — 5y’ + 6y = 2et.
Solution:

First: Find fundamental solutions to the homogeneous equation.
The characteristic equation is

P —54+6=0 = r=

N| —

(5£v25-24) = {“_3’

r2 — 2
Hence, yi(t) =

e3t and y,(t) = e?t. Compute their Wronskian,

Wy (t) = (€7)(2*) — (3e¥)(e*) = W, (1) = —€".

Second: We compute the functions v, and u,. By definition,

y o= — yof y = nf
' Wyl)/2 ’ WY1Y2

Using the method in an example.
Example

Find the general solution of the inhomogeneous equation

y" =5y’ + 6y = 2¢€'.

Solution: Recall: y,(t) = €3¢, y,(t) = €%, W,,,,(t) = —e°t, and
/ yf ) nf
u, : Uy = :
WY1Y2 WY1Y2
U = —e*(2e’)(—e™) = U =2 = uy=-e?

Y
u, = (e (—e ™) = u=-2e" = uy=2e"

Third: The particular solution is

o = (—e72)(e) + (2e7)(e*) = yp=el

The general solution is y(t) = ¢,e3t + et + ef, ¢, € R. <
g y
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The proof of the variation of parameter method.

Proof: Denote L(y) = y" + p(t)y’' + q(t) y.

We need to find y, solution of L(y,) = f.

We know y; and y, solutions of L(y;) =0 and L(y,) = 0.

|dea: The reduction of order method: Find y, proposing y, = uy;.
First idea: Propose that y, is given by y, = uy; + w)».

We hope that the equation for u;, and u, will be simpler than the
original equation for yp, since y; and y, are solutions to the
homogeneous equation. Compute:

I _

Yp = Uys + thy + Uy, + by,

Yo = U'yy +2uly) + uyl + uys + 2uby, + way) .




The proof of the variation of parameter method.
Proof: Then L(y,) = f is given by

[ vy 420y + iy + uye 20y, + oy,
p(t) [U{)ﬁ =+ Ulyll + U;)/2 =+ U2)/2/} + q(t) [U1Y1 + thys] = f(t).
u'ys + Uy, + 2(uyy + nys) + p (U + urys)
tu (' ey tan)+tw(y ey tay)=f
Recall: y/"+py/+qgy,=0and y) + py, + qy. = 0. Hence,
'y + ) ys + 2(uy) + wpys) + p(upys + wpys) = f
Second idea: Look for u; and u, that satisfy the extra equation

uys + uyy, = 0.

The proof of the variation of parameter method.
Proof: Recall: wujy, + uly, =0 and
u'ya + )y + 2(uly) + dys) + p (U + wy,) = f.
These two equations imply that L(y,) = f is
'y 4 05 ya + 2(uy) + vry,) = f.
From uly, + uy, = 0 we get [u{yl + ugyz]/ =0, that is
'y + uyye + (Uy) + ty;) = 0.

This information in L(y,) = f implies

uy; + uy, = f.

Summary: If u; and u, satisfy uly, + u)y, = 0 and uly] + uly, = f,

then y, = wy, + w,y, satisfies L(y,) = f.




The proof of the variation of parameter method.

Proof: Summary: If u; and u, satisfy uly, + u,y, = 0 and
uly] + ubys = f, then y, = u,yy + w,y, satisfies L(y,) = f.

The equations above are simple to solve for u; and u,,

r, /
uéz—ﬁu{ = u{yl'—yly2u{:f = u{(y—1y2 y1y2>:f.

Yo Yo 32!

Since Wy, = yiys — ¥i s,

f'
U=—"" = U=
W}/1)/2

Integrating in the variable t we obtain

t)f(t t)f(t
Ul(t) — _M dt, U2(t) — / M dt,
W)/1y2 (t) Wywz ( t)
This establishes the Theorem. ]
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Using the method in another example.

Example
Find a particular solution to the differential equation

t°y" — 2y =3t* — 1,

knowing that the functions y; = t? and y, = 1/t are solutions to
the homogeneous equation t2y” — 2y = 0.

Solution: First, write the equation in the form of the Theorem.
That is, divide the whole equation by t?,

2 1 1
Vi-Gy=3-5 = f()=3-45

We know that y; = t? and y, = 1/t. Their Wronskian is

W)= (D) () ~@0(3) = W)= -3

Using the method in another example.

Example
Find a particular solution to the differential equation

t?y" — 2y =3t* — 1,
knowing that the functions y; = t? and y, = 1/t are solutions to
the homogeneous equation t2y” — 2y = 0.

1
Solution: y;, = t2, v, =1/t, f(t)=3— 2 Wy1y2(t) = -3,

We now compute y; and u,,

1 1y 1 1 1 _ 1

=t (3-p) =t 3t = wsh@rget
1 1 1

U2:(t2)<3—§)_—3__t2+§ = Uz_—gt +§t




Using the method in another example.

Example
Find a particular solution to the differential equation

t2y" — 2y = 3t2 — 1,

knowing that the functions y, = t? and y, = 1/t are solutions to
the homogeneous equation t2y” — 2y = 0.

Solution: The particular solution ¥, = uy; + Uy, is
1 1
Vp = [In(t) + gt—z} (t2) + 5(—153 + 1) (t™h
1 1 1 1 1
~ 2 2 2 2
= t°In(t —— =1t — =t“In(t —— =1

- 1 1
7p = £2In(t) + 5 = 2 % (1)

1
A simpler expression is y, = t*In(t) + 5 <

Using the method in another example.

Example
Find a particular solution to the differential equation

tzy” — 2y = 3t% — 1,

knowing that the functions y, = t? and y, = 1/t are solutions to
the homogeneous equation t%y” — 2y = 0.

Solution: If we do not remember the formulas for u;, u,, we can

always solve the system
/ /
uyr + Uy, =0

y; + uyy, = f.

t2U{+u§;:O, 2tu;+u;( 2):3_§°
11
1 uhy=——73
ué:—t3u{¢2tu{+tu{:3_p:> t 3t1
U;:—tz_i_g.




