Inverse trigonometric functions (Sect. 7.6)

Today: Derivatives and integrals.
» Review: Definitions and properties.
» Derivatives.

> Integrals.

Last class: Definitions and properties.
» Domains restrictions and inverse trigs.
» Evaluating inverse trigs at simple values.

» Few identities for inverse trigs.



Review: Definitions and properties

Remark: On certain domains the trigonometric functions are

invertible.
y y = sin(x)
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Review: Definitions and properties

Remark: The graph of the inverse function is a reflection of the
original function graph about the y = x axis.

y y = arcsin(x)
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y = arctan(x)
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Review: Definitions and properties

Theorem
For all x € [—1,1] the following identities hold,

arccos(x) + arccos(—x) = m, arccos(x) + arcsin(x) = g



Review: Definitions and properties

Theorem
For all x € [—1,1] the following identities hold,

arccos(x) + arccos(—x) = m, arccos(x) + arcsin(x) = g
Proof:

arccos(—x)

—x = cos(m-0) X = cos (0) X




Review: Definitions and properties

Theorem
For all x € [—1,1] the following identities hold,
_ T
arccos(x) + arccos(—x) = m, arccos(x) + arcsin(x) = 5
Proof:
y :
arccos(-x) arcsin(x)
1
X = sin(Tt/2-
”””””” U2 -0 \ arccos(x)
o 0

—x = cos(m-0) X = cos (0) X X = cos (0) ‘ X




Review: Definitions and properties

Theorem

For all x € [—1,1] the following identities hold,
arcsin(—x) = — arcsin(x),
arctan(—x) = — arctan(x),

arccsc(—x) = —arcesc(x).



Review: Definitions and properties

Theorem
For all x € [—1,1] the following identities hold,

arcsin(—x) — —arCSin(x),
arctan(—x) = — arctan(x),
arccsc(—x) = —arcesc(x).
Proof:
y y = arcsin(x)
)
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Review: Definitions and properties

Theorem
For all x € [—1,1] the following identities hold,

arcsin(—x) = — arcsin(x),
arctan(—x) = — arctan(x),
arccsc(—x) = —arcesc(x).
Proof:
y y = arcsin(x) y| y=arctan(x)
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Review: Definitions and properties

Theorem

For all x € [—1,1] the following identities hold,

y = arccsc(x)

arcsin(—x) = — arcsin(x),
arctan(—x) = — arctan(x),
arccsc(—x) = —arcesc(x).
Proof:
y y = arcsin(x) y | y=arctan(x) y
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Inverse trigonometric functions (Sect.

Today: Derivatives and integrals.
» Review: Definitions and properties.
» Derivatives.

> Integrals.

7.6)



Derivatives of inverse trigonometric functions

Remark: Derivatives inverse functions can be computed with
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Derivatives of inverse trigonometric functions

Remark: Derivatives inverse functions can be computed with

/ ].
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Theorem ' (f ( ))

1
The derivative of arcsin is given by arcsin’(x) =

V1—x2



Derivatives of inverse trigonometric functions

Remark: Derivatives inverse functions can be computed with

1
FY' (%) = -
= 10)
Theorem )
The derivative of arcsin is given by arcsin’(x) = —.
V1—x2

Proof: For x € [-1,1] holds
1

arcsin’(x) = W



Derivatives of inverse trigonometric functions

Remark: Derivatives inverse functions can be computed with

1
FY' (%) = -
= 10)
Theorem )
The derivative of arcsin is given by arcsin’(x) = —.
V1—x2

Proof: For x € [-1,1] holds

arcsin’(x) sin’(arcsin(x)) ~ cos(arcsin(x))




Derivatives of inverse trigonometric functions

Remark: Derivatives inverse functions can be computed with

1
FY' (%) = -
= 10)
Theorem )
The derivative of arcsin is given by arcsin’(x) = —.
V1—x2

Proof: For x € [-1,1] holds

arcsin’(x) sin’(arcsin(x)) ~ cos(arcsin(x))

For x € [-1,1] we get arcsin(x) =y € [W ﬂ}

272l



Derivatives of inverse trigonometric functions

Remark: Derivatives inverse functions can be computed with

1
FY' (%) = -
= 10)
Theorem )
The derivative of arcsin is given by arcsin’(x) = —.
V1—x2

Proof: For x € [-1,1] holds

arcsin’(x) sin’(arcsin(x)) ~ cos(arcsin(x))

For x € [—1,1] we get arcsin(x) =y € [g, g} and the cosine is

positive in that interval,



Derivatives of inverse trigonometric functions

Remark: Derivatives inverse functions can be computed with

1
FY' (%) = -
= 10)
Theorem )
The derivative of arcsin is given by arcsin’(x) = —.
V1—x2

Proof: For x € [-1,1] holds

arcsin’(x) sin’(arcsin(x)) ~ cos(arcsin(x))

T
272
positive in that interval, then cos(y) = 44/1 — sin?(y),

For x € [—1,1] we get arcsin(x) =y € [ } and the cosine is



Derivatives of inverse trigonometric functions

Remark: Derivatives inverse functions can be computed with

1
FY' (%) = -
= 10)
Theorem )
The derivative of arcsin is given by arcsin’(x) = —.
V1—x2

Proof: For x € [-1,1] holds

arcsin’(x) sin’(arcsin(x)) ~ cos(arcsin(x))

T

272

positive in that interval, then cos(y) = +4/1 — sin?(y), hence
1

\/1 — sin?(‘arcsin(x))

For x € [—1,1] we get arcsin(x) =y € [ } and the cosine is

arcsin’(x) =



Derivatives of inverse trigonometric functions

Remark: Derivatives inverse functions can be computed with

1
FY' (%) = -
= 10)
Theorem )
The derivative of arcsin is given by arcsin’(x) = —.
V1—x2

Proof: For x € [-1,1] holds

arcsin’(x) sin’(arcsin(x)) ~ cos(arcsin(x))

T

272

positive in that interval, then cos(y) = +4/1 — sin?(y), hence
1 1

arcsin’(x) = \/1 peTR— = arcsin’(x) = N

For x € [—1,1] we get arcsin(x) =y € [ } and the cosine is




Derivatives of inverse trigonometric functions

Theorem
The derivative of inverse trigonometric functions are:

in’(x) ! arccos’(x) L
arcsin’(x) = ———— - -
V1—x2 V1—x2
1 1
arctan’(x) = 1552 arccot/(x) = el
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arcsec’(x) = VT arcesc’(x) = — Ve T



Derivatives of inverse trigonometric functions

Theorem
The derivative of inverse trigonometric functions are:

in’(x) ! arccos’(x) !
arcsin’(x) = ———— - -
V1—x2 J1-x2
1 1
arctan’(x) = 14 x2 arccot’(x) = T
X X
()= — 2 )= L
arcsec’(x) = VT arcesc’(x) = — Ve T
1

Proof: )= G Garctant)
roof: arctan’(x) tan’(arctan(X))'



Derivatives of inverse trigonometric functions

Theorem
The derivative of inverse trigonometric functions are:

1 1
arcsin’(x) = —, arccos’(x) = — ——, x| <1,
b =ie S
1 1
arctan’(x) = T2 arccot’(x) = el x € R,
1 1
arcsec’(x) = ———, arcesc/(x) = —————, x| > 1.
()= ()=
1 2 P02
Proof: arctan’(x) = ————, tan'(y) = €os (y)—zi—sm 2
tan’(arctan(x)) cos?(y)



Derivatives of inverse trigonometric functions

Theorem
The derivative of inverse trigonometric functions are:

1 1
arcsin’(x) = —, arccos’(x) = — ——, x| <1,
b =ie S
1 1
arctan’(x) = T2 arccot’(x) = el x € R,
1 1
arcsec’(x) = ———, arcesc/(x) = —————, x| > 1.
()= ()=
1 2 P02
Proof: arctan’(x) = ————, tan'(y) = €os (y)—zi—sm 2
tan’(arctan(x)) cos?(y)

tan’(y) = 1+ tan®(y),



Derivatives of inverse trigonometric functions

Theorem
The derivative of inverse trigonometric functions are:

1 1
arcsin’(x) = —, arccos’(x) = — ——, x| <1,
b =ie S
1 1
arctan’(x) = T2 arccot’(x) = el x € R,
1 1
arcsec’(x) = ———, arcesc/(x) = —————, x| > 1.
()= ()=
1 2 P02
Proof: arctan’(x) = ————, tan'(y) = €os (y)—zi—sm 2
tan’(arctan(x)) cos?(y)

tan’(y) = 1+ tan’(y), y = arctan(x),



Derivatives of inverse trigonometric functions

Theorem
The derivative of inverse trigonometric functions are:

arcsin’(x) = \/11_;)(2, arccos’(x) = _\/11—7x27 x| <1,
arctan’(x) = 1+1x2’ arccot’(x) = _1+1x2’ x € R,
arcsec’(x) = W)%, arcesc’(x) = —W)%, x| > 1.
Proof: arctan’(x) = ; tan’(y) = cos”(y) +sin*(y)
tan’(arctan(x)) cos?(y)
1

tan’(y) = 1 +tan?(y), y = arctan(x), = arctan’(x) =

14 x2°



Derivatives of inverse trigonometric functions

1

. / T e T\
Proof: arcsec’(x) = sec’ (arcsec(x))



Derivatives of inverse trigonometric functions

1
Proof: arcsec’(x) = ———————, for |x| > 1.
sec’ (arcsec(x))



Derivatives of inverse trigonometric functions

1

. / = T 7\
Proof: arcsec’(x) = sec’ (arcseC(X))

, for |x| > 1.

Then y = arcsec(x) satisfies y € [0, 7] — {m/2}.



Derivatives of inverse trigonometric functions

1

. / = T 7\
Proof: arcsec’(x) = sec’ (arcseC(X))

, for |x| > 1.

Then y = arcsec(x) satisfies y € [0, 7] — {m/2}. Recall,

sec'(y) = <C°51(Y)>/



Derivatives of inverse trigonometric functions

1

. / = T 7\
Proof: arcsec’(x) = sec’ (arcseC(X))

, for |x| > 1.

Then y = arcsec(x) satisfies y € [0, 7] — {m/2}. Recall,

sec'()’) = ( ly)>/ = sin(y)

cos(  cos?(y)’




Derivatives of inverse trigonometric functions

1

. / = T 7\
Proof: arcsec’(x) = sec’ (arcseC(X))

, for |x| > 1.

Then y = arcsec(x) satisfies y € [0, 7] — {m/2}. Recall,

)= ) = gy 5000 = i




Derivatives of inverse trigonometric functions

1

. / = T 7\
Proof: arcsec’(x) = sec’ (arcseC(X))

, for |x| > 1.

Then y = arcsec(x) satisfies y € [0, 7] — {m/2}. Recall,

)= ) = gy 5000 = i

1 — cos?(y)

)= e(y)



Derivatives of inverse trigonometric functions

1

. / = T 7\
Proof: arcsec’(x) = sec’ (arcseC(X))

, for |x| > 1.

Then y = arcsec(x) satisfies y € [0, 7] — {m/2}. Recall,

)= ) = gy 5000 = i

cocl(y) - VI—cos?(y) 1 L= cos*(y)
(v) cos2(y) |cos(y)| | cos(y)]




Derivatives of inverse trigonometric functions

1

. / = T 7\
Proof: arcsec’(x) = sec’ (arcseC(X))

, for |x| > 1.

Then y = arcsec(x) satisfies y € [0, 7] — {m/2}. Recall,

)= ) = gy 5000 = i

sec’ _ 1 — cos?(y) _ 1 1 - cos’(y)
(v) cos2(y) |cos(y)| | cos(y)]




Derivatives of inverse trigonometric functions

1

. / = T 7\
Proof: arcsec’(x) = sec’ (arcseC(X))

, for |x| > 1.

Then y = arcsec(x) satisfies y € [0, 7] — {m/2}. Recall,

)= ) = gy 5000 = i

sec’ _ 1 — cos?(y) _ 1 1 - cos’(y)
(v) cos2(y) |cos(y)| | cos(y)]

) — L LI sec sec —
Sec(y)_|cos(y)]\/J | sec(y))| 2(y) - 1.




Derivatives of inverse trigonometric functions

1

. / = T N\
Proof: arcsec’(x) = sec/ (arcseC(X))

, for |x| > 1.

Then y = arcsec(x) satisfies y € [0, 7] — {m/2}. Recall,

)= ) = gy 5000 = i

cec'(v) — 1 — cos?(y) _ 1 1 — cos?(y)
W= w2y " Teosly)l - Jeos(y)
sec(y) ! L 1 = |sec(y)| y/sec?(y) — 1.

~ Jeos(y)] |/ cos2(y)

1
x|V =1

We conclude: arcsec’(x)



Derivatives of inverse trigonometric functions

Example
Compute the derivative of y(x) = arcsec(3x + 7).



Derivatives of inverse trigonometric functions

Example
Compute the derivative of y(x) = arcsec(3x + 7).

. . 1
Solution: Recall the main formula: arcsec’(v) = ————

lu[vu2 =1



Derivatives of inverse trigonometric functions

Example
Compute the derivative of y(x) = arcsec(3x + 7).

. . 1
Solution: Recall the main formula: arcsec’(v) = ————.

lulvu? —1

Then, chain rule implies,



Derivatives of inverse trigonometric functions

Example
Compute the derivative of y(x) = arcsec(3x + 7).

1

Solution: Recall the main formula: arcsec’(v) = ————.

lulvu? —1
3
CPBx+7/Bx+ 72 -1

Then, chain rule implies, y’(x)

<



Derivatives of inverse trigonometric functions

Example
Compute the derivative of y(x) = arcsec(3x + 7).

. . 1
Solution: Recall the main formula: arcsec’(v) = ————

lu[vu2 =1
3
CPBx+7/Bx+ 72 -1

<

Then, chain rule implies, y'(x)

Example
Compute the derivative of y(x) = arctan(4In(x)).



Derivatives of inverse trigonometric functions

Example
Compute the derivative of y(x) = arcsec(3x + 7).

. . 1
Solution: Recall the main formula: arcsec’(v) = ————

lu[vu2 =1
3
CPBx+7/Bx+ 72 -1

<

Then, chain rule implies, y'(x)

Example
Compute the derivative of y(x) = arctan(4In(x)).

1
1+ w2

Solution: Recall the main formula: arctan’(u) =



Derivatives of inverse trigonometric functions

Example
Compute the derivative of y(x) = arcsec(3x + 7).

, , 1
Solution: Recall the main formula: arcsec’(v) = ————.

lulvu? —1
3
CPBx+7/Bx+ 72 -1

Then, chain rule implies, y'(x)

Example
Compute the derivative of y(x) = arctan(4In(x)).

1
1+ w2

Solution: Recall the main formula: arctan’(u) =

Therefore, chain rule implies,



Derivatives of inverse trigonometric functions

Example
Compute the derivative of y(x) = arcsec(3x + 7).

, , 1
Solution: Recall the main formula: arcsec’(v) = ————.

lulvu? —1
3
CPBx+7/Bx+ 72 -1

Then, chain rule implies, y'(x)

Example
Compute the derivative of y(x) = arctan(4In(x)).

1
1+ w2

Solution: Recall the main formula: arctan’(u) =
Therefore, chain rule implies,

1 4
[1+ (4In(x))?]

y'(x) =



Derivatives of inverse trigonometric functions

Example
Compute the derivative of y(x) = arcsec(3x + 7).

, , 1
Solution: Recall the main formula: arcsec’(v) = ————.

lulvu? —1
3
CPBx+7/Bx+ 72 -1

Then, chain rule implies, y'(x)

Example
Compute the derivative of y(x) = arctan(4In(x)).

Solution: Recall the main formula: arctan’(u) =

Therefore, chain rule implies,

1 4
X

v = 1+ (41n(x)7]



Inverse trigonometric functions (Sect.
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Integrals of inverse trigonometric functions

Remark: The formulas for the derivatives of inverse trigonometric
functions imply the integration formulas.



Integrals of inverse trigonometric functions

Remark: The formulas for the derivatives of inverse trigonometric
functions imply the integration formulas.

Theorem
For any constant a # 0 holds,

/ o in(2) + x| < a
—————— = arcsin| — c ,
Va2 — x2 a ’
dx 1 X
m = 5 arCtan(;) =+ C, X € R,
a
/ o L (‘XDJr x| >a>0
————— = —arcsec| |— c, X .
xvVx2—a2 a a



Integrals of inverse trigonometric functions

Remark: The formulas for the derivatives of inverse trigonometric
functions imply the integration formulas.

Theorem
For any constant a # 0 holds,

/ o in(2) + x| < a
—————— = arcsin| — c ,
Va2 — x2 a ’
dx 1 X
m = 5 arCtan(;) =+ C, X € R,
a
/ o L (‘XDJr x| >a>0
————— = —arcsec| |— c, X .
xvVx2—a2 a a

Proof: (For arcsine only.)



Integrals of inverse trigonometric functions

Remark: The formulas for the derivatives of inverse trigonometric
functions imply the integration formulas.

Theorem
For any constant a # 0 holds,

/ dx ) (X) n x| <

——— = arcsin| — c x| < a

/732 —X2 3 ) ’
dx 1 X

/22: arctan<—>+c, x € R,
a‘ + x a a

1 X
farcsecq—‘) +c, x| > a>0.
a

/ dx B
xVx2—22 a

Proof: (For arcsine only.) y(x) = arcsin(f) +ec,
a



Integrals of inverse trigonometric functions

Remark: The formulas for the derivatives of inverse trigonometric
functions imply the integration formulas.

Theorem
For any constant a # 0 holds,

dx
= arcsin +c, x| < a,
/\/32—x ( )
dx 1
ﬁ:farctan( >+c x € R,
a’ 4+ x a a

x| > a>0.

/ dx 1 (\x‘) n
———— = —arcsec| |— c,
xVx?—a% a a

Proof: (For arcsine only.) y(x) = arcsm( ) + ¢, then
a

Y (%)



Integrals of inverse trigonometric functions

Remark: The formulas for the derivatives of inverse trigonometric
functions imply the integration formulas.

Theorem
For any constant a # 0 holds,

dx
= arcsin +c, x| < a,
/\/32—x ( )
dx 1
ﬁ:farctan( >+c x € R,
a’ 4+ x a a

x| > a>0.

/ dx 1 (\x‘) n
———— = —arcsec| |— c,
xVx?—a% a a

Proof: (For arcsine only.) y(x) = arcsm( ) + ¢, then
a
1 1



Integrals of inverse trigonometric functions

Remark: The formulas for the derivatives of inverse trigonometric
functions imply the integration formulas.

Theorem
For any constant a # 0 holds,

dx
= arcsin +c, x| < a,
/\/32—x ( )
dx 1
ﬁ:farctan( >+c x € R,
a’ 4+ x a a

/ o L (‘X‘)Jrc |x| >a>0
———— = —arcsec|( |- X .
xVx?—a% a a 7
Proof: (For arcsine only.) y(x) = arcsm( ) + ¢, then
a
11 !
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yi(x) = =2 JZ a2




Integrals of inverse trigonometric functions

Remark: The formulas for the derivatives of inverse trigonometric
functions imply the integration formulas.

Theorem
For any constant a # 0 holds,

/ o in(2) + x| < a
——— = arcsin| — c
32—X2 3 ) ’
dx 1
ﬁ:farctan( >+c x € R,
a‘ + x a a
/ o L (‘X‘)Jr x| >a>0
——— = —arcsec| |— c, X .
xVx?—a% a a

Proof: (For arcsine onIy.) y(x) = arcsm( ) + ¢, then
a

& 1=>y() !

Xza T /2 _x2a 2—x2 [




Integrals of inverse trigonometric functions

Example

Evaluate [ = / 0 dx.
V3 —4(x—1)2
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Example

Evaluate [ = / 0 dx.
V3 —4(x—1)2

Solution: Substitute: v =2(x — 1),
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Example

Evaluate [ = / 0 dx.
V3 —4(x—1)2

Solution: Substitute: u =2(x — 1), then du = 2dx,




Integrals of inverse trigonometric functions

Example

Evaluate [ = / 0 dx.
V3 —4(x—1)2

Solution: Substitute: u =2(x — 1), then du = 2dx,




Integrals of inverse trigonometric functions

Example

Evaluate [ = / 0 dx.
V3 —4(x—1)2

Solution: Substitute: u =2(x — 1), then du = 2dx,




Integrals of inverse trigonometric functions

Example

Evaluate [ = / 0 dx.
V3 —4(x—1)2

Solution: Substitute: u =2(x — 1), then du = 2dx,

dx . /u
Recall: —_— — arcsm(—) + c.
32 42 a



Integrals of inverse trigonometric functions

Example

Evaluate [ = / 0 dx.
V3 —4(x—1)2

Solution: Substitute: u =2(x — 1), then du = 2dx,

/_/ 6 du_3/ du
VTV V3—u?

Recall: /dx = arcsin(ﬂ) + c. Then, for a = /3,
a2 — 2 a



Integrals of inverse trigonometric functions

Example

Evaluate I:/ 0 dx
V3 —4(x—1)2

Solution: Substitute: u =2(x — 1), then du = 2dx,

| = =
/ V3 —u? 2 / V3 —u2
Recall: dx = arcsin + c. Then, for a = /3,
Va2 — 2 a

/=3 arcsin(%) +c



Integrals of inverse trigonometric functions

Example

Evaluate I:/ 0 dx
V3 —4(x—1)2

Solution: Substitute: u =2(x — 1), then du = 2dx,

’_/mz‘ /\/f

dx
Recall: = Then, fi =+/3
eca / N arcsm(a) + c. en, for a = /3,

l:3arcsin<%>+c = I:3arcsin( 73 )+c.<1



Integrals of inverse trigonometric functions

Example
6

Evaluate [ = / t[lnz(t) (e +8} dt
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Example
6

Evaluate /= / t[|n2(t) + In(t*) + 8] at

Solution: Recall: In(t*) = 4In(t),
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Evaluate /= / t[|n2(t) + In(t*) + 8] at

Solution: Recall: In(t*) = 4In(t), Try to complete the square.



Integrals of inverse trigonometric functions

Example
6

Evaluate /= / t[|n2(t) + In(t*) + 8] at

Solution: Recall: In(t*) = 4In(t), Try to complete the square.

6
= / t[In%(t) + 4In(t) + 8] at,



Integrals of inverse trigonometric functions

Example
6

Evaluate /= / t[|n2(t) + In(t*) + 8] at

Solution: Recall: In(t*) = 4In(t), Try to complete the square.

—/ ° dt
) t[In®(t) +4In(t) +8]

oy - © at
t[In®(t) + 2(2In(t)) +4 — 4 + 8]




Integrals of inverse trigonometric functions

Example
6

Evaluate /= / t[|n2(t) + In(t*) + 8] at

Solution: Recall: In(t*) = 4In(t), Try to complete the square.

- / ° dt
) t[In®(t) +4In(t) +8]

oy - © at
t[In®(t) + 2(2In(t)) +4 — 4 + 8]

6
= / t[(In(t) +2)% + 4] .



Integrals of inverse trigonometric functions

Example
6

Evaluate /= / t[|n2(t) + In(t*) + 8] at

Solution: Recall: In(t*) = 4In(t), Try to complete the square.

= 0 dt
_/t[|n2(t)+4|n(t)+8] ’

6
= / t[In?(t) +2(2In(t)) + 4 — 4 + 8] ot

6
= / t[(In(t) +2)% + 4] .

This looks like the derivative of the arctangent.



Integrals of inverse trigonometric functions

Example
6

Evaluate I:/t[InQ(t)+In(t4)+8] dt

Solution: Recall: I—/ 0 3 dt.
t[(In(t) +2)° + 4]




Integrals of inverse trigonometric functions

Example
6

Evaluate [ = / t[InQ(t) () +8} dt

Solution: Recall: l/ 0 3 dt.
t[(In(t) +2)° + 4]

Substitute: u = In(t) + 2,




Integrals of inverse trigonometric functions

Example
6

Evaluate I:/t[InQ(t)+In(t4)+8] dt

Solution: Recall: l/ 0 3 dt.
t[(In(t) +2)° + 4]

1
Substitute: u = In(t) + 2, then du = ; dt,
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t[(In(t) +2)° + 4]

1
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Circular and hyperbolic functions

Remark: Trigonometric functions are also called circular functions.

The circle x? + y2 = 1 can be
parametrized by the functions

y
= cos(6),
No y = sin(0).
cos (0) 1ox Since these functions satisfy
cos?(6) + sin?() = 1.

Remark: The parametrization is not unique. Another solution is

x = cos(nf), y = sin(nf), neN.
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Circular and hyperbolic functions

Remark:
Hyperbolic functions are a parametrization of a hyperbola.

The hyperbola x> — y?> =1 can

y be parametrized by the functions
x(u)
x="f(u), y=g(u),
y(u)
. y satisfying the condition
f(u) — g*(u) = L.
1 1 1 1
Remark: A solution is x = 5 [h(u) + W} Y= [h(u) - W}
1 1
2 2 2
X —yt=y {h + ) +2
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The hyperbola x> — y?> =1 can
be parametrized by the functions

x=f(u), y=g(uv),

satisfying the condition

F(u) - g2(u) = 1.
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Circular and hyperbolic functions

Remarks:

» The hyperbola x> — y? = 1 can be parametrized by

e [

where h is any non-zero continuous function satisfying

lim h(u) = oo, lim h(u) =0, h(0) = 1.

» The hyperbolic trigonometric functions correspond to

h(u) = e".
Definition
The hyperbolic trigonometric functions are defined by
u —u u__ ,—u
cosh(u) = ete sinh(u) = £-°

2 ’ 2
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Definition
The complete set of hyperbolic trigonometric functions is given by
cosh(x) = %, sinh(x) = %,
sinh(x) cosh(x)
anh(x) cosh(x)’ coth(x) sinh(x)’
1 1
csch(x) = sech(x) =

sinh(x)’ cosh(x)



Definitions and identities

Definition
The complete set of hyperbolic trigonometric functions is given by
cosh(x) = %, sinh(x) = %,
sinh(x) cosh(x)
anh(x) cosh(x)’ coth(x) sinh(x)’
1 1
h = h = .
csch(x) sinh(x)’ sech(x) cosh(x)
Remarks:

» These functions satisfy identities similar but not equal to
those satisfied by circular trigonometric functions.



Definitions and identities

Definition
The complete set of hyperbolic trigonometric functions is given by
cosh(x) = %, sinh(x) = %,
sinh(x) cosh(x)
anh(x) cosh(x)’ coth(x) sinh(x)’
1 1
h = h = .
csch(x) sinh(x)’ sech(x) cosh(x)
Remarks:

» These functions satisfy identities similar but not equal to
those satisfied by circular trigonometric functions.

» We have seen one of these identities:

cosh?(x) — sinh?(x) = 1.
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Theorem
The following identities hold,

cosh?(x) — sinh?(x) = 1,
sinh(2x) = 2sinh(x) cosh(x), cosh(2x) = cosh?(x) + sinh?(x),

cosh?(x) = %[1 + cosh(2x)], sinh?(x) = %[—1 + cosh(2x)].

Proof: (Only double angle formula for sinh.)

i)~ e H] =3[~ ()]

Recalling the formula a®> — b?> = (a + b)(a — b),



Definitions and identities

Theorem
The following identities hold,

cosh?(x) — sinh?(x) = 1,
sinh(2x) = 2sinh(x) cosh(x), cosh(2x) = cosh?(x) + sinh?(x),
cosh?(x) = %[1 + cosh(2x)], sinh?(x) = ; [—1 + cosh(2x)].

Proof: (Only double angle formula for sinh.)
_ Iro 17 17702 (132
sz 2o~ ] ~3](e - (3]
Recalling the formula a®> — b?> = (a + b)(a — b),

sinh(2x) = [e + ! } [ X — i]

eX



Definitions and identities

Theorem
The following identities hold,

cosh?(x) — sinh?(x) = 1,

sinh(2x) = 2sinh(x) cosh(x), cosh(2x) = cosh?(x) + sinh?(x),

cosh?(x) = %[1 + cosh(2x)], sinh?(x) = ;[ 1 + cosh(2x)].

Proof: (Only double angle formula for sinh.)
_ Iro 17 17702 (132
sz 2o~ ] ~3](e - (3]
Recalling the formula a®> — b?> = (a + b)(a — b),

sinh(2x) = [e + L } [ - e—lx] = 2 cosh(x) sinh(x).

O
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Example
Compute both cosh(In(7)) and sinh(2In(3)).

Solution:

cosh(In(7)) = %[e'”m + } = 1[7 + 1] = 1§

e|n(7) 2
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Derivatives of hyperbolic functions

Theorem
The following equations hold,

sinh’(x) = cosh(x) cosh’(x) = sinh(x)
)= T

tanh’(x) = m coth’(x) = T

sech’(x) = — sinh (x) esch’(x) = — cosh(x)

cosh?(x) sinh?(x)’
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Theorem
The following equations hold,

sinh’(x) = cosh(x) cosh’(x) = sinh(x)
/ 1 / 1
tanh (X) = m coth (X) = —W
, sinh(x , cosh(x
sech’(x) = _coshz((j) csch’(x) = _sinh2((x))'

Proof: (Only for sinh.)
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Derivatives of hyperbolic functions

Theorem
The following equations hold,

sinh’(x) = cosh(x)

tanh/(x) = cosfil2(x)
, sinh(x
sech’(x) = _coshz((j)

Proof: (Only for sinh.)

sinh’(x) =

N

(- e

cosh’(x) = sinh(x)

coth’(x) = _sinhlz(x)
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csch’(x) = _sinh2((x))'
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Theorem
The following equations hold,
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/ 1 / 1
tanh (X) = m coth (X) = —W
, sinh(x , cosh(x
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Proof: (Only for sinh.)
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Derivatives of hyperbolic functions

Theorem
The following equations hold,

sinh’(x) = cosh(x) cosh’(x) = sinh(x)
/ 1 / 1
tanh (X) = m coth (X) = —W
, sinh(x , cosh(x
sech’(x) = _coshz((j) csch’(x) = _sinh2((x))'

Proof: (Only for sinh.)
sinh’(x) = = (¥ —e ™)' = %(ex —e (1))

(e +e) = sinh'(x) = cosh(x).

l\)\l—l

sinh’(u) =

l\)\l—l
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Example

Compute the derivative of the function y(x) = etanh(3x),

Solution:
y'(x) = €3 tanh’(3x) 3.

We only need to remember the first two formulas in the Theorem
above, since
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Derivatives of hyperbolic functions

Example

Compute the derivative of the function y(x) = etanh(3x),

Solution:
y'(x) = €3 tanh’(3x) 3.

We only need to remember the first two formulas in the Theorem
above, since

tanh’(x) = (

sinh(x) )/ _sinh’(x) cosh(x) — sinh(x) cosh’(x)
cosh(x)/ cosh?(x)
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Derivatives of hyperbolic functions

Example

Compute the derivative of the function y(x) = etanh(3x),

Solution:
y'(x) = €3 tanh’(3x) 3.

We only need to remember the first two formulas in the Theorem
above, since

tanh’(x) = (Sinh(x) )/ — sinh’(x) cosh(x) —25inh(X) cosh’(x)
cosh(x) cosh?(x)
h2 —si h2 1
tanh/(x) = =2 (x) 25'” (x) _ —
cosh®(x) cosh®(x)
3etanh(3x)
We conclude that y'(x) = ———— 4

cosh?(3x)’
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Integrals of hyperbolic functions

Theorem
For every real constant c the following expressions hold,

/sinh(x) dx = cosh(x) + ¢, /cosh(x) dx = sinh(x) + c,

/sech2(x) dx = tanh(x) + ¢, /cschz(x) dx = — coth(x) + ¢,
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Theorem
For every real constant c the following expressions hold,

/sinh(x) dx = cosh(x) + ¢, /cosh(x) dx = sinh(x) + c,

/sech2(x) dx = tanh(x) + ¢, /csch2(x) dx = — coth(x) + ¢,

Proof: The derivative of each right-hand side above is the
integrand in each left-hand side O



Integrals of hyperbolic functions

Theorem
For every real constant c the following expressions hold,

/sinh(x) dx = cosh(x) + ¢, /cosh(x) dx = sinh(x) + ¢,
/sech2(x) dx = tanh(x) + ¢, /csch2(x) dx = — coth(x) + ¢,
Proof: The derivative of each right-hand side above is the
integrand in each left-hand side O

Remark: There are many other integration formulas, but the ones
above are the most frequently used.
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Integrals of hyperbolic functions

Example
Evaluate | = /6cosh(3x —In(2)) dx.

Solution: We try the substitution u = 3x — In(2), then du = 3 dx.
du .
I = 6cosh(u)? =2 [ cosh(u) du = 2sinh(u) + c.

We conclude that / = 2sinh(3x — In(2)) + c. g

Remark: If needed, one can rewrite the sinh above as

sinh(3x — In(2)) = %(e3X—|n(2) _ e 3tin@)

3x | e3x
_ e—3xen(2)> ==-- 3%

sinh(3x — In(2)) = 1( °
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substitution
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Example

; 2
Evaluate the integral | = /8x sinh(3x7)

cosh3(3x2)

Solution: Recall that cosh’(x) = sinh(x). We then try the
substitution

u=cosh(3x?),  du = sinh(3x?)6x dx.

1 du 4 4 u=? 21
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Integrals of hyperbolic functions

Example

; 2
Evaluate the integral | = /8x sinh(3x7)

cosh3(3x2)

Solution: Recall that cosh’(x) = sinh(x). We then try the
substitution

u=cosh(3x?),  du = sinh(3x?)6x dx.

1L du 4 [ 4 4 u=? 21
l:/8u36:3/u =3yt 3,27

If we substitute back u = cosh(3x?), we obtain

2 1

l=— 1

3 cosh?(3x2)



Integration techniques (Supp. Material 8-1T)

Substitution rule.
Completing the square.
Trigonometric identities.

Polynomial division.

vV vV.v.v Yy

Multiplying by 1.
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Theorem
For every differentiable functions f,u : R — R holds,

/f(u(x))u’(x)dx:/f(y) dy.

Proof: This is the integral form of the chain rule for derivatives.
Let F be a primitive of f, that is, F' = f. Then
(F(u))' — Fl(u) = F(u) .
Integrate the equation above,
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Theorem
For every differentiable functions f,u : R — R holds,

/f(u(x)) u(x)dx = / f(y)dy.
Proof: This is the integral form of the chain rule for derivatives.
Let F be a primitive of f, that is, F' = f. Then
/
(F(u)) — F'(u)d = f(u) u.

Integrate the equation above,

/f(u(x)) U (x)dx = /d(l;)((u))(x) dx = F(u(x)).

Denoting y = u(x), we get
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Substitution rule

Theorem
For every differentiable functions f,u : R — R holds,

/f(u(x)) u(x)dx = / f(y)dy.
Proof: This is the integral form of the chain rule for derivatives.
Let F be a primitive of f, that is, F' = f. Then
/
(F(u)) — F'(u)d = f(u) u.

Integrate the equation above,

/f(u(x)) U (x)dx = /d(l;)((u))(x) dx = F(u(x)).

Denoting y = u(x), we get

[ e i) de=Fiv) = [ Py = [ ).
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Substitution rule

Example

3x etan(2x2)

[+ cos(ax?)] ™

Evaluate | =

Solution: The argument in the tangent function is has an x?,

and in the integral appears the factor x dx. We try the substitution

1
_ 2 _
U—tan(2X ), du = m(‘l-x) dx.

This substitution will simplify the integration if cos?(2x?) can be
related to [1 + cos(4x?)]. And this is the case, since

cos?(0) = = (1 + cos(20)), 0 = 2x%,
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Substitution rule

Example

3x etan(2x2)

[+ cos(ax?)] ™

Evaluate | =

Solution: The argument in the tangent function is has an x?,

and in the integral appears the factor x dx. We try the substitution

1
_ 2 _
U—tan(2X ), du = m(‘l-x) dx.

This substitution will simplify the integration if cos?(2x?) can be
related to [1 + cos(4x?)]. And this is the case, since

cos?(0) = = (1 + cos(20)), 0 = 2x%,

N

3x etan(2x2) 3x etan(2x2)
- -/

[1 + cos(4x? 2 cos?(2x?) X



Substitution rule

Example

3x etan(2x2)

[+ cos(ax?)] ™

Evaluate | =

Solution: The argument in the tangent function is has an x?,

and in the integral appears the factor x dx. We try the substitution

1
_ 2 _
U—tan(2X ), du = m(‘l-x) dx.

This substitution will simplify the integration if cos?(2x?) can be
related to [1 + cos(4x?)]. And this is the case, since

cos?(0) = %(1 + cos(26)), 0 = 2x%,
tan(2x2) tan(2x2)
| = 3”ewz/$“w:3/gm{
[1 + cos(4x?)] 2 cos?(2x?) 2 4
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3x etan(2X2)

Eval |= | —————— dx.
valuate [+ cos(4:2)] dx
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Solution: Recall: | = 3/ “ Iu with u = tan(2x?).
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Substitution rule

Example

3x etan(2X2)

Eval |= | —————— dx.
valuate [+ cos(4:2)] dx

d
Solution: Recall: | = 3/ “ Zu with u = tan(2x?).

Izg/e”duzge”—i—c.

We now substitute back with u = tan(2x?),



Substitution rule

Example

3x etan(2X2)

Eval |= | —————— dx.
valuate [+ cos(4:2)] dx

d
Solution: Recall: | = 3/ “ Zu with u = tan(2x?).

Izg/e”duzge”—i—c.

We now substitute back with u = tan(2x?),

| = § etan(2x2) +c.

8



Integration techniques (Supp. Material 8-1T)

Substitution rule.
Completing the square.
Trigonometric identities.

Polynomial division.

vV V. v.v Yy

Multiplying by 1.
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6
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Completing the square

Example
Evaluate [ = dx .
(x +3)Vx%2+6x+4

Solution: The idea is to rewrite the function inside the square root:
6
x2+6x—|—4:x2+2(§>x+4zx2+2(3x)+4

x> 46x4+4=[x*>+23x)+9 —9+4=(x+3)°-5.
dx
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Evaluate [ = dx .
(x +3)Vx%2+6x+4

Solution: The idea is to rewrite the function inside the square root:
6
x2+6x—|—4:x2+2(§>x+4zx2+2(3x)+4
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Completing the square

Example
Evaluate [ = dx .
(x +3)Vx2 + 6x + 4

Solution: The idea is to rewrite the function inside the square root:
6
x2+6x—|—4:x2+2(§>x+4zx2+2(3x)+4

X34 6x+4=[x*+23x)+9 - 9+4=(x+3)—
dx

l:/ u=x4+3, du=dx
(x +3) (x+3)2—5

|ul
| = arcsec + c.
/ uy u2 \[ (\f>
: 1 Ix + 3|
We obtain | = — arcsec + c. <
V5 ( V5 )
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Remark: Sometimes completing the square is not needed.

Example
(x + 3) dx

Evaluate | = | ———F———.
Vx2+6x+4

Solution: Since the factor (x + 3) is in the numerator, instead of
the denominator, substitution will work:

u=x>+6x+4, du = (2x +6) dx = 2(x + 3) dx.
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Remark: Sometimes completing the square is not needed.

Example
(x + 3) dx

Evaluate | = | ———F———.
Vx2+6x+4

Solution: Since the factor (x + 3) is in the numerator, instead of
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Remark: Sometimes completing the square is not needed.
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Evaluate | = | ———F———.
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Solution: Since the factor (x + 3) is in the numerator, instead of
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Completing the square
Remark: Sometimes completing the square is not needed.

Example
(x + 3) dx

Evaluate | = | ———F———.
Vx2+6x+4

Solution: Since the factor (x + 3) is in the numerator, instead of
the denominator, substitution will work:

u=x>+6x+4, du = (2x +6) dx = 2(x + 3) dx.

1 duv 1
= | — = =2 [y 2qy=
Vi 2 2/u u

(2u1/2) +c.

N

We conclude that [ = v/x2 +6x + 4 + c.
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Trigonometric identities

Example

2

Evaluate | = /[sec(x) + tan(x)]” dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.

1 sin(x) 72
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B cos?(x)

f(x)




Trigonometric identities

Example
Evaluate /| = /[sec(x) + tan(x)]2 dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.

cos(x)  cos(x))  cos?(x)

f(x) = [sec(x) —i—tan(x)}2 = [ 1 sin(x)12 (1 +sin(x))

_ 1+42sin(x) +sin®(x) 1 2sin(x)  sin?(x)
N cos?(x) "~ cos?(x)  cos?(x)  cos?(x)’

f(x)




Trigonometric identities

Example
Evaluate /| = /[sec(x) + tan(x)]2 dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.

f(x) = [sec(x) —i—tan(x)}2 = [ 1 sin(x)12 (1 +sin(x))

cos(x)  cos(x))  cos?(x)
_ 1+42sin(x) +sin®(x) 1 2sin(x)  sin?(x)
Flx) = cos?(x) "~ cos?(x)  cos?(x)  cos?(x)’

sin?(x) 1 — cos?(x)

cos?(x)  cos?(x)




Trigonometric identities

Example
Evaluate /| = /[sec(x) + tan(x)]2 dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.

f(x) = [sec(x) —i—tan(x)}2 = [ 1 sin(x)12 (1 +sin(x))

cos(x)  cos(x))  cos?(x)
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Trigonometric identities

Example
Evaluate | = /[sec(x) + tan(x)}2 dx.

Solution: Recall: f(x) = [sec(x) ~|—tan(x)}2,

1 2sin(x)  sin?(x) an sin?(x) _ 1
Flx) = cos?(x) = cos?(x) = cos?(x) cos?(x)  cos?(x)




Trigonometric identities

Example

Evaluate | = /[sec(x) + tan(x)}2 dx.

Solution: Recall: f(x) = [sec(x) + tan(x)]z,
Flx) — 1 2sin(x)  sin?(x) sin?(x) 1
(x) = cos?(x) = cos?(x) = cos?(x) cos?(x)  cos?(x)
F(x) 2 2sin(x)

T cos2(x) | cos?(x)

-1



Trigonometric identities

Example
Evaluate | = /[sec(x) + tan(x)}2 dx.

Solution: Recall: f(x) = [sec(x) +tan(x)]2,
Flx) — 1 2sin(x)  sin?(x) sin?(x) 1
(x) = cos?(x) = cos?(x) = cos?(x) an cos?(x)  cos?(x)

2 2sin(x)
cos?(x) * cos?(x)

2dx 2sin(x dx
=/ dx.
cos?(x ) cos?(x

f(x) =

-1



Trigonometric identities

Example
Evaluate | = /[sec(x) + tan(x)}2 dx.

Solution: Recall: f(x) = [sec(x) +tan(x)]2,

1 2sin(x)  sin?(x) sin?(x) 1

_ ( _ 7
flx) = cos?(x) = cos?(x) * cos?(x) and cos?(x)  cos?(x) L

2 2sin(x)
cos?(x) * cos?(x)

2dx 2sin(x dx u = cos(x
=/ dx.
cos?(x ) cos?(x du = — sm(x)

f(x) =




Trigonometric identities

Example
Evaluate | = /[sec(x) + tan(x)}2 dx.

Solution: Recall: f(x) = [sec(x) +tan(x)]2,

1 2sin(x)  sin?(x) sin?(x) 1

_ ( _ 7
flx) = cos?(x) = cos?(x) * cos?(x) and cos?(x)  cos?(x) L

2 2sin(x)
cos?(x) * cos?(x)

2dx 2sin(x dx u = cos(x
=/ dx.
cos?(x ) cos?(x du = — sm(x)

du
I =2t -2 = -
an(x) /u2 x+c

f(x) =




Trigonometric identities

Example
Evaluate | = /[sec(x) + tan(x)}2 dx.

Solution: Recall: f(x) = [sec(x) +tan(x)]2,
1 2sin(x)  sin?(x) sin?(x) 1
Flx) = cos?(x) = cos?(x) N cos?(x) and cos?(x)  cos?(x) L
2 25sin(x)

flx) = cos?(x) ' cos?(x)

2dx 2sin(x dx u = cos(x),
=/ / dx.
cos?(x) cos?(x du = —sin(x) dx
2
cos(x)

d
I_2tan(x)—2/g—x+c:> I =2tan(x) + —x+c.
u



Integration techniques (Supp. Material 8-1T)

Substitution rule.
Completing the square.
Trigonometric identities.

Polynomial division.

vV vV.v.v Yy

Multiplying by 1.



Polynomial division

Example

4x2 — 7
Evaluate | = dx.
valuate /2X—|—3 X




Polynomial division

Example

4x2 — 7
Evaluate | = dx.
valuate /2X—|—3 X

Solution: The degree of the polynomial in the numerator is greater
or equal the degree of the polynomial in the denominator.




Polynomial division

Example

4x2 — 7
Evaluate | = [ ——— dx.
valuate /2X—|—3 X

Solution: The degree of the polynomial in the numerator is greater
or equal the degree of the polynomial in the denominator.
In this case it is convenient to do the division:



Polynomial division

Example

4x2 — 7
Evaluate | = dx.
valuate /2X—|—3 X

Solution: The degree of the polynomial in the numerator is greater
or equal the degree of the polynomial in the denominator.
In this case it is convenient to do the division:

2x — 3

2x+3)  4x2 ~7
— 4x% — 6x

—6bx—7

6x +9

2



Polynomial division

Example

4x2 — 7
Evaluate | = dx.
valuate /2X—|—3 X

Solution: The degree of the polynomial in the numerator is greater
or equal the degree of the polynomial in the denominator.
In this case it is convenient to do the division:

2x =3
2x+3)  4x2 ~7
—4x% — 6x N 4X2—7:2X_3+ 2
—6x—7 2x + 3 2x +3°
6x +9

2



Polynomial division

Example

4x2 — 7
Evaluate | = dx.
valuate /2X—|—3 X

Solution: The degree of the polynomial in the numerator is greater
or equal the degree of the polynomial in the denominator.
In this case it is convenient to do the division:

2x =3
2x+3)  4x2 ~7
—4x% — 6x N 4X2—7:2X_3+ 2
—6x—7 2x + 3 2x +3°
6x +9
2

2 dx
I= | (2x—3)d
/(X 3) X+/2x+3



Polynomial division

Example

4x2 — 7
Evaluate | = dx.
valuate /2X—|—3 X

Solution: The degree of the polynomial in the numerator is greater
or equal the degree of the polynomial in the denominator.
In this case it is convenient to do the division:

2x =3
2x+3)  4x2 ~7
—4x% — 6x N 4X2—7:2X_3+ 2
—6x—7 2x + 3 2x +3°
6x +9
2

2dx
I=[(2x-3)d = x? — :
/( x—3) X+/2x+3 = I=x"=3x+In(2x+3)+c



Integration techniques (Supp. Material 8-1T)

Substitution rule.
Completing the square.
Trigonometric identities.

Polynomial division.

vV vV.v.v Yy

Multiplying by 1.



Multiplying by 1

Example

Evaluate | = / df )
1+ sin(x)



Multiplying by 1

Example

Evaluate | = / df( )
1+ sin(x)

Solution:

- 1 (1 —sin(x))
I—/( dx

1+sin(x)) (1 —sin(x))



Multiplying by 1

Example

Evaluate | = / d% )
1+ sin(x)

Solution:

/:/( 1 (1 —sin(x)) dX:/ (1 —sin(x)) "

1+sin(x)) (1 —sin(x)) (1 —sin®(x))



Multiplying by 1

Example

Evaluate | = / d% )
1+ sin(x)

Solution:

/:/( 1 (1 —sin(x)) dX:/ (1 —sin(x)) "

1+sin(x)) (1 —sin(x)) (1 —sin®(x))

cos?(x)



Multiplying by 1

Example

Evaluate | = / d% )
1+ sin(x)

Solution:

/:/( 1 (1 —sin(x)) dX:/ (1 —sin(x)) "

1+sin(x)) (1 —sin(x)) (1 —sin®(x))

I = / GC;;TX(;))"X: / cojszx) _/ cs;z?((xx)) dX




Multiplying by 1

Example

Evaluate | = / d% )
1+ sin(x)

Solution:

/:/( 1 (1 —sin(x)) dX:/ (1 —sin(x)) "

1+sin(x)) (1 —sin(x)) (1 —sin®(x))
[ (1=sin(x)) o = dx [ sin(x) "
I= / cos?(x) dx = / cos?(x) / cos?(x) d
1

. ! _
Since tan’(x) = o2(x)



Multiplying by 1

Example

Evaluate | = / d% )
1+ sin(x)

Solution:

/:/( 1 (1 —sin(x)) dX:/ (1 —sin(x)) "

1+sin(x)) (1 —sin(x)) (1 —sin®(x))
[ (1=sin(x)) o = dx [ sin(x) "
I= / cos?(x) dx = / cos?(x) / cos?(x) d
Since tan’(x) = L and u = cos(x)

cos?(x)



Multiplying by 1

Example

Evaluate | = / d% )
1+ sin(x)

Solution:

/:/( 1 (1 —sin(x)) dX:/ (1 —sin(x)) "

1+sin(x)) (1 —sin(x)) (1 —sin®(x))
B (1 - sin(x)) o = dx sin(x) "
I= / cos?(x) dx = / cos?(x) / cos?(x) d
Since tan’(x) = ! and u = cos(x) implies du = —sin(x) dx,

cos?(x)



Multiplying by 1

Example

Evaluate | = / d% )
1+ sin(x)

Solution:

/:/( 1 (1 —sin(x)) dX:/ (1 —sin(x)) "

1+sin(x)) (1 —sin(x)) (1 —sin®(x))
[ (1=sin(x)) o = dx [ sin(x) "
r= / cos?(x) ox = / cos?(x) / cos?(x) d
Since tan’(x) = cos:2l(x) and u = cos(x) implies du = —sin(x) dx,
| = tan(x) + du

U2



Multiplying by 1

Example

Evaluate | = / d% )
1+ sin(x)

Solution:

/:/( 1 (1 —sin(x)) dX:/ (1 —sin(x)) "

1+sin(x)) (1 —sin(x)) (1 —sin®(x))
[ (1=sin(x)) o = dx [ sin(x) "
r= / cos?(x) ox = / cos?(x) / cos?(x) d
Since tan’(x) = cos:2l(x) and u = cos(x) implies du = —sin(x) dx,

du 1
an(x) + 2 an(x) y +c



Multiplying by 1

Example

Evaluate | = / d% )
1+ sin(x)

Solution:

/:/( 1 (1 —sin(x)) dX:/ (1 —sin(x)) "

1+sin(x)) (1 —sin(x)) (1 —sin®(x))
[ (1=sin(x)) o = dx [ sin(x) "
r= / cos?(x) ox = / cos?(x) / cos?(x) d
Since tan’(x) = cos:2l(x) and u = cos(x) implies du = —sin(x) dx,
| = tan(x) + % = tan(x) — % + ¢ =tan(x) — s



Multiplying by 1

Example d
Evaluate | = / 15 sin(x)’
Solution:
B 1 (1 —sin(x)) o — (1 —sin(x)) "
'= / (1+sin(x)) (1 —sin(x)) o = / (1 —sin®(x)) .
[ (1=sin(x)) o = dx [ sin(x) "
r= / cos?(x) ox = / cos?(x) / cos?(x) d
Since tan’(x) = cos:2l(x) and u = cos(x) implies du = —sin(x) dx,
| = tan(x) + % = tan(x) — % + ¢ =tan(x) — s

We conclude that / = tan(x) — sec(x) + c. <



Multiplying by 1
Example
Evaluate | = /sec(x) dx.



Multiplying by 1
Example
Evaluate | = /sec(x) dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.



Multiplying by 1
Example
Evaluate | = /sec(x) dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.



Multiplying by 1
Example
Evaluate | = /sec(x) dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.

/:/ dx :/ 1 <c052(x)+csc;22(f<x))) "

cos(x) cos(x) ( n Sm(><)>

cos2(x)

cos?(x)



Multiplying by 1
Example

Evaluate | = /sec(x) dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.

/:/ dx :/ 1 <c052(x)+csc;22(f<x))) "

cos(x) cos(x) ( n Sm(><)>

cos2(x)

cos?(x)

1 in(x
[ — (cos2(x) + ;52(( )))
o sin(x)

(cosl(x) * cos(x)




Multiplying by 1
Example

Evaluate | = /sec(x) dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.

/:/ dx :/ 1 (cosz(x)+ci;22(z<>2)) "

COS(X) COS(X) (cos2(x) + C50'22(Z<)3) >
| — (cos%(x) + ci;;(?))) (COS]-(X) ) , - ci;(()z) ’
1 sin(x) i / 1
<COS(X) o) (Z)T(?)) - cos?(x)’



Multiplying by 1
Example

Evaluate | = /sec(x) dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.

/:/ dx :/ 1 (cosz(x)+ci;22(z<>2)> "

COS(X) COS(X) (cos2(x) + cSoI:2(Z<>3) >
| — (cos2 (x) ci;;(?)) ) (COS]-(X) ) , - ci;(()z) ’
sin(x) i ! 1
<COS(X) o) (Z)T(?)) - cos?(x)’




Multiplying by 1
Example

Evaluate | = [ sec(x) dx.

Solution: This problem can be solved using trigonometric identities
for sine and cosine functions only.

/:/ dx :/ 1 <c052(x)+csc;22(f<x))) "

COS(X) COS(X) (cos2(x) + csolzz(ég) >
| — (cos2 (x) ci;;(?)) ) (COS]-(X) ) , - ci;(()z) ’
sin(x) i ! 1
<COS(X) o) (Z)T(?)) - cos?(x)’

/:/<coslx)+z:s((x))> dx = I:In( 1 +sin(x)>+c.

cos(x) = cos(x)




