
TEcnNrquES oF
INrscRRrroN

OVERVIEW The Fundamental Theorem connects antiderivatives and the definite integral.
Evaluating the indefinite integral

I rot*
is equivalent to finding a function F such that F'(x) : /(x), and then adding an
arbitrary constant C:

I tr'l n': F(r) + c.
.l

In this chapter we study a number of important techniques for finding indefinite
integrals ofmore complicated functions than those seen before, The goal ofthis chapter
is to show how to change unfamiliar integrals into integrals we can recognize, find in a
table, or evaluate with a computer. We also extend the idea of the definite integral to
improper integrals for which the integrand may be unbounded over the interval of inte-
gration, or the interval itself may no longer be finite.

Basic Integration Formulas

To help us in the search for finding indefinite integrals, it is useful to build up a table of
integral lomulas by inverting formulas for derivatives, as we have done in previous chap-
ters. Then we try to match any integml that confronts us against one ofthe standard types.
This usually involves a certain amount ofalgebraic manipulation as well as use ofthe Sub-
stitution Rule.

Recall the Substitution Rule from Section 5.5:

l f
|  1(g(x\ tg ' rxt  dx :  I  lquldtr

JJ

where a : g(,r) is a differentiable function whose rarge is an interval l and / is continuous
on L Success in integration often hinges on the ability to spot what part of the integmnd
should be called a in order that one will also have da, so that a known formula can be
applied. This means that the first requirement for skill in integration is a thorough mastery of
the lormulas for difi'erentiation.
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554 Chapter 8: Techniques of Integration

Table 8.1 shows the basic forms of integrals we have evaluated so far. In this section
we present several algebraic or substitution methods to help us use this table. There is a
more extensive table at the back ofthe book; we discuss its use in Section 8.6.

TABTE 8,1 Basic inteqration formulas

r .  Jdu:u+c
z. 

lta: 
ku + c (any number ft)

t .  l<a,+ao: la,+ la"
r .  l  , ,a*:#+ c @+ .1)

t .  l+:hl , t  +c

e. 
I  

snu au: -cos & + C

z. 
f 

cosuau: srnu f- c

t.  
I  

s..2un: r lnu + c

v. 
f 

csc2uau: -cotu + C

n. 
f 

secutnudu: sec u + c

f. 
I 

cscucotudu: -.cscu + C

n. 
J 

tnuau: - ln lcosal  + C

: ln lsecrl  + C

|  "otudu: 
ln ls inal  + C

: - ln lcscul  + C

luou:u*"

I "* :#t ,  k>o.a+t l

I 
sint,au: cosh a + C

| "o"nu 
au: sinh a * C

I  au :" , . , [a\*"
J \ /7-u,  -"  \o/  -

14.

15.

16.

17.

18.

D. [  ,du.  i * ' ( : ) " .
J a '+ u '  *  \ -Z

,o I  au :  l * - ,  lg l.u.L/2 2 -  cssr,  l r l *CJ UVU--A'  I

^.  
[  -4: : , inr , - , (#)+c (a>o)"' | , /--;--- --.

J Vq'+u'  \  /

zz. [ -4:  =.orr , - ,  l ' * )  *  c (z>a>o)* ' I  
tF-7 -*"  \o)

We often have to rewrite an integral to match it to a standard formula.

EXAMPLE 1 Making a SimptifiTing Substitution

Evaluate
f  l - -o
14,)-
l . -s^ '

J Yx'-9xt l



8.1 Basic Integration Formulas 555

SoLution

I 2r-9_:
Yx'-9x1l

EXAMPLE 2 Completing the Square

Er.aluate

50lution

Then

a,: I l+

: fu '/'du

. ,,(-r/2)+1
-  

e l lD+rau
: 2u1/2 + C

:2f*-%+1+c

u - | 9* + t,
du = \\ - 9)dr.

Table 8.1 Formula 4,
wirh n : l/2

f ,
Iqx

J VBx - x.2

We complete the square to simplif,/ the denominator:

8x - x2 : -(l - 8r) = -(x2 -8r + 16 - 16)

:  - (? -  8;r  + 16) + t6:  16 -  (x.  -  4)2.

fa*fa,
J Vax-P J t /so.  (x-4)2

f .
ldu

J \./ a2 - u2
/ \

:  s in l (# )  + c
\" , /

. - , /x-4\
-srn ' |  . - - |  -  C.

\4, /

EXAMPLE 3 Expanding a Power and Using a Trigonometric Identity

Evaluate

/ (r"" r + tanx)2 dx.
.t

Solution We expand the integard and get

(sec.t * tan.r)2 : sec2x + 2secxtanx I tanz x.

The first two terms on the right-hand side of this equation are familiar; we can integrate
them at once. How about tan2 ;r ? There is an identity that corurects it with sec2 .r :

a: a,u = ( .x -  \ ,

Table 8.1, Formula 18

tan2x + 1= sec2x, tanzx:  sec2x -  l ,
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I  I_J

I z* + zllP-t t,
3x.2 + b(

-9x
-9x-6

+6

We replace tan2.r by sec2 x - 1 and get

t^f
/ {r."r + tanx)2dx: | (sec2 x + 2 sec xtar.x + sec2 x - 1) dx

. lJ

= z I sec'rdx + 2 [ secxtzttxdx - [ t^
JJJ

:Zte; . rx*2secx-xi-C.

EXAMPLE 4 Eliminating a Square Root

Evaluate
l'/4 

-
.1, 

Y1+ cos 4x dx.

Sotution We use the id€ntity

I  + cos2e
"o" '0:  T,  or  1+ cos2d:2cos"0.

With 0 : 2x, this identity becomes

1 + cos 4r :2co*2x.

Hence,

f , l4 _ f"h 
-

l ,  f f id"= Jo't /1v6"txa'
- 

fn/4 ^ /--Vzl  lcos2xld.x 
vu'  u

. lo

- 
f"/4 On [0, z/4], cos 2x > 0,

- V2 I cosZx dx so lcos2t = cos2r'
.10

- 
1";-.1,f"/a Table 8. l .  Formula T. $irh

- 
\ /1 l : - - -  |  u Lranddu 2dt"- l2 )o

= t5l+ -  o l :  +
t -

EXAMPLE 5 Reducing an Improper Fraction

Evaluate

I  
J^ 

'^ ) j

. l  3x + 2 "^'

Solution The integrand is an improper ftaction (degree of numerator grcater than or

equal to degree of denominator). To integrate it, we divide fist, getting a quotient plus a
remainder that is a proper flaction:

^)JX- - t)( O
-- i - - - - - : - - - - :  

-  
-  J 

-- ,  ^ .JX-t  Z JX- Z

Therefore,
r-  2 r  /  z \  -2
1",-=* ar-  l l "  -3 ---  o 

lat-^;-3x+21n l3x+21 +c. r
. l  )x '1-  z J \  Jx- z. /  z
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Reducing an improper fraction by long division (Example 5) does not always lead to
an expression we can integlate directly. We see what to do about that in Section 8.5.

EXAMPTE 6 Separating a Fraction

Evaluate

[  3r+z
J ft  

- '^
Solution We lirst separate the integrand to get

f  l * -Z |  -J-  f  L-
. 1l ---!-! J_ ) I __!L

J Vl-x 'z J Vl  -"2 J Vt x)
In the first ofthese new integrals, we substitute

u -  |  -  x2,  du:  2x dx,  and ,ar:  - )a".

^t  xdx ^[(  t /2)du 1fJ I  __i  _ 3l  -  __ = _11 u_,.du
J vt-x 'z J vu tJ

:  -+ # + Cr:  -3yf- ,2 *  , ,
-  . t  

-

The second ofthe new integrals is a standard form,

^t  dx
zl- . :  ,  l  s ln x+(2.
J Yt -  x-

Combining these results and renaming Cy * C2asCgives

f  t - - - t
IL: :=+dx: -zyl  s *2sinrr*c.  r

J \/t - x2

The final example of this section calculates an important integral by the algebraic
technique of multiplying the integrand by a form of I to change the integrand into one we
can rntegrate.

EXAMPLE 7 Integral of y = r.. r-ruttiplying by a Form of 1

Evaluate

r
.l 

sec x dx.

Solution

t t l
l  secrd,  = /  (secxt(  t tar  -  L. . r ' t t t t  

- r  tanx dx
.l .l ./ secx + ran "r

f sec2 x + sec,rr tan,[ .
./ sec jr + tan.r

I  d"  i r  :  tan-\  
-  

scc-! .
I  u d,= (scc-:r  + secrranr ld-r.l

= ln la l  + C: ln lsecx + tanr l  + C. r

George David Birkhoff
(1884-1944)
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With cosecants and cotargents in place of secants and targents, the method of Exam-
ple 7 leads to a companion formula for the integral ofthe cosecant (see Exercise 95).

TABTE 8.2 The secant and cosecant inteqrals

t .  
f  

s.cu au:. ln lsecz + tanul + C

Z. 
J 

cscuau: -ln lcscrz + cotul + C

Procedures for Matching Integrals to Basic Formulas

PRocf,DURE

Making a simpliffing
substitution

Completing the square

Using a trigonometric
identity

Eliminating a square root

Reducing al improper
fraction

Separating a fraction

Multiplying by a form of I

EXAIrfLE

Lxgdu

\/x2-gx+1 \ /u

(secx * tanx)z = sec2x + Zsecxtanx * Ian2 x
: sec2x + 2secntan.{

+ (sec2;c - 1)

- 2 sec2 x + 2 sec.n ta.nir - 1

vt + cos4r : \h;"?t : \/i lcoszxl
JX- -  tX

JX-rZ

3x1-2 3x2

\/1 - ,z \/t - x2
sect + tanx

secr:  sec, ' 'secr + tant

_ sec2 r * secxtanx
sec.r -i tan.r

\/E -7 : \/ri-G -ZP

\4 -7

Basic Substitutions
Evaluate each inte$al in Exercises 1-36 by using a substitution to re-
duce it to standald form.

t. [-:@@:
J 1'/s*2 + 1

^ I  3cosxdx

../ Vl * 3sinx

3. /  3Vsinucosudu

- f ' t6,d,
l . t_-

.lo 8x' 'l 2

I  cotrycsczvdy
J

['/t sec' , u,
L. l fun z " '



ls-
11 "^

J Vx (Vx + l )

9. 
.l 

cot (3 - 7x) dx

11. I  eocsc(eo + l )d0

13. 
.l 

seca dt

15. 
./ 

csc(s - rr)ds

rvfii
tr, 

.lo 
2xe* dx

19, I eao" secz u dl

2r. [ 3a d.

n. [26y
.l 2\'/w

, .  [  
'd '- ' ' .1 7+gu'

. .  [ t /u dr

Jo \/t 9?

zs. [-44:
J \/t - s4

Jl .  t :

J x\/25x2 l

.J e +e'

--  |  ax

./ l  n cos (tn r)

8. 1 d,=

n. 
f 

csc (,x r) dx

/  coi(3 + lnn)
rz. 

I r ttx

u. 
.f 

x sec (x2 - ax

rc. I#*"+,ro
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Trigonometric Identities
Evaluate each integal in Exercises 43 46 by using trigonometric
identities and substitutions to reduce it to standard form.

t l
43.  /  rsecr F cor rr2,1r 44. I  tcscx -  L^nr l2d\

J.J

45. 
./ 

cscx sin 3rdr

46. 
./ 

(sin 3rc cos 2r - cos3xsin2r)dr

Improper Fractions
Evaluate each integral in Exercises 47 52 by reducing the improper
fraction and using a substitution (ifnecessary) to rcduce it to standard
form.

f - t*2
at.  l " idx 48. l ,  .dt

. l  x  - l

IJ r r ]  f r  4*,  _.7
4e. I  ;  dr  s0.  /  '^  

^drJv2\ ' - l .  . l - t  tY 'J

- .  l4r t - i t l t '  [20)- i02 t i0,^51. I --: -dt 52. I ^^ --- uo
, l  t '  4 . l  2a-)

Separating Fractions
Evaluate each integral in Exercises 53 56 by separating the fraction
and using a substitution (ifnecessary) to reduce it to standard form.

51. I *dr
J V1 -  12

ln l l  .
__ I  I  t  Slnr _
"" '  l

./0 cos-.r

f  -+ t . , / "  r

J 2xYx I
f  l lz  ^

56. I 4dx
Jo l I4x '

18. / (sin vte'" ' '  dr
Jtlz

20. ["'t'!'

22. 
.l ;dx

u. [ rc'z. ao

26. [ 
4d' 

.
J 1+ (2x+ r) '

zs. [' ]L-
Jo \/4 - t '

.n I za*
-" ' I  , \ , \  4t"\

32. [--4:
J r\/ 12 9

34. [-3:
J \/e2:' I

. -  I  lnxdx
JO, t

J x i  4xht 'x

Muttiptying by a Form of 1
Evaluate each integral in Exercises 57 52 by multiplying by a form of
I and using a substitution (ifnecessary) to reduce it to standard form.

Completing the Square
Evaluate each integral in Exercises 37 42 by completing the square
and using a substitution to reduce it to standard form.

51. [  .+-dx
,,/ I r sln jf

ss' 
.l *cii t^"e ae

a. I __La"
J l - sec.:l:

se. [- : a,
, /  |  r  cos.x

eo' 
.l "ne + 

".tedo
62. | ___L dr

,J L CSCJ,-  [ '  8. lx
" ' ' . l t  

- ' -  
2r*2

,r. fo , za,
.12 x ' -  6x + 10

^^tdt

J \/ -t2 + 4t - 3
f ,

4. I _3]:
J (r + l)Vr, + ?r

*. 1
o'. L

d0

v2e - e.

Eliminating Square Roots
Evaluate each integral in Exercises 63-70 by eliminating the square
toot,

t2i f-
._ I  / l  cos.r
oJ' l1/  .

.,/0 v
64. 

Jo 
Yl- cosLr dx(*-}"uF-qx+3
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fn_
65. I  Yl + cos2tdt

l0 _
67. 

.l,.V 
t - cos'0 d0

rnl4 -69. I  \ / l  +tan2ydy

Assorted Integrations

f0-
66. 

.l_,Yr 
+ cos t dt

Evaluate each irltegral in Exercises 71-82 by using any technique you
think is appropriate.

l ' " '  f '  
(secx -  4cos'r)rdr71. 

/ a 
{cscr - cot r) 'd.r ,r. 

J,

73. 
/cosdcscrsingtdg 

u.  
|  

( t  t  - l ) "or ,*  r  Ln, t . t

75. 
. l 

(cscx - sec;r)(sin:r + cosjr) dr

ro. /:.inr' (+ * * r) r*
. l  \2 t

|  6dv
'11 I '" ' I  ' ' j t t+yl

D. l - l+-$.
J ( ,  l )V;r ' -  2r  48

u. 
f 

sec2 t tan (tan t) at a2.

@+ir/qf+ax

I '..'4l+ ,'

Trigonometric Powers
83. a. Evaluate ;f cosl 0 d0.lHint: cos2 0 : I sin2 0.)

b. Evaluate / coss 0 d0.

c. Without actually evaluating the integral, gxplain how you
would evaluate ! "osn 

0 de.

84, a. Evaluate ./ sin3 0 (t0. (Hint: s:r;r2 0 : I cos2 d.)

b. Evaluate/sin50dA.

c. Evaluate I sinl 0d0.

d. Without actually evaluating the integral, explain how you
would evaluate J sinl3 0 d0.

85. a. Express .[ tan3 e de in terms of I 1'j1I 0 d0. Then evaluate

.[ tan3 e do . lHint: tan2 e : sec2 o - l.)

b. Express ./ tan5 a d0 in tems of I tanl 0 d0 .

c. Express ,f tanT g d0 in terms of / tan5 0 dd.

d. Express ,f tan2*+l 0 d0, where ,t is a positive integer, in terms

of J tan2k-t odo.

86. a. Express / coC 0 dd in terms of / cot 0 d0. Then evaluate

I cot3 0 do.(Hil1t: cot20: csc2 o - 1.)

b, Express ;l cot5 0 dd in terms of ./ cotr d dd.

c. Express ,f cotT d dg in terms of ./ cot5 d d0.

d. Express J cot2k* | 0 de , where fr is a positive integer, in tems

of f cot2k todo.

Theory and Examples
87. Area Find the area of the region bounded above by y : 2 cos x

and below by 1 : secx.-rf4 = x < 1rl4.

88. Area Find the area of the "triangular" region that is bounded

from above and below by the curves / : csc:r and I : sin-r,

rf6 = x = ,r/2, and on the left by rtLe lir,e x : rf 6.

89. Volume Find the volume of the solid generated by revolving the

regron in F\ercise 87 about the.r-axis.

90. Volume Find the volune of the solid generated by revolving the

region in Exercise 88 about the r-axts.

91. Arc length Find the length of the
0 = x < nf  3.

92. Arc length Find the length of the
0 < x = nl4.

93. Centroid Find the centroid of the region bounded by the .i{-axis,

the curve Ji : secx, and the lines x : zt/4,x: r/4.

94. Centroid Find the cenhoid ofthe region that is bounded by the

i{-axis, the cuNe I : cscr, and the lines x : 116, x : 5ztl6

95. The integral of csc x Repeat the derivation in Example 7, usmg

cofirnctions, to show that

/ 
".""d*: 

ln csc.;{ + cotjr l  + C.
.t

96. Using different substitutions Show that the integral

I
I  (6'  l )( t  + l))- ' : l3 dr

,]

can be evaluated with any ofthe following substitutions.

a. u:  l l$ + t )
u.  r  :  ( ( r  -  1) / (x + 1))r for i  :  1, t12,113,-r /3,-2/3,

and - l

d. a: tan-l \4

What is the value of the integtal? (Source: "Problems and Solu-

tionlsl' College Mathematics JournaLVol21, No. 5 (Nov. 1990),

pp. 42s426.)

I " -
68. / Vl - srn'9d9

fu.
70. I Vsec2y ldy

curve ), : ln (cos:r),

curve l: ln (sect),

I
I

"t/q* 
|

d\

e.  ,  :  tan r((r  I )12)

g,  r :  cosh ' t


