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Geometrical meaning of partial derivatives

Remark: f(xo, y0) is the slope of the line tangent to the graph of
f(x,y) containing the point (xo,yg, f(xo,yo)) and belonging to a

plane parallel to the zx-plane.
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Remark: f,(xo, y0) is the slope of the line tangent to the graph of
f(x,y) containing the point (xo, yo, f(x0, y0)) and belonging to a

plane parallel to the zy-plane.
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The derivative of a function is a new function

Example
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Find the partial derivatives of f(x,y) = XX+ 2;
Solution:
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The derivative of a function is a new function

Example
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Solution:
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Example
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Find the partial derivatives of f(x,y) = X2y
Solution:

2(x+2y)—(2x—y) 5y
fx ) = fx ) = .
N e A 0
(—1)(x +2y) — (2x — y)(2) 5x
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The derivative of a function is a new function

Recall: The derivative of a function f : R — R is itself a function.

Example
The derivative of function f(x) = x? at an arbitrary point x is the
function f'(x) = 2x.

y y

y =2x

Remark: The same statement is true for partial derivatives.
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The partial derivatives of a function are new functions

Remark: The partial derivatives of a paraboloid are planes.
Example
Find the functions partial derivatives of f(x,y) = x? + y2.

Solution:
f(x,y)=2x+0 = flx,y)=2x
f(x,y)=0+2y = f,(x,y)=2y.

Remark: The partial derivatives of a paraboloid are planes. N
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Example
Find the partial derivatives of f(x,y) = x2In(y).

Solution:

Example
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Find the partial derivatives of f(x,y) = x? + yZ
Solution:
fx(X> .y) = 2x,



The partial derivatives of a function are new functions

Example
Find the partial derivatives of f(x,y) = x2In(y).

Solution:

Example
2

Find the partial derivatives of f(x,y) = x? + yZ

Solution:

flxy)=2x  flxy) =3
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Remark: Higher derivatives of a function are partial derivatives of
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Higher-order partial derivatives

Remark: Higher derivatives of a function are partial derivatives of
its partial derivatives. The second partial derivatives of f(x,y) are:

1
f(X,y) = lim = [f(x + h,y) — f(x, ¥)],
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Higher-order partial derivatives

Remark: Higher derivatives of a function are partial derivatives of
its partial derivatives. The second partial derivatives of f(x,y) are:

1
f(X,y) = lim = [f(x + h,y) — f(x, ¥)],

1
fyy(X»Y):/IT' E[fy(xdf‘“h)_fy(xd/)]a
1
fy(x,y) = Jim = [f(x,y + h) = £(x, )],
1
fyX(X7Y):I|7| E[fy(x+haY)_f;/(X7Y)]‘
2 2
Notation: f, o°f Oxxf, and f, o°f Oxy f.



Higher-order partial derivatives.

Example

Find all second order derivatives of the function
f(x,y) = x3e¥ +3y.



Higher-order partial derivatives.

Example
Find all second order derivatives of the function
f(x,y) = x3e¥ +3y.

Solution:

f(x,y) = 3X2€2y,



Higher-order partial derivatives.

Example
Find all second order derivatives of the function
f(x,y) = x3e¥ +3y.

Solution:

fx,y) =32, fi(x,y) =2 +3.



Higher-order partial derivatives.

Example
Find all second order derivatives of the function
f(x,y) = x3e¥ +3y.

Solution:

fx,y) =32, fi(x,y) =2 +3.

&X(va) = 6X€2y,
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Example
Find all second order derivatives of the function
f(x,y) = x3e¥ +3y.

Solution:

fx,y) =32, fi(x,y) =2 +3.

fix(x,y) = 6xe2y, f(x,y) = 4x3e%Y



Higher-order partial derivatives.

Example
Find all second order derivatives of the function
f(x,y) = x3e¥ +3y.

Solution:

fx,y) =32, fi(x,y) =2 +3.

fix(x,y) = 6xe2y, f(x,y) = 4x3e%Y

fo = 6x%e?



Higher-order partial derivatives.

Example
Find all second order derivatives of the function
f(x,y) = x3e¥ +3y.

Solution:

fx,y) =32, fi(x,y) =2 +3.

fix(x,y) = 6xe2y, f(x,y) = 4x3e%Y

fy = 6x2e?, fx = 6x2e%.
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The Mixed Derivative Theorem

Remark: Higher-order partial derivatives sometimes commute.

Theorem
If the partial derivatives f,, f,, f,, and f, of a function
f: D c R?— R exist and all are continuous functions, then holds

fxy - f;/X'

Example
Find £, and f,, for f(x,y) = cos(xy).

Solution:

fx = —ysin(xy), fy = —sin(xy) — yx cos(xy).



The Mixed Derivative Theorem

Remark: Higher-order partial derivatives sometimes commute.

Theorem
If the partial derivatives f,, f,, f,, and f, of a function
f: D c R?— R exist and all are continuous functions, then holds

fxy - f;/X'

Example
Find £, and f,, for f(x,y) = cos(xy).

Solution:

fx = —ysin(xy), fy = —sin(xy) — yx cos(xy).

f;’ ==X Sin(Xy)’



The Mixed Derivative Theorem

Remark: Higher-order partial derivatives sometimes commute.

Theorem
If the partial derivatives f,, f,, f,, and f, of a function
f: D c R?— R exist and all are continuous functions, then holds

oy = fyx-

Example
Find £, and f,, for f(x,y) = cos(xy).

Solution:
fx = —ysin(xy), fy = —sin(xy) — yx cos(xy).

f, = —xsin(xy), fyx = —sin(xy) — xy cos(xy). <
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Remark: Implicit differentiation rules for partial derivatives are
similar to those for functions of one variable.
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Examples of implicit partial differentiation

Remark: Implicit differentiation rules for partial derivatives are
similar to those for functions of one variable.

Example
Find Oxz(x, y) of the function z defined implicitly by the equation
xyz + €?%/Y 4 cos(z) = 0.

Solution: Compute the x-derivative on both sides of the equation,
yz + xy (0xz) + )2/ (Dyz)e??/Y — (Dxz) sin(z) = 0.
Compute Oxz as a function of x, y and z(x,y), as follows,
(0x2) [xy + )2/ e¥ly — sin(z)] = —yz.

yz

We obtain: (dyz) = — '
e obtain: (0xz) [Xy_,_%eh/Y—Sin(z)]
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xyz + e%/Y 4 cos(z) = 0.

Solution: Compute the y-derivative on both sides of the equation,
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Examples of implicit partial differentiation

Remark: Implicit differentiation rules for partial derivatives are
similar to those for functions of one variable.

Example
Find 0, z(x,y) of the function z defined implicitly by the equation
xyz + e%/Y 4 cos(z) = 0.

Solution: Compute the y-derivative on both sides of the equation,
2 _2 2z/y _ - -
xz 4+ xy (0yz) + " (0y2) % z)e (0yz) sin(z) = 0.
Compute 0,z as a function of x, y and z(x, y), as follows,
2 2
(Oyz)[xy + = ey — sin(z)] = —xz + = 5 Z ey,
y y?

_ [t fzel]
We obtain: (ayz) = [Xy+ e22/y S|n(z)}. -
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Partial derivatives of f : D C R" — R

Definition
The partial derivative with respect to x; at a point
(x1,---,xn) € D of a function f : D C R” — R, with n € N and

i=1,---,n, is given by

o1
fX":llanZ[f(Xl"” s Xi+h, - 7Xn)_f(X17'” 7X”)]'

Remark: To compute f,, derivate f with respect to x; keeping all
other variables x; constant.

of
8X,"

Notation: f, f;, Ox;f O;f.
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Example
Compute all first partial derivatives of the function

¢(X7y’z) = 1
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Solution:

1 2x X

x — — = = x — — .
) 2 (52 +y2 + 22)32 ¢ (2 +y2 1 2)372



Partial derivatives of f : D C R" — R

Example

Compute all first partial derivatives of the function
1

o(x,y,2) = —F———.
( ) /X2+y2+22
Solution:

1 2x S g = X
2 (Xz + y2 4+ z2)3/2 X (X2 + y2 4 z2)3/2°

¢X:_

Analogously, the other partial derivatives are given by

y
X2 +y2 +Z2)3/2’

st:*(
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Example

Compute all first partial derivatives of the function
1

o(x,y,2) = —F———.
( ) /X2+_)/2+Z2
Solution:

1 2x S g = X
2 (Xz + y2 4+ z2)3/2 x (Xz + y2 4 z2)3/2°

¢X:_

Analogously, the other partial derivatives are given by

by =3 0z = ;
y = (x2 + y2 4 z2)3/2° Z (Xz + y2 + z2)3/2°
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Verify that ¢(x,y,z) = satisfies the Laplace

1
/ x2 +y2 +Z2
equation: ¢x + @y, + ¢ = 0.
Solution: Recall: ¢ = —x/(x2 + y? + z2)3/2. Then,
b = 1 L3 2x?
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1 3x°
Denote r = \/x2 4 y2 + 72, then ¢, = 5+ X7
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1
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Example

Verify that ¢(x,y,z) = satisfies the Laplace

1
/X2+y2+22

equation: ¢x + @y, + ¢ = 0.
Solution: Recall: ¢ = —x/(x2 + y? + z2)3/2. Then,

brx = 1 n 3 2x2
T (x2+y2+z2)3/2 2 (Xz + y2 4 z2)5/2°
1 3x?
Denote r = \/x? + y2 + 22, then ¢ = —— + LS
r r

1 3y? 1 3z
Analogously, 6, = — 5 + % and 6., = —— + 725 Then,

3 3(x°4y*+2°
¢Xx+¢yy+¢zz:_ﬁ+ ( )

rd



Partial derivatives of f : D C R" — R
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Verify that ¢(x,y,z) = satisfies the Laplace

1
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equation: ¢x + @y, + ¢ = 0.

Solution: Recall: ¢ = —x/(x2 + y? + z2)3/2. Then,

brx = 1 n 3 2x2
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Partial derivatives of f : D C R" — R

Example

Verify that ¢(x,y,z) = satisfies the Laplace

1
/X2+y2+22

equation: ¢x + @y, + ¢ = 0.
Solution: Recall: ¢ = —x/(x2 + y? + z2)3/2. Then,

brx = 1 n 3 2x2
T (x2+y2+z2)3/2 2 (Xz + y2 4 z2)5/2°
1 3x?
Denote r = \/x? + y2 + 22, then ¢ = —— + LS
r r

1 3y? 1 3z
Analogously, 6, = — 5 + % and 6., = —— + 725 Then,

¢xx+¢yy+¢zz:_ﬁ+ :_ﬁ_._

We conclude that ¢ + ¢,y + ¢ = 0.
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Partial derivatives and continuity

Recall: The following result holds for single variable functions.

Theorem
If the function f : R — R is differentiable, then f is continuous.

Proof:

F(x+h) — f(x)} h

/Lil)no[f(x +h) = F(x)] = iliﬂqo h

)llno[f(x + h) — f(x)] = f'(x) fl)igwo h=0.

That is, limp_o f(x + h) = f(x), so f is continuous.

Remark: However, the claim “If f(x,y) and f,(x, y) exist, then
f(x,y) is continuous” is false.
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Partial derivatives and continuity

Theorem
If the function f : R — R is differentiable, then f is continuous.

Remark:

» This Theorem is not true for
the partial derivatives of a ’
function f : RZ — R. HOO=100 =0, ()

» There exist functions
f : R? — R such that

f(x0, Yo0) and f,(xo, yo) exist
but f is not continuous at

(x0, y0)-

Remark: This is a bad property for a differentiable function.
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Remark: Here is another discontinuous function at (0,0) having
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Example

(a) Show that f is not

continuous at (0, 0); 2 (x,y) #(0,0),
i f(va) = x? + y2
(b) Find £(0,0) and 0 00
f,(0,0), where (x,y) = (0,0).

Solution: (a) Along x =0, f(0,y) =0, so |im0 f(0,y) =0.
y—)

2

Along the path x =y, f(x,x) = =1,s0 lim f(x,x) = 1.

x—0

2x2

The Two-Path Theorem implies that ~ lim  f(x,y) DNE.
(x.y)—(0,0)
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Partial derivatives and continuity
Example

(a) Show that f is not 2y

continuous at (0, 0); ——— (x,y) # (0,0),
(b) Find £,(0,0) and floy) = {gz 2 oo
f,(0,0), where (x.y) = (0,0).
Solution: Recall: lim  f(x,y) DNE.
(x.y)—(0,0)
(b) The partial derivatives are defined at (0, 0).

1 1

£(0,0) = lim — [£(0+ h,0) = £(0,0)] = lim > [0—0] =0.
1 1

£,(0,0) = lim —[£(0,0+ h) — £(0,0)] = lim = [0~ 0] =0.



Partial derivatives and continuity
Example

(a) Show that f is not 5
continuous at (0, 0); Y (x,y) # (0,0),
: flx,y)=q X2+
(b) Find £(0,0) and 0 (0.0
f,(0,0), where (x,y) = (0,0).
Solution: Recall: lim  f(x,y) DNE.
(x.y)—(0,0)
(b) The partial derivatives are defined at (0, 0).

1 1
£(0,0) = lim — [£(0+ h,0) = £(0,0)] = lim > [0—0] =0.
1 1
£,(0,0) = lim —[£(0,0+ h) — £(0,0)] = lim = [0~ 0] =0.

Therefore, £,(0,0) = £,(0,0) = 0. <
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Differentiable functions f : D ¢ R? — R
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Differentiable functions f : D ¢ R? — R

Recall: A differentiable z L  Linethat
function f : R — R at xp ??Srg?xn:,étes
must be approximated by

a line L(x) by (xo, f(x0))
with slope '(xp).

f(x)

Xo X

The equation of the tangent line is
L(x) = f'(x0) (x = x0) + f(x0)-
The function f is approximated by the line L near xp means
f(x) = L(x)+e1(x —xp) with e1(x) — 0 as x — xp.

Remark: The graph of a differentiable function f : D C R — R is
approximated by a line at every point in D.
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Differentiable functions f : D ¢ R? — R

Remark: The idea to define differentiable functions:
The graph of a differentiable function f : D ¢ R? — R is
approximated by a plane at every point in D.

z 7 L(xy)

L(x) Plane that Plane that does not i fxy)
approximates approximate f(x,y) y
f(xy) at (xoy,) near (0,0). P /(

Function f is differentiable at (x ,y ). (And in its whole domain.) X Function fis notdiffe}émiable ONLY at (0,0).
We will show next week that the equation of the plane L is

L(x,y) = f(x0, 0) (x — x0) + f,(x0, 0) (¥ — y0) + f(x0, y0)-



Differentiable functions f : D ¢ R? — R

Definition
Given a function f : D C R? — R and an interior point (xg, yo) in
D, let L be the linear function

L(x,y) = f(x0, 0) (x — x0) + £, (X0, ¥0) (¥ — ¥0) + f(x0, Y0)-

The function f is called differentiable at (xo, yo) iff the function f
is approximated by the linear function L near (xo, yo), that is,

f(x,y) = L(x,y) + €1 (x — x0) + €2 (y — y0)

where the functions €1 and e; — 0 as (x,y) — (X0, Y0)-
The function f is differentiable iff f is differentiable at every
interior point of D.



Differentiable functions f : D ¢ R? — R

Remark: Recalling the linear function L given above,

L(x,y) = f(x0, y0) (x — x0) + f,(x0, ¥0) (¥ — ¥0) + f (0, Y0);
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Differentiable functions f : D C R? — R
Remark: Recalling the linear function L given above,
L(x,y) = £(x0, y0) (x = x0) + £, (x0, ¥0) (¥ — y0) + f(x0, y0),
an equivalent expression for f being differentiable,
f(x,y) = L(x,y) + &1 (x — x0) + €2 (¥ — y0),

is the following: Denote z = f(x,y) and zy = f(xo, o), and
introduce the increments

Az = (Z - 20)7 Ay = (y - YO)v Ax = (X - XO);
then, the equation above is
Az = fi(x0, Y0) Ax + fy(x0, Yo) Ay +e1 Ax + €2 Ay.

(Equation used in the textbook to define a differentiable function.)



Partial derivatives and differentiability (Sect. 14.3)

» Partial derivatives and continuity.
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» A primer on differential equations.
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Differentiability and continuity

Remark: We will show in

Sect. 14.6 that the graph of a
differentiable function

f: D C R? — R is approximated
by a plane at every point in D.

L(x.y) Plane that
approximates
flxy) at(xqy,)

Function f is differentiable at (x oy o). (And in its whole domain.)

Theorem
If a function f - D C R2 — R is differentiable, then f is continuous.

Remark: A simple sufficient condition on a function
f : D C R?> — R guarantees that f is differentiable.

Theorem
If the partial derivatives f, and f, of a function f : D C R? — R are
continuous in an open region R C D, then f is differentiable in R.
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Remark: A differential equation is an equation where the unknown
is a function and the function together with its derivatives appear
in the equation.

Example
Given a constant k € R, find all solutions f : R — R to the

differential equation
f'(x) = k f(x).

Solution: Multiply by e~** the equation above f’(x) — kf(x) = 0.
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The left-hand side is a total derivative, [f(x) e*kx]/ =0.

The solution of the equation above is f(x)e™* = ¢, with ¢ € R.



A primer on differential equations

Remark: A differential equation is an equation where the unknown
is a function and the function together with its derivatives appear
in the equation.

Example

Given a constant k € R, find all solutions f : R — R to the

differential equation
f'(x) = k f(x).

Solution: Multiply by e~** the equation above f’(x) — kf(x) = 0.
The result is f/(x) e — f(x) ke " = 0.

The left-hand side is a total derivative, [f(x) e*kx]/ =0.

The solution of the equation above is f(x)e™* = ¢, with ¢ € R.

Therefore, f(x) = c e, <
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A primer on differential equations

Remark: Often in physical applications appear three differential
equations for functions f : D C R" — R, with n=2,3,4.

» The Laplace equation: (Gravitation, electrostatics.)
fox + 1y + 1 = 0.
» The Heat equation: (Heat propagation, diffusion.)
fo =k (foc + fyy + fzz).
» The Wave equation: (Light, sound, gravitation.)

fre = V(ﬁ(x+ ﬂ/y‘i‘fzz)-
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one-space dimensional heat equation T; = Tyy.
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A primer on differential equations

Example
Verify that the function T(t,x) = e *sin(2x) satisfies the
one-space dimensional heat equation T; = Tyy.

Solution: We first compute Ty,
T; = —4e "sin(2x).
Now compute Ty,

T =2e tcos(2x) = T = —4e 'sin(2x)



A primer on differential equations

Example
Verify that the function T(t,x) = e *sin(2x) satisfies the
one-space dimensional heat equation T; = Tyy.

Solution: We first compute Ty,
T; = —4e "sin(2x).
Now compute Ty,

T =2e tcos(2x) = T = —4e 'sin(2x)

We conclude that T; = T,.
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Example
1

/X2+y2+22

equation : f + f,, + f; = 0.

Verify that f(x,y,z) = satisfies the Laplace

X
(X2 +y2 _1_22)3/2'
1 L3 2x2
(X2 +y2+z2)3/2 2 (X2+y2+22)5/2-

Denote r = \/x2 + y2 + 72,

Solution: Recall: f, = — Then,

ﬁ(x:_



A primer on differential equations

Example
1

/X2+y2+22

equation : f + f,, + f; = 0.

Verify that f(x,y,z) = satisfies the Laplace

Solution: Recall: f, = — (X2 +y2x+ 22)3/2, Then,

£ 1 L3 2x2

XX (X2 +y2 n Z2)3/2 2 (X2 +y2 + 22)5/2'
1 3x?

Denote r = \/)m then fiy = -=+
r

e



A primer on differential equations

Example
1

/X2+y2+22

equation : f + f,, + f; = 0.

Verify that f(x,y,z) = satisfies the Laplace

X
(X2 +y2 + 22)3/2°
1 3 2x?
(x2 + y2 + 22)3/2 T 2 (x2 4 y2 + 22)5/2°
1, 3x2

Denote r = \/)m then fo, = — = + —
r

1 3y 1 322

Analogously, f,, = 3 + 5 and f,, = 3 + 5

Then,

Solution: Recall: f, = —

ﬁ(x:_
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Example
1

/X2+y2+22

equation : f + f,, + f; = 0.

Verify that f(x,y,z) = satisfies the Laplace

X
(X2 +y2 + 22)3/2°
1 3 2x
(x2 + y2 + 22)3/2 T (x2 4 y2 + 22)5/2°
1 3%

Denote r = \/)m then fiy = -+ =
r r

1 3y? 1 322

Ana|0g0us|y, fyy = —ﬁ + r75, and fzz = —ﬁ + rT Then,

Then,

Solution: Recall: f, = —

ﬁ(x:_

3 30P+y*+2
m+%+@——ﬁ+(x yhe)

r5
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Example
1

/X2+y2+22

equation : f + f,, + f; = 0.

Verify that f(x,y,z) = satisfies the Laplace

X
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1 3 2x
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1 3%

Denote r = \/)m then fiy = -+ =
r r

1 3y? 1 322

Ana|0g0us|y, fyy = —ﬁ + r75, and fzz = —ﬁ + rT Then,

Then,

Solution: Recall: f, = —

ﬁ(x:_

3 3(x%+y*+2° 3 32
&X‘Ff;/y—i-fz:—ﬁ—i- (X 4 Z): + r

r3 ro
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Example
1

/X2+y2+22

equation : f + f,, + f; = 0.

Verify that f(x,y,z) = satisfies the Laplace

X
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A primer on differential equations

Example
1

/X2+y2+22

equation : f + f,, + f; = 0.

Verify that f(x,y,z) = satisfies the Laplace

X
(X2 +y2 + 22)3/2°
1 3 2x
(x2 + y2 + 22)3/2 T (x2 4 y2 + 22)5/2°
1 3%

Denote r = \/)m then fiy = -+ =
r r

1 3y? 1 322

Ana|0g0us|y, fyy = —ﬁ + r75, and fzz = —ﬁ + rT Then,

Then,

Solution: Recall: f, = —

ﬁ(x:_

3 32 2 2 3 32
+(X+y+z): L3

&x"‘ﬂ/y‘i‘fz:_ﬁ =0.

r3 ro

r5

We conclude that £ + f,, + £, = 0.
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Solution: We first compute fy,
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A primer on differential equations

Example
Verify that the function f(t,x) = (vt — x)3, with v € R, satisfies
the one-space dimensional wave equation fir = v2fy.

Solution: We first compute fy,
fo=3v(vt —x)> = fi =6v>(vt — x).
Now compute fix,

fo=—3(vt —x)?> = fio =6(vt —x).

Since v2f, = 6v? (vt — x), then fyy = V2 fiy. <
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Example

Given any v € R and any twice continuously differentiable function
u:R — R, verify that f(t,x) = u(vt — x), satisfies the one-space
dimensional wave equation fi = v2fi.

Solution: We first compute fy,

fi=vi(vt—x) = fu=v2d"(vt —x).
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Example

Given any v € R and any twice continuously differentiable function
u:R — R, verify that f(t,x) = u(vt — x), satisfies the one-space
dimensional wave equation fi = v2fi.

Solution: We first compute fy,
fi=vi(vt—x) = fu=v2d"(vt —x).
Now compute fix,

f = —u'(vt — x)?



A primer on differential equations

Example

Given any v € R and any twice continuously differentiable function
u:R — R, verify that f(t,x) = u(vt — x), satisfies the one-space
dimensional wave equation fi = v2fi.

Solution: We first compute fy,
fi=vi(vt—x) = fu=v2d"(vt —x).
Now compute fix,

fo = —u'(vt —x)2 = fuo = u"(vt — x).



A primer on differential equations

Example

Given any v € R and any twice continuously differentiable function
u:R — R, verify that f(t,x) = u(vt — x), satisfies the one-space
dimensional wave equation fi = v2fi.

Solution: We first compute f,

fi=vid(vt—x) = fu= V2 u" (vt — x).
Now compute fix,

fo = —u'(vt — x)2 = fuo = u"(vt — x).

Since V2fx = v2u' (vt — x),



A primer on differential equations

Example

Given any v € R and any twice continuously differentiable function
u:R — R, verify that f(t,x) = u(vt — x), satisfies the one-space
dimensional wave equation fi = v2fi.

Solution: We first compute f,

fi=vid(vt—x) = fu= V2 u" (vt — x).
Now compute fix,

fo = —u'(vt — x)2 = fuo = u"(vt — x).

Since v2f, = v2u' (vt — x), then fir = V2. <



Chain rule for functions of 2, 3 variables (Sect. 14.4)

» Review: Chain rule for f : D C R — R.
» Chain rule for change of coordinates in a line.

» Functions of two variables, f : D ¢ R? — R.
» Chain rule for functions defined on a curve in a plane.
» Chain rule for change of coordinates in a plane.

» Functions of three variables, f : D ¢ R? — R.

» Chain rule for functions defined on a curve in space.
» Chain rule for functions defined on surfaces in space.
» Chain rule for change of coordinates in space.

» A formula for implicit differentiation.
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Chain rule for change of coordinates in a line.



Review: The chainruleforf : D C R — R

Chain rule for change of coordinates in a line.

Theorem

If the functions f : [xo,x1] — R and x : [to, t1] — [x0, x1] are
differentiable, then the function ¥ : [to, t1] — R given by the
composition f(t) = f(x(t)) is differentiable and

df df dx
E(t) = &(X(t)) E(t)'
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Review: The chainruleforf : D C R — R

Chain rule for change of coordinates in a line.

Theorem

If the functions f : [xo,x1] — R and x : [to, t1] — [x0, x1] are
differentiable, then the function ¥ : [to, t1] — R given by the
composition f(t) = f(x(t)) is differentiable and

df df dx
—(t) = —(x(¢t)) —(¢).
gt (0= g (x(0) 7 (®
Notation: R
Th tion above i Ily writt df _ df dx
e equa IOoNn above IS usua y Written as dt = dX dt.

Alternative notations are f/(t) = f'(x(t)) x'(t)



Review: The chainruleforf : D C R — R

Chain rule for change of coordinates in a line.

Theorem

If the functions f : [xo,x1] — R and x : [to, t1] — [x0, x1] are
differentiable, then the function ¥ : [to, t1] — R given by the
composition f(t) = f(x(t)) is differentiable and

df df dx
—(t) = —(x(¢t)) —(¢).
gt (0= g (x(0) 7 (®
Notation: R
Th tion above i Ily writt df _ df dx
e equa IOoNn above IS usua y Written as dt = dX dt.

Alternative notations are #/(t) = f'(x(t)) x'(t) and ¥/ = f' x’.



Review: The chainruleforf : D C R — R

Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).
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Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).

Solution: Use the chain rule to derivate V(C) = V(F(C)),
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Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).

Solution: Use the chain rule to derivate V(C) = V(F(C)),

V'(C)



Review: The chainruleforf : D C R — R

Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).

Solution: Use the chain rule to derivate V(C) = V(F(C)),

V(€)= V'(F)F



Review: The chainruleforf : D C R — R

Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).

Solution: Use the chain rule to derivate V(C) = V(F(C)),

V'(C)=V/(F)F =2kFF'
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Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).

Solution: Use the chain rule to derivate V(C) = V(F(C)),
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Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).

Solution: Use the chain rule to derivate V(C) = V(F(C)),

, , 9 9
V()= V/(F )F_2kFF_2k(gC+32>g.
18k

We conclude that V/(C) = =

( C+32). 4
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Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).

Solution: Use the chain rule to derivate V(C) = V(F(C)),
V()= V/(F )F’_2kFF’_2k(gC+32>§.

18k (

We conclude that V/(C) = C+ 32) <

N 2
Remark: One could first compute V(C) = k (5 C+ 32) + W



Review: The chainruleforf : D C R — R

Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).

Solution: Use the chain rule to derivate V(C) = V(F(C)),
V()= V/(F )F’_2kFF’_2k(gC+32>§.

18k (

We conclude that V/(C) = C+ 32) <

N 2
Remark: One could first compute V(C) = k (5 C+ 32) + W

and then find the derivative



Review: The chainruleforf : D C R — R

Chain rule for change of coordinates in a line.

Example

The volume V of a gas balloon depends on the temperature F in
Fahrenheit as V(F) = k F? + V. Let F(C) = (9/5)C + 32 be the
temperature in Fahrenheit corresponding to C in Celsius. Find the
rate of change V/(C).

Solution: Use the chain rule to derivate V(C) = V(F(C)),

V'(c)=V'(F )F’_2kFF’_2k(gC+32>§.

18/(
We conclude that V/(C) = (

C+32). <
N 2

Remark: One could first compute V(C) = k (5 C+ 32) + W

9

: TS 9
and then find the derivative V'(C) = 2k <§ C+ 32) 5
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» Review: Chain rule for f : D C R — R.
» Chain rule for change of coordinates in a line.

» Functions of two variables, f : D ¢ R> — R.
» Chain rule for functions defined on a curve in a plane.
» Chain rule for change of coordinates in a plane.

» Functions of three variables, f : D ¢ R3 — R.

» Chain rule for functions defined on a curve in space.
» Chain rule for functions defined on surfaces in space.
» Chain rule for change of coordinates in space.

» A formula for implicit differentiation.
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The chain rule for functions defined on a curve in a plane.



Functions of two variables, f : D C R? = R

The chain rule for functions defined on a curve in a plane.

Theorem
If the functions f : D C R?2 - R andr:R — D C R? are
differentiable, with r(t) = (x(t), y(t)), then the function

A A

f : R — R given by the composition f(t) = f(r(t)) is
differentiable and holds

df of dx of dy
E(t) = g(r(f)) E(t) + @(r(t)) E(t)‘



Functions of two variables, f : D C R? = R

The chain rule for functions defined on a curve in a plane.

Theorem

If the functions f : D C R> - R andr:R — D C R? are
differentiable, with r(t) = (x(t), y(t)), then the function
f : R — R given by the composition f(t) = f(r(t)) is
differentiable and holds

df of dx of

E(t) 8x( r(t)) E(tﬂ‘@ r

Notation:

df Of dx  Of d
The equation above is usually written as — X 4

dt — Ox dt +ay dt’



Functions of two variables, f : D C R? = R

The chain rule for functions defined on a curve in a plane.

Theorem

If the functions f : D C R> =R andr:R — D C R? are
differentiable, with r(t) = (x(t), y(t)), then the function
f : R — R given by the composition f(t) = f(r(t)) is
differentiable and holds

df of dx of

E(t) 8x( r(t)) E(tﬂ‘ ay r

Notation:

df Of dx  Of d
The equation above is usually written as — X 4

dt — Ox dt +6y dt’

An alternative notation is f/ = f x' + fy'.



Functions of two variables, f : D C R? — R.

The chain rule for functions defined on a curve in a plane.
Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).
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The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of f(t) = f(r(t))



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of f(t) = f(r(t)) = f(x(t), y(t)).



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of 7(t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute f(t) = f(r(t)).



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of (t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute 7(t) = f(r(t)). Instead, the chain rule implies

F'(t)
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The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of 7(t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute f(t) = f(r(t)). Instead, the chain rule implies



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of (t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute 7(t) = f(r(t)). Instead, the chain rule implies

FI(t) = f(r) < + £,(r)y' = 2xx' +



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of (t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute 7(t) = f(r(t)). Instead, the chain rule implies

Fi(t) = F(r) X' + £,(r) y' = 2xx' +6y2y.



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of 7(t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute f(t) = f(r(t)). Instead, the chain rule implies

Fi(t) = F(r) X' + £,(r) y' = 2xx' +6y2y.

Since x(t) = sin(t)



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of 7(t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute f(t) = f(r(t)). Instead, the chain rule implies

Fi(t) = F(r) X' + £,(r) y' = 2xx' +6y2y.

Since x(t) = sin(t) and y(t) = cos(2t),



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of 7(t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute f(t) = f(r(t)). Instead, the chain rule implies

Fi(t) = F(r) X' + £,(r) y' = 2xx' +6y2y.
Since x(t) = sin(t) and y(t) = cos(2t),

F'(t) = 2sin(t) cos(t) +



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of 7(t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute f(t) = f(r(t)). Instead, the chain rule implies

Fi(t) = F(r) X' + £,(r) y' = 2xx' +6y2y.
Since x(t) = sin(t) and y(t) = cos(2t),

F/(t) = 2sin(t) cos(t) + 6 cos?(2t) [~2sin(2t)].



Functions of two variables, f : D C R? — R.
The chain rule for functions defined on a curve in a plane.

Example

Find the rate of change of the function f(x,y) = x? 4 2y3, along
the curve r(t) = (x(t), y(t)) = (sin(t), cos(2t)).

Solution: The rate of change of f along the curve r(t) is the
derivative of f(t) = f(r(t)) = f(x(t), y(t)). We do not need to
compute f(t) = f(r(t)). Instead, the chain rule implies
Fi(t) = F(r) X' + £,(r) y' = 2xx' +6y2y.
Since x(t) = sin(t) and y(t) = cos(2t),
F/(t) = 2sin(t) cos(t) + 6 cos?(2t) [~2sin(2t)].

The result is 7(t) = 2sin(t) cos(t) — 12 cos?(2t) sin(2t). <



Functions of two variables, f : D C R? = R

The chain rule for change of coordinates in a plane.



Functions of two variables, f : D C R? = R

The chain rule for change of coordinates in a plane.

Theorem

If the functions f : R? — R and the change of coordinate functions
x,y : R? — R are differentiable, with x(t,s) and y(t,s), then the
function f : R2 — R given by the composition

F(t,s) = f(x(t,s),y(t,s)) is differentiable and holds

?t: fe xe + 1y vt
?s: f><Xs+nyS-



Functions of two variables, f : D C R? = R

The chain rule for change of coordinates in a plane.

Theorem

If the functions f : R? — R and the change of coordinate functions
x,y : R? — R are differentiable, with x(t,s) and y(t,s), then the
function f : R2 — R given by the composition

F(t,s) = f(x(t,s),y(t,s)) is differentiable and holds

?t = fixe + 1ty v
?s = fixs + fy}’s-
Remark: We denote by f(x, y) the function values in the

coordinates (x, y), while we denote by f(t, s) are the function
values in the coordinates (t,s).



Functions of two variables, f : D C R? = R

The chain rule for change of coordinates in a plane.
Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example
Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is

x(r,0) = rcos(0), y(r,0) = rsin(0).



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).
The chain rule says f, = £ x, + fy yr



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).
The chain rule says fo=fox + fy, yr and fp = fxg+ fy Yo,



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).
The chain rule says lA‘, = fux, +f, y, and 7"9 = fyxp + 1, yp, hence

A

f



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).
The chain rule says lA‘, = fux, +f, y, and 7"9 = fyxp + 1, yp, hence

f, = 2x cos(0) +



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).
The chain rule says lA‘, = fux, +f, y, and 7"9 = fyxp + 1, yp, hence

f, = 2x cos(f) + 6y sin(h)



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).
The chain rule says lA‘, = fux, +f, y, and 7"9 = fyxp + 1, yp, hence

f, = 2xcos(f) 4 6y sin(f) = F, = 2r cos?(0) + 6rsin®(0).



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).
The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).
The chain rule says f, = f, x, + f, y, and fy = f. xg + f, yp, hence
f, = 2xcos(f) 4 6y sin(f) = F, = 2r cos?(0) + 6rsin®(0).
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fo



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).
The chain rule says lA‘, = fux, +f, y, and 7"9 = fyxp + 1, yp, hence

f, = 2xcos(f) 4 6y sin(f) = F, = 2r cos?(0) + 6rsin®(0).

fg = —2xrsin(0) +



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,8) = f(x(r,0), y(r,0)).
The chain rule says lA‘, = fux, +f, y, and 7"9 = fyxp + 1, yp, hence

f, = 2xcos(f) 4 6y sin(f) = F, = 2r cos?(0) + 6rsin®(0).

fy = —2xrsin(0) + 6yr cos(f),



Functions of two variables, f : D C R? = R
The chain rule for change of coordinates in a plane.

Example

Given the function f(x,y) = x? + 3y?, in Cartesian coordinates
(x,y), find the derivatives of f in polar coordinates (r, ).

Solution: The relation between Cartesian and polar coordinates is
x(r,0) = rcos(0), y(r,0) = rsin(0).

The function f in polar coordinates is f(r,0) = f(x(r,0), y(r,0)).
The chain rule says lA‘, = fux, +f, y, and 7"9 = fyxp + 1, yp, hence

f, = 2xcos(f) 4 6y sin(f) = F, = 2r cos?(0) + 6rsin®(0).
fy = —2xrsin(0) + 6yr cos(f),

A

fg = —2r? cos(0) sin(6) + 6r> cos(6) sin(6). <



Chain rule for functions of 2, 3 variables (Sect. 14.4)

» Review: Chain rule for f : D C R — R.
» Chain rule for change of coordinates in a line.

» Functions of two variables, f : D ¢ R? — R.
» Chain rule for functions defined on a curve in a plane.
» Chain rule for change of coordinates in a plane.

» Functions of three variables, f : D ¢ R3 — R.

» Chain rule for functions defined on a curve in space.
» Chain rule for functions defined on surfaces in space.
» Chain rule for change of coordinates in space.

» A formula for implicit differentiation.



Functions of three variables, f : D ¢ R? — R,

Chain rule for functions defined on a curve in space.



Functions of three variables, f : D ¢ R? — R,

Chain rule for functions defined on a curve in space.

Theorem

If the functions f : D C R®> — R andr: R — D C R3 are
differentiable, with r(t) = (x(t), y(t), z(t)), then the function
f : R — R given by the composition f(t) = f(r(t)) is
differentiable and holds

df _Of dx  Of dy Of dz
dt  Ox dt dy dt ' 9z dt’



Functions of three variables, f : D ¢ R? — R,

Chain rule for functions defined on a curve in space.

Theorem

If the functions f : D C R®> — R andr: R — D C R3 are
differentiable, with r(t) = (x(t),y(t), z(t)), then the function
f : R — R given by the composition f(t) = f(r(t)) is
differentiable and holds

df _Of dx  Of dy Of dz
dt  Ox dt dy dt ' 9z dt’

Notation:
The equation above is usually written as

A

f’:&x'—I—fyy’—i—sz’.



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example

Find the derivative of f = x> + y3 + z* along the curve
r(t) = (cos(t),sin(t), 3t).



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example

Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute

F(t) = £(r(t))



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example

Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute

F(t) = f(r(1)) = F(x(t), (1), 2(t))



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example
Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute
F(1) = £(r(1)) = F(x(2), (1), 2(1))
to find f'.



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example
Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute

F(t) = f(r(1)) = F(x(t), (1), 2(t))

to find /. We only need to use the chain rule formula,



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example
Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute
F(t) = f(r(t)) = F(x(t), ¥(t), 2(1))
to find /. We only need to use the chain rule formula,

= fXX’+fyy'+sz’.



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example
Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute
F(t) = f(r(t)) = F(x(t), ¥(t), 2(1))
to find /. We only need to use the chain rule formula,

= fXX’+fyy'+sz’.



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example
Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute
F(t) = f(r(t)) = F(x(t), ¥(t), 2(1))
to find /. We only need to use the chain rule formula,
= fox' + fyy'Jr f,z.

~

t' = —2xsin(t) +



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example
Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute
F(t) = f(r(t)) = F(x(t), ¥(t), 2(1))
to find /. We only need to use the chain rule formula,
= fox' + fyy'Jr f,z.

~

' = —2xsin(t) + 3y? cos(t) +



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example
Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute
F(t) = f(r(t)) = F(x(t), ¥(t), 2(1))
to find /. We only need to use the chain rule formula,
= fox' + fyy'Jr f,z.

~

' = —2xsin(t) + 3y? cos(t) + 423(3).



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on a curve in space.

Example
Find the derivative of f = x? 4 y3 4 z* along the curve
r(t) = (cos(t),sin(t), 3t).

Solution: Recall: We do not need to compute
F(t) = f(r(1)) = F(x(t), (1), 2(t))
to find /. We only need to use the chain rule formula,
Fl=fx +f6y +f7.
' = —2xsin(t) + 3y? cos(t) + 423(3).

' = —2cos(t)sin(t) 4 3sin?(t) cos(t) + 4(3)(3%)3. <



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on surfaces in space.



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on surfaces in space.

Theorem

If the functions f : R3 — R and the surface given by functions
x,y,z : R?2 — R are differentiable, with x(t, s) and y(t,s), and
z(t,s), then the function f : R2 — R given by the composition
f(t,s) = f(x(t,s), y(t,s), 2(t,s)) is differentiable and holds

fo = fexe + 1y ye + f; z,
?s: fos‘i‘nyS‘i‘fzzs-



Functions of three variables, f : D C R3 - R

Chain rule for functions defined on surfaces in space.

Theorem

If the functions f : R3 — R and the surface given by functions
x,y,z : R?2 — R are differentiable, with x(t, s) and y(t,s), and
z(t,s), then the function f : R2 — R given by the composition
f(t,s) = f(x(t,s), y(t,s), 2(t,s)) is differentiable and holds

fo = fexe + 1y ye + f; z,
?s: fos‘i‘f;/)/s‘i‘szs-

Remark:

We denote by f(x, y, z) the function values in the coordinates
(x,y,z), while we denote by f(t,s) the function values at the
surface point with coordinates (t, s).



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s)=t+s, y(t,s)=t>+s% z(t,s)=t—s.



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function

F(t,s) = f(x(t,s),y(t,s), z(t,s))



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function

F(t.s) = f(x(t,5), y(t.5), 2(t,5))
to obtain the derivatives of f along the surface x(t,s), y(t,s) and
Z(t? S)l



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function
F(t,5) = F(x(t,5),¥(t,5), 2(t,5))

to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and f;.



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function

F(t.s) = f(x(t,5), y(t.5), 2(t,5))
to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function
F(t,5) = F(x(t,5),¥(t,5), 2(t,5))

to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,

f, = fexe +fyye + 22



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function
F(t,5) = F(x(t,5),¥(t,5), 2(t,5))

to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,

fo=fixe+fyetfoze fo=Ffixs+fys+Ffz.



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function
F(t,5) = F(x(t,5),¥(t,5), 2(t,5))

to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,

fo=fixe+fyetfoze fo=Ffixs+fys+Ffz.

A

fe



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function

F(t.s) = f(x(t,5), y(t.5), 2(t,5))
to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,

fo=fixe+fyetfoze fo=Ffixs+fys+Ffz.

?t:2(t+5)+



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function
F(t,5) = F(x(t,5),¥(t,5), 2(t,5))

to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,

fo=fixe+fyetfoze fo=Ffixs+fys+Ffz.

fo = 2(t +s) + 6(t* + s%)(2t) +



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function
F(t,5) = F(x(t,5),¥(t,5), 2(t,5))

to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,

fo=fixe+fyetfoze fo=Ffixs+fys+Ffz.

fo=2(t+5) +6(t + s°)(2t) + 4(t — s),



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s)=t+s, y(t,s)=t>+s% z(t,s)=t—s.

Solution: Recall: We do not need to compute the function

F(t.s) = f(x(t,5), y(t.5), 2(t,5))
to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,
fo=fixetfyetfoze fo=fixotfyys +f 2

fo=2(t+5) +6(t + s°)(2t) + 4(t — s),

A

fs



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function
F(t,5) = F(x(t,5),¥(t,5), 2(t,5))

to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,

fo=fixe+fyetfoze fo=Ffixs+fys+Ffz.

fe = 2(t +s) + 6(t% + s?)(2t) + 4(t — 5),

?5:2(t+s)+



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function
F(t,5) = F(x(t,5),¥(t,5), 2(t,5))

to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,

fo=fixe+fyetfoze fo=Ffixs+fys+Ffz.

fe = 2(t +s) + 6(t% + s?)(2t) + 4(t — 5),
fo=2(t + )+ 6(t> + s?)(2s) —



Functions of three variables, f : D C R3 - R
Chain rule for functions defined on surfaces in space.

Example

Given the function f(x,y) = x2 + 3y? + 222, in Cartesian
coordinates (x, y), find its derivatives on the surface given by
x(t,s) =t+s, y(t,s)=1t>+s2 z(t;s)=t—s.

Solution: Recall: We do not need to compute the function
F(t,5) = F(x(t,5),¥(t,5), 2(t,5))

to obtain the derivatives of f along the surface x(t,s), y(t,s) and
z(t,s), which are given by f; and fs. We just use the chain rule,

fo=fixe+fyetfoze fo=Ffixs+fys+Ffz.

fo = 2(t +5) + 6(t2 + s2)(2t) + 4(t — s),
fo = 2(t+s) + 6(t> + s2)(2s) — 4(t — s). <



Functions of three variables, f : D C R3 - R

Remark: We describe the surface in the previous example.



Functions of three variables, f : D C R3 - R

Remark: We describe the surface in the previous example.

Example
Given the surface in parametric form by the equations
x(t,s) =t+s, y(t,s) =t> + 5% z(t,s) =t —s,

express that surface as an equation for x, y and z.



Functions of three variables, f : D C R3 - R

Remark: We describe the surface in the previous example.

Example
Given the surface in parametric form by the equations
x(t,s) =t+s, y(t,s) =t> + 5% z(t,s) =t —s,

express that surface as an equation for x, y and z.

Solution: Invert the equations for x and z and obtain t and s,



Functions of three variables, f : D C R3 - R

Remark: We describe the surface in the previous example.

Example
Given the surface in parametric form by the equations
x(t,s) =t+s, y(t,s) =t> + 5% z(t,s) =t —s,

express that surface as an equation for x, y and z.

Solution: Invert the equations for x and z and obtain t and s,

X+th x—zis
2 7 2 7




Functions of three variables, f : D C R3 - R

Remark: We describe the surface in the previous example.

Example
Given the surface in parametric form by the equations
x(t,s) =t+s, y(t,s) =t> + 5% z(t,s) =t —s,

express that surface as an equation for x, y and z.

Solution: Invert the equations for x and z and obtain t and s,
X+ z X—2z
=1, —= S.
2 2
We introduce these t and s into the equation for y,




Functions of three variables, f : D C R3 - R

Remark: We describe the surface in the previous example.

Example
Given the surface in parametric form by the equations
x(t,s) =t+s, y(t,s) =t> + 5% z(t,s) =t —s,

express that surface as an equation for x, y and z.

Solution: Invert the equations for x and z and obtain t and s,
X+ z X—2z
=1, —= S.
2 2
We introduce these t and s into the equation for y,

= ()5




Functions of three variables, f : D C R3 - R

Remark: We describe the surface in the previous example.

Example
Given the surface in parametric form by the equations
x(t,s) =t+s, y(t,s) =t> + 5% z(t,s) =t —s,

express that surface as an equation for x, y and z.

Solution: Invert the equations for x and z and obtain t and s,
X+ z X—2z
=1, —= S.
2 2
We introduce these t and s into the equation for y,

x+2z\2 (x—2z\2 (xX®+2z%+2xz)+ (x*+ 22 — 2x2)
=57 (57 - :



Functions of three variables, f : D C R3 - R

Remark: We describe the surface in the previous example.

Example
Given the surface in parametric form by the equations
x(t,s) =t+s, y(t,s) =t> + 5% z(t,s) =t —s,

express that surface as an equation for x, y and z.

Solution: Invert the equations for x and z and obtain t and s,
X+ z X—2z
=1, —= S.
2 2
We introduce these t and s into the equation for y,

o x+2z\2  x—2z\2  (X*+2%+2x2)+ (x* + 22 — 2x2)
=57 (57 - :

X2 Z2

2772

hence, y = 5



Functions of three variables, f : D C R3 - R

Remark: We describe the surface in the previous example.

Example
Given the surface in parametric form by the equations
x(t,s) =t+s, y(t,s) =t> + 5% z(t,s) =t —s,

express that surface as an equation for x, y and z.

Solution: Invert the equations for x and z and obtain t and s,
X+z X—z
;= b 5 = s.
We introduce these t and s into the equation for y,
X+ z\?2 x—2z\2 (X2 + 2%+ 2xz) + (x® + 2° — 2xz)
B ( 2 ) + ( 2 ) - 4

2

-+ —, a circular paraboloid along the y axis. <

X2
hence, y = -5 t3



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.

Theorem

If the functions f : R3 — R and the change of coordinate functions
x,y,z: R® — R are differentiable, with x(t,s, r), y(t,s,r), and
z(t,s, r), then the function f : R3 — R given by the composition
F(t,s,r)= f(x(t,s,r),y(t,s,r),z(t,s,r)) is differentiable and

fo=fuxe+fye+ oz
?s:f;(s f;/)/s‘i'fzs
?:fx,—l—fyy,—i—fz,.



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.

Theorem

If the functions f : R3 — R and the change of coordinate functions
x,y,z: R® — R are differentiable, with x(t,s, r), y(t,s,r), and
z(t,s, r), then the function f : R3 — R given by the composition
F(t,s,r)= f(x(t,s,r),y(t,s,r),z(t,s,r)) is differentiable and

fexe + 1, ye + 2
f X f;/)/s‘i'fzs
fexe + 1ty + £ 2.

KT SR Y
Il

Remark:

We denote by f(x,y, z) the function values in the coordinates
(x,y,z), while we denote by 7(t,s, r) the function values in the
coordinates (t,s, r).



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.
Example

Given the function f(x,y,z) = x> + 3y? + 22, in Cartesian
coordinates, find its r-derivative in spherical coordinates (r, 6, ¢),

x = rcos(¢)sin(f), y =rsin(¢)sin(f), z = rcos(h).



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.

Example
Given the function f(x,y,z) = x> + 3y? + 22, in Cartesian
coordinates, find its r-derivative in spherical coordinates (r, 6, ¢),

x = rcos(¢)sin(f), y =rsin(¢)sin(f), z = rcos(h).
Solution: Recall: We do not need to compute the function

?(r707¢) = f(x(r,9,¢),y(r,9,¢),z(r,0,¢))-



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.
Example

Given the function f(x,y,z) = x> + 3y? + 22, in Cartesian
coordinates, find its r-derivative in spherical coordinates (r, 6, ¢),

x = rcos(¢)sin(f), y =rsin(¢)sin(f), z = rcos(h).
Solution: Recall: We do not need to compute the function

?(r707¢) = f(x(r,9,¢),y(r,9,¢),z(r,0,¢))-

to obtain the r-derivative of f.



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.
Example

Given the function f(x,y,z) = x> + 3y? + 22, in Cartesian
coordinates, find its r-derivative in spherical coordinates (r, 6, ¢),

x = rcos(¢)sin(f), y =rsin(¢)sin(f), z = rcos(h).
Solution: Recall: We do not need to compute the function

?(r707¢) = f(x(r,9,¢),y(r,9,¢),z(r,0,¢))-

to obtain the r-derivative of f. We just use the chain rule,
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Chain rule for change of coordinates in space.
Example

Given the function f(x,y,z) = x> + 3y? + 22, in Cartesian
coordinates, find its r-derivative in spherical coordinates (r, 6, ¢),

x = rcos(¢)sin(f), y =rsin(¢)sin(f), z = rcos(h).
Solution: Recall: We do not need to compute the function
F(r.8,0) = f(x(r.0,9).y(r.0,9),2(r,6,0)).
to obtain the r-derivative of f. We just use the chain rule,

?r: for+f}/Yr+szr:2XXr+6yyr+2zzr



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.
Example

Given the function f(x,y,z) = x> + 3y? + 22, in Cartesian
coordinates, find its r-derivative in spherical coordinates (r, 6, ¢),

x = rcos(¢)sin(f), y =rsin(¢)sin(f), z = rcos(h).
Solution: Recall: We do not need to compute the function
F(r.0,0) = f(x(r,0,0),¥(r.0,0), 2(r,0,9)).
to obtain the r-derivative of f. We just use the chain rule,
fo=fx +fy+ 1z =2xx+6yy +2z2
f, = 2r cos?(¢) sin?(0) + 6r sin?(¢) sin?(0) + 2r cos?(6)



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.
Example

Given the function f(x,y,z) = x> + 3y? + 22, in Cartesian
coordinates, find its r-derivative in spherical coordinates (r, 6, ¢),

x = rcos(¢)sin(f), y =rsin(¢)sin(f), z = rcos(h).
Solution: Recall: We do not need to compute the function
F(r.0,0) = f(x(r,0,0),¥(r.0,0), 2(r,0,9)).
to obtain the r-derivative of f. We just use the chain rule,
fo=fx +fy+ 1z =2xx+6yy +2z2
f, = 2r cos?(¢) sin?(0) + 6r sin?(¢) sin?(0) + 2r cos?(6)

A

f, = 2rsin?() + 4rsin®(4) sin?(0) + 2r cos?(h).



Functions of three variables, f : D C R3 - R

Chain rule for change of coordinates in space.
Example

Given the function f(x,y,z) = x> + 3y? + 22, in Cartesian
coordinates, find its r-derivative in spherical coordinates (r, 6, ¢),

x = rcos(¢)sin(f), y =rsin(¢)sin(f), z = rcos(h).
Solution: Recall: We do not need to compute the function
F(r,0,0) = £(x(r,0,0), ¥(r.0,6), 2(r,0, 9))-
to obtain the r-derivative of f. We just use the chain rule,
fo=fx +fy+ 1z =2xx+6yy +2z2
f, = 2r cos?(¢) sin?(0) + 6r sin?(¢) sin?(0) + 2r cos?(6)
f, = 2rsin?(0) + 4rsin?(¢) sin?(0) + 2r cos(6).
We conclude that f, = 2r -+ 4rsin(¢)sin(6). <



Chain rule for functions of 2, 3 variables (Sect. 14.4)

» Review: Chain rule for f : D C R — R.
» Chain rule for change of coordinates in a line.

» Functions of two variables, f : D ¢ R? — R.
» Chain rule for functions defined on a curve in a plane.
» Chain rule for change of coordinates in a plane.

» Functions of three variables, f : D ¢ R? — R.

» Chain rule for functions defined on a curve in space.
» Chain rule for functions defined on surfaces in space.
» Chain rule for change of coordinates in space.

» A formula for implicit differentiation.



A formula for implicit differentiation

Theorem
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the function values y(x) by the equation F(x,y) =0, and if the
function F, # 0, then y is differentiable and

d_ _F

dx F,
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F(x,y(x)) =0,
then the function F(x) = F(x, y(x)) vanishes.
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If the differentiable function with values F(x,y) defines implicitly
the function values y(x) by the equation F(x,y) =0, and if the
function F, # 0, then y is differentiable and
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Proof: Since y(x) are defined implicitly by the equation

F(x,y(x)) =0,

then the function F(x) = F(x, y(x)) vanishes. Therefore, its
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A formula for implicit differentiation

Theorem

If the differentiable function with values F(x,y) defines implicitly
the function values y(x) by the equation F(x,y) =0, and if the
function F, # 0, then y is differentiable and

d_ _F

dx  F,’
Proof: Since y(x) are defined implicitly by the equation

F(x,y(x)) =0,
then the function F(x) = F(x, y(x)) vanishes. Therefore, its
derivative vanishes too,
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A formula for implicit differentiation

Theorem

If the differentiable function with values F(x,y) defines implicitly

the function values y(x) by the equation F(x,y) =0, and if the
function F, # 0, then y is differentiable and

d_ _F

dx  F,’
Proof: Since y(x) are defined implicitly by the equation

F(x,y(x)) =0,
then the function F(x) = F(x, y(x)) vanishes. Therefore, its
derivative vanishes too,
_dF Fi

0=—=FK+Fy = y=-F7
dx xthyy y Fy

O
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Example
Find the derivative of function y : R — R defined implicitly by the
equation F(x,y) =0, where F(x,y) = x e’ + cos(x — y).

Solution:
The partial derivatives of function F are

Fy =¢e —sin(x —y), F, = xe’ +sin(x — y).
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Example
Find the derivative of function y : R — R defined implicitly by the
equation F(x,y) =0, where F(x,y) = x e’ + cos(x — y).

Solution:
The partial derivatives of function F are

Fy =¢e —sin(x —y), F, = xe’ +sin(x — y).

Therefore, the Theorem above implies



A formula for implicit differentiation

Example
Find the derivative of function y : R — R defined implicitly by the
equation F(x,y) =0, where F(x,y) = x e’ + cos(x — y).

Solution:
The partial derivatives of function F are

Fy =¢e —sin(x —y), F, = xe’ +sin(x — y).
Therefore, the Theorem above implies

[sin(x — y) — ¢’]
xe¥ +sin(x —y)]

Y(X):[
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Find the derivative of function y : R — R defined implicitly by the
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Example
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Since F(x,y(x)) = xe¥ + cos(x — y) =0,
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Find the derivative of function y : R — R defined implicitly by the
equation F(x,y) =0, where F(x,y) = xe&¥ + cos(x — y).

Solution: We now use the old method.

Since F(x,y(x)) = x e’ + cos(x — y) = 0, then differentiating on
both sides we get



A formula for implicit differentiation.

Example

Find the derivative of function y : R — R defined implicitly by the
equation F(x,y) =0, where F(x,y) = xe&¥ + cos(x — y).
Solution: We now use the old method.

Since F(x,y(x)) = x e’ + cos(x — y) = 0, then differentiating on
both sides we get

e’ +xy' e —sin(x —y) —sin(x — y)(—y') = 0.



A formula for implicit differentiation.

Example

Find the derivative of function y : R — R defined implicitly by the
equation F(x,y) =0, where F(x,y) = xe&¥ + cos(x — y).

Solution: We now use the old method.

Since F(x,y(x)) = x e’ + cos(x — y) = 0, then differentiating on
both sides we get

e’ +xy' e —sin(x —y) —sin(x — y)(—y') = 0.
Reordering terms,

y' [xe” +sin(x —y)] =sin(x —y) — .



A formula for implicit differentiation.

Example
Find the derivative of function y : R — R defined implicitly by the
equation F(x,y) =0, where F(x,y) = xe&¥ + cos(x — y).

Solution: We now use the old method.

Since F(x,y(x)) = x e’ + cos(x — y) = 0, then differentiating on
both sides we get

e’ +xy' e —sin(x —y) —sin(x — y)(—y') = 0.
Reordering terms,
y' [x e’ +sin(x — y)] =sin(x —y)—¢’.

[sin(x — y) — &’]
[xe¥ +sin(x —y)]

We conclude that: y/(x) =



