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1. Check that you have pages 1 through 16 and that none are blank.
2. Fill in the information at the top of the page.

3. You will need a pen or pencil and this booklet for the exam. Please clear everything else from
your desk.

4. The use of calculators, cell phones, or any other electronic device as an aid to writing this
exam is strictly prohibited.

5. The grading of this exam is based on your method. Show all of your work. (There are
problems however that will be graded right or wrong.) If you need additional space, use the
backs of the exam pages.

6. If you present different answers, the worst answer will be graded.

7. |Box your answers.
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1. (16 points)
(a) Find a unit vector in the opposite direction of v = (1,2, 3).
(b) Find the scalar projection of w = (1,—1,2) onto v.

(c¢) Find the vector projection of w onto w.

SOLUTION:
(a)
u:—%l - —\/ﬁﬂ,?,?ﬁ = u:—\/%<1,2,3>
(b)
P(u) = T - S% Pw) = —=|.
(©
Pu) = Pu) = <= o= (12.3) 5 |Pw) = 35 (123




MTH 234 Practice Final Exam Fall 2010 3

2. (16 points) Find the equation of the plane that contains the lines 7 (t) = (1,2,3)t and
r(t) = (1,1,0) + (1,2, 3)t.

SOLUTION: Py = (1,1,0) is in the plane. P, = (1,2,3) = (¢t = 1) is also in the plane.

—_—
Therefore, PyP; = (0, 1,3) is tangent to the plane.

v = (1,2,3) is also tangent to the plane. Then, the normal vector to the plane n can be computed
as follows:

n=uvx PP = = (6—23)i—(3—0)j + (1—0)k=(3,-3,1).

O = Sy
— N .
W W T

Then, the equation of the plane can be constructed with Py = (1,1,0) and n = (3, -3, 1) as follows:

3x—1)=-3y—1)+2=0 < ’3x—3y+z:0‘.
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3. (17 points) A particle moves along the curve r(t) = (sin(2t2), £3, cos(2t2)), for t > 0.
(a) Find the velocity v(t) and acceleration a(t) functions of the particle.

(b) Find the arc length function for the curve 7(¢) measured from the point where t = 0, in the
direction of increasing ¢.

SOLUTION:
(a)
v(t) = (4t cos(2t?), 3t*, —4t sin(2t?)),
a(t) = ([4cos(2t%) — 4¢(4t) sin(2t*)], 6t, [—4sin(2t) — (4¢)(4¢) cos(2t%)])
a(t) = ([4cos(2t?) — 16¢* sin(2t*)], 6¢, — [4sin(2t) 4 16t* cos(2t?)]).
<
(b)

()= [ Iotrldr

t
= / \/167'2 cos?(272) + 974 4+ 1672 sin?(272) dr
0
t
= / 1672 4 974 dr
0
t
= / V164972 7dr, uw=16+97%, du= 187dr
0

1 16+9t2
B E 16

12,
183"
1
= > [(16 + 9¢%)%/% — (16)%/?]
1
=5 [(16 + 9¢%)%/% — 47]

u'’? du

16+9t2

16

\]

[\

We then conclude that

s(t) = 2—17 [(16 4 9¢2)%% — 4] |.
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4. (17 points)
(a) Find and sketch the domain of the function f(z,t) = In(t — 2?).

(b) Determine whether the function f above is solution of the wave equation f;; — fu. = 0.

SOLUTION:

(a) The domain of f is given in the picture.

(b) We must compute 9, f and O, f;

1
atf:t—xQ = attf__(t—l'z)Q’
—2x —2 2x
ax = zx) — -
/ i—2 Occf t — a2 (t—x2)2( 22)
=2 472
Ct—a2? (t—a22)?
Therefore,
1 2 472
Ouf — Opef = —
wf = Ol =~ e T T2 T g
2 (—1+ 4x?)
ot — a2 (t — x2)?
#0.

We conclude that f is not solution of the wave equation above‘ :
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9. (16 points)
(a) Find the tangent plane approximation of f(z,y) = sin(2x 4 5y) at the point (—5,2).

(b) Use the linear approximation computed above to approximate the value of f(—4.8,2.1).

SOLUTION:

(a) The linear approximation of function f near (—5,2) is
Li s (@y) = Ouf)s2) (@ +5) + 0,52 (y — 2) + F(=5,2).
We need to compute three numbers: f(—5,2), (0, f)(—5,2), and (9yf)(—5,2). Since
Opf =2cos(2x 4+ 5y) = (0:f)(=52 = 2.

Oyf =5cos(2x +5y) = (0yf)(=s52 =5.
Finally, f(—5,2) = 0, so we conclude

Lis59)=2(x+5)+5(y—2)|.

(b) We use the approximation f(—4.8,2.1) ~ L(_51)(—4.8,2.1), that is

F(—4.8,21) ~2(0.2) +5(0.1) =04+ 05 = |f(—4.8,2.1)~0.9].
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6. (17 points) Find the absolute maximum and absolute minimum of the function f(z,y) =
2% + 3y? — 22y in the triangle formed by the lines y =0, x = 1 and y = x.

SOLUTION: we first compute the local extrema of function f.

VI = (22— 2y), (6y — 22)) = (0,0) = {353 —~  Py=(0,0), f(0,0)=0.

We now need to study f on the boundary of the triangle. We add to the candidate list the vertex
points. Since (0,0) is already in the list we only need:

P=(1,0), f(L0)=1  P=(11), f(1,1)=2.
We now study f on the boundary. On the line y = 0, x € [0, 1] we have
g(x) = f(z,0)=2> = 0=g(x)=22 = x=0,
so we reobtain the point Py = (0,0). On the line y =€ [0, 1], x = 1 we have
gy)=f(Ly)=3"-2y+1 = 0=4(@y =6y-2 = y=1/3,

so we obtain the point Py = (1,1/3), and f(1,1/3) = 2/3. Finally we study f on the line y = =z,
x € 0,1],

g(x) = f(r,2) =2* +32* —22° =22° = O=g(x)=40 = 2=0,

so we reobtain (0,0). We therefore conclude:

Absolute minimum: Py = (0,0) |, Absolute maximum: P, = (1,1)].
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7. (17 points)

(a) Sketch the region of integration, D, whose area is given by the double integral

2 3y/2/2
//dA:/ / dy dx.
D 0 %m

(b) Compute the double integral given in (a).

(c) Change the order of integration in the integral given in (a).

SOLUTION:

(a)

y=3x/2

= 737 = 3(1)
=v2(v2)" - 24,
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8. (17 points) Transform to polar coordinates and then evaluate the integral

1 40
I:/ / In(z? + y* + 1) do dy.
] )

SOLUTION: The integration region is:

Therefore,

3r/2 1
1:/ / In(1 + 7%) 7 dr do
/2 0

1
In(1+7r*)rdrdd, uw=1+7r* du=2rdr;

~

!}
S—

= g/1 In(u) du

= g (uln(u) — u) j

=2 [2m(2) -2) - 0-1)]
= 2 [2In(2) - 1]

We conclude that | [ =7 (

,_.
B

—~
[\
N~—
|

N =
~—
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9. (17 points) Find the component Z of the centroid for a wire lying along the the curve given
by (t) = (tcos(t), tsin(t), (2v/2/3)t3/?), for t € [0, 1].

SOLUTION: We need to compute

z %/0 S| d, M= /O (1)) dt.
We start with +/(¢):
7(t) = ([cos(t) — tsin(t)], [sin(t) + t cos(t)], V2/2).
Therefore,

|7 (t)]? = cos®(t) + t*sin®(t) — 2t sin(t) cos(t)
+ sin?(t) + t? cos®(t) + 2t sin(t) cos(t) + 2t
=1+t +2t
=1+t = [F{))=1+t

Now we can compute M as follows,
t2

1 1 3
2)‘ =14+- = M=

1
M = 14+t)dt = <t —.

/0( +t) * 0 2 2
Hence, 7 is given by

2 (192 442 1 442 12 2
z:§/ g\/5151“/2(1+t)dt:%—/ (857 + 1°/?) dtzi(—t5/2+—t7/2>‘ .
0 0

That is,

4\/5(2 2) 44/2 (14 + 10) N
9 35 3 35/
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10. (16 points) Use the Green Theorem area formula to find the area of the region enclosed by
the curve r(t) = (cos?(t),sin*(t)) for t € [0,7/2]. (16.4.23).

SOLUTION: The tangential form of the Green Theorem, ]{ F.-dr= // (&EFy — (‘%Fm) dA, applied
c S
to F(z,y) = (0,z) implies the formula

A(S)—//SdA—jixdy.

The curve given in this problem defines a surface S, and the area of this surface is
/2 /2
A(S) = / z(t)y (t)dt = / cos*(t) [2sin(t) cos(t)] dt
0 0

w/2 w/2 1 d
A(S) = 2/ cos®(t) sin(t) dt = —2/ — —cos*(t) dt = —= cos*(t)

We conclude that | A(S) =

1
2
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11. (17 points) Find the flux of V x F outward through the surface S, where F = (—y, z, 22)
and S = {22 +y* =a? z€[0,h]}U{2? +y*> < a? z=h}.

SOLUTION: We use the Stokes Theorem: //(V x F)-ndo = ]{ F.dr.
s c

The surface S is the cylinder walls and its cover at z = h. Therefore, the curve C' is the circle
>+ > =a%at 2 =0.

That circle can be parametrized (counterclockwise) as r(t) = (acos(t), asin(t)) for t € [0, 27].

//SW x F) - ndo = fopdr: OQWF(t) 7 (t) dt,
where F(t) = (—asin(t), a cos(t), a® cos?(t)) and ¢ (t) = (—asin(t), a cos(t),0). Hence
// (V x F)- 'n,dg_/ F(t
//S(v x F)-ndo = /O%(CR sin®(t) + a” cos*(t)) dt = /02” a2 dt.

We conclude that / (V x F)-ndo = 2na®. <
s
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12. (17 points) Find the outward flux of the field F = (2% —2zy, 3xz) across the boundary of
the region D = {z? + y? + 22 <4, >0, y >0, z > 0}.

SOLUTION: We use the Divergence Theorem: // F-ndo= // (V- F)dv
S D

V- -F=0,F,+0,F,+0.F,=2x—-2x+3x = V- -F=3ux.

//SF.nda://D(V-F)dvz//D:sxd:cdydz.

It is convenient to use spherical coordinates:

//SF ndo = /OW/2 /O " /U 2 [3psin(¢) cos(¢)] p* sin(¢) dp do db.
[ rs][ [ s [ s

//SF-nda— sin( 2/2 %/0 1—cos 2¢)) dqb] Epﬂ(ﬂ

[ Fmir=3(G)an = | [[ i o]




