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Math 20D.
Quiz 3
May 2, 2008

Answer each question completely, and show your work.
If you use extra paper, write your name on each extra page,

and staple the question page and your own added pages together.

1. (30 points) Find the Wronskian of any two linearly independent solutions of the

equation
t2y" + 2ty + (* —4)y = 0, t>1.

(Notice: You do not have to find two linearly independent solutions, only their

Wronskian.)

Solution: The equation can be rewritten for ¢t > 0 as follows
t 12 '

It is then known that the equation for the Wronskian W,,,, of two arbitrary
solutions y; and ¥y, of the equation above is given by

2
w, (t) + ;Wyllﬂ (t) =0.

Y1y2
The solution of this equation can be found as follows:

w) 2

U2 = 2 = (W, (1) = —2In(t) + ¢ = In(t77%) + co.
Wylyz t
We then conclude that | Wy, (t) = j—; , Where ¢ is a constant, and ¢; = e®.




2. (35 points)
The function y;(t) =t is a solution to the homogeneous differential equation
2y —ty +y=0, t > 0. (1)
Use the reduction order method to find a second solution y, of the equation (1),

linearly independent to ;.

(Recall that the reduction order method assumes that the second solution has
the form yo(t) = v(t)y1(t), and then one solves an equation for the function v/,
and then one integrates that function to obtain v.)

Solution: The equation can be rewritten for ¢ > 0 as follows:

1 1
"——y+—=y=0. 2
v =Y Y (2)
It is simple to verify that y;(¢) = ¢ is a solution of this equation, since straight
computation shows 0 — 3(1) + ¢ = 0.

We now look for a second solution y, of the equation above which is linearly
independent to y;. We have to try with a function of the form ys(t) = v(t)y1(t).
We then have

yp=tv = yy=v+tv = y,=20"+t".

Introduce these expression into the differential equation,
/ " 1 / ]‘
0= (20" +t") - ;(v+tv)—|—t—2(tv)

1
=" + (20" — ') + z(—v +v)
"
1
=t +v = U—/:——.
v t

We therefore conclude that

() =—-In{t)+co=I{t ") +ecy = V(t)= ¢ = e?.

We then find v(t) = ¢; In(t) + ¢o. We therefore conclude that the second solution
to Eq. (2) is given by y2(t) = citIn(t) + cot. Therefore, a linearly independent
solution to y;(¢) =t is given by

yo(t) = tIn(t)|.




3. (35 points) Use the method of undetermined coefficients to find the general
solution to the equation

y" + 2y + 5y = 13sin(3t) + 5t.

Solution: Let us split the source function into two functions given by ¢;(t) =
13sin(3t), and go(t) = 5t. We first must compute the general solution to the
homogeneous equation, to be sure how to do the guess for the particular solution
to the inhomogeneous problems. The characteristic equation is

ri:%[—ZiM]
=—14+21.

P +2r+5=0 =

Therefore, the solutions to the homogeneous equation are y(t) = e *sin(2t),
yo(t) = et cos(2t). Neither of the source functions g; nor g, is proportional to
the solutions of the homogeneous problem. So, our guess for the solution to the
inhomogeneous problem for the first source function g; is

Ypy (1) = Ky sin(3t) + k2 cos(3t).
A straightforward computation implies
Yy, = 3kicos(3t) — 3kysin(3t) =y, = —9k;sin(3t) — 9k, cos(3t),
and thus,
13sin(3t) = —9k; sin(3t) — ko cos(3t) + 6k; cos(3t) — 6k, sin(3t)
+ 5ky sin(3t) + 5ko cos(3t)
= (—9k; — 6ky + 5ky) sin(3t) + (—9ks + 6k1 + 5ko) cos(3t),
which implies the following equations for k; and ko,
—4ky — 6ky =13
6ky — 4ky =0

3
} = klz—l, k’gz—é

So, we conclude y,, (t) = —sin(3t) — 3 cos(3¢t). The guess for the second part of
the particular solution is

Up(t) =1t +co = y;n(t) =, yg2(t) = 0.
A straightforward computation implies
9t =0+ 2¢1 + 5¢c1t + Heo
= (b))t + (21 +5c2) = 5=c¢;, 0=2c + bey,

that is, ¢; = 1 and ¢o = —2/5, so y,,(t) = t — 2/5. The general solution to the
differential equation above is

y(t) = e "[ay cos(2t) + ap sin(2t)] — sin(3t) — gcos(?)t) +it-— g :




