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A matrix is a function

e Review: Column picture.
e Matrix equation Ax = b.

e A matrix is a linear function.
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The column picture is essential for linear algebra

21’1 — Ty = O,

—x1 + 21y =

HEsH!

a1r1 + asTo = b.

.T}1+

B

x1, Tz is a solution if b € Span{a;, as}.
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Ghe column picture is essential for linear algebra\

Ty —x9 = 0,
—r1+12 = 2
r1+x9 = 0.
1 -1 0
—1 |z + 1 |ze=1] 2
1 1 0

The actual computation of the solution is usually done
with Gauss elimination, regardless the picture used to

kdescribe the system. /

The column picture suggests the Matrix equation

Ax = b.
1 0
T3 = .
-1 3
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The system of equations suggests how to define
the product Ax.

I
2 -1 1 2[L‘1 — X9 + T3
To =
—1 2 -1 —$1+2I2—.§C3
T3

General case: The m X n matrix

aipz -0 Qg T anry + -+ aT,

Am1  * Qmn T, Am1T1 + -+ AmnTn

4 N

A matrix can be thought as a function

Given x € IR", and and m x n matrix A, then Ax € IR™.
Therefore,

A:R"— IR™.
) 2 -1 1 3 5
Ex: 2 x 3 matrix A = L 1,A:]R — IR=,
1
3 1 2
x=|2|€elR’, Ax= € R
2
1
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Matrices as functions have several meanings

1 0 0 1
JA= .
01] [1 o]

A- [ cos((0)
sin ()

e Reflexions: A=

—sin(0) 1 .
cos(6)

e Rotations: 4= [

e Dilation: A= [ 20 ]
0 2

N
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The product Ax = b has two important properties

The definition Ax = a;zy + - - - + a,x,, where
A=[ay,---,a,] is an m X n matrix and x is an n-vector,

satisfies the properties
o A(ex) = c Ax,
e A(x+y)=Ax+ Ay.

N
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Linear functions have an important role in linear
algebra

Definition 1 A function T : IR" — IR™ is called linear if
Slide 9 o T(cx) = cT(x),

e T'(x+y)=T(x)+T(y).
forallce IR and x, y € IR".

A matrix A is a linear function.
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Matrices can be added and multiplied

o Review: Matrices are functions.

Slide 10 . )
e Matrix operations:

— Linear combinations.

— Multiplication.
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An m X n matrix A is a function A : R™ — IR™

10
A=|0 1 |.Aisa3x2matrix, so A: IR?> — IR3.
Slide 11 11
10 Ty
xq
01 [ }: T2
T
1 1 T+ X9
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Matrices are a very particular class of functions
called linear functions
Slide 12 T:R™ — IR" is linear < T'(ax + by) = aT'(x) + b1 (y).

Examples:
T:IR— R, T(;E) = M. (A line through the origin, y = mx.)

T:R"— IR™, T(x) = Ax.
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Like functions, matrices can be added and
multiplied by numbers

2 -1 2c —c
, CA= )
—1 2 ] [ —c 2c ]

The precise way to define the product is:

A:

(cA)x = ¢(Ax).

N

-

The mathematical notation explained

The equation (cA)x = ¢(Ax) is the definition of the
product of a matrix by a number, because:

(CA)X:C(AX) = C<[ 2 1‘| [$1]>:C[x1+2x2
—1 2 2 2x1 — T2

—cx1 + 2cx2
2cxr1 — cx2
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Same size matrices can be added up

241 —-1+1 3 0
—-1+3 2-1 2 1

The precise way to define the product is:

(A+ B)x = Ax + Bx.

N

] |

/The mathematical notation explained

The equation (A + B)x = Ax + Bx is the definition of
the addition of two equal size matrices because:

2 -1 1 1 1
(A+B)x = +
-1 2 3 -1 T2
2 -1 1 1 1 1
Ax 4+ Bx = +
—1 2 i) 3 -1 i)

~
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Summary: Definition of matrix addition and
multiplication by a number

Let A, AB be m X n matrices with components

ailr - Qin bin -+ bin
Slide 17
Am1i - Gmn bm1 brmn
Then,
cail -+ CQin a1 +bir -+ ain +bin
cA = , A+B=
Cam1 e Cmn am1 + bml e Amn + b'mb

4 N

Summary: Definition of matrix addition and

multiplication by a number in column notation
Slide 18 A:[al’”"an]’ B:[blv"'abn]y
Then,

cA = Jca,---,cal,

A+ B = [a;+by,- - a,+b,].
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/Example of matrix multiplication \

A B — AB

2x3 3x3 2x%x3
2 10
2 0 —1
AB = 0 10|=A[b; by by |
11 2
1 -1 1
AB = [Ab1 Abs Ab2:|

2+40-1 24041 040-1

1 3 -1
14042 141-2 0+0+1 30 1]
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Matrices with appropriate size can be multiplied
Functions can be composed:

reRERL R, (fog)r=fg(x)).

Matrices are functions. Composition of matrices is called

matrix multiplication.

A B — AB xe R & ® & Rm,
mxn nx4¥¢ m X £ xe R — AB ., Rm

(AB)x = A(Bx).

N )
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(AB)x = A(Bx) = A|[by, -+ by

= [Aby,- -, Ab/]

AB = [Aby, -, Aby].

KI‘he mathematical notation explained

The equation (AB)x = A(Bx) defines the matrix
multiplication of two appropriate size matrices because:

x1

Ty

= A(zibi1+ -+ x¢by)
= z1Aby 4+ -+ x,Aby

x1

Te

~
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