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Math 20F.
Midterm Exam 2
November 21, 2005

Read each question carefully, and answer each question completely.
Show all of your work. No credit will be given for unsupported answers.
Wrrite your solutions clearly and legibly. No credit will be given for illegible solutions.

1. (6 points) Consider the matrices

123 2 3
A:{—1 0 1]’ 32[1 1]

For each of the following expressions, compute it or explain why it is not defined.

(a) A+ AT, and B + BT.
(b) AB and BA.

(c¢) Find a 2 x 2 matrix C' such that BC' = { ; i } .

(a) A4 AT is not defined, because A is 2 x 3 and AT is 3 x 2.

seor=[1 3]+ 1][14]

(b) AB is not defined, because A is 2 x 3 and B is 2 x 2.
2 3 1 2 3 -1 4 9
BA_[1 1“—1 0 1]_[ 0 2 4}
(c) det(B) =2 —3 = —1, then

seco 3] 3]

Then,

a1 3] [-1 37[1 3] [-1+6 —3+12
v=5 [2 4]_[ 1 —2“2 4]_[ 1-4 3—8]’



2. (6 points) Find the dimension and a basis for both the null space of A and the column

space of A, where
1 —

Justify your answers.

3

-8 -3
6 0
5 7

N(A) = {x € IR* : Ax = 0}, then we have to solve the homogeneous system Ax = 0.

1 -3 -8 =3 1 -3
-2 4 6 0| —=|0 =2
o 1 5 7 0 1

1 -3 -8 -3

o 1 5 3

0O 0 0 4

-8 =3
—-10 -6
5 7

Then x4 = 0, 9 4+ 5x3 = 0, 1 + Txg = 0, that is,

z1
T2
X =

T3

Ty
-7
That is, dim N(A) = 1 and a basis is —51)
0

-7
)

—

1 07 6
—- 101 5 3| —
0 0 01

o O =

1
0
0

S = O

-3 -8 -3
1 5) 3| —
1 5 7
70
50
01

Now, dim IR* = 4 = dim N(A) + dimcol(A) = 1 + dimcol(A), so dimcol(A) = 3. A basis of

col(A) are the three vectors

1 -3
2|, 4
0 1

-3
, 0
7

We only have to show that they are Li., that is, that the only solution to the equation

1 -3 -3
-2 |n+ 4 | yo + 0
0 1 7

is the trivial solution y; = yo = y3 = 0. This is the case, because,

1 -3 -3 1
-2 4 0| —=1]10 —
0 1 7 0
1 -3 -3 1
0 1 3| —=10
0O 0 4 0

-3

2
1

S = O

—3
-6 | —
7_
6
3 —
1_

Y3z =

[ 1
0
| O

O O =

-3

S = O

0
0
0

-3
3 —

7

= o O



3. (6 points) Let B = {by, by, b3} and C = {ci, ca, c3} be two bases of IR?, and suppose
that

C; = 2b1 — b2 -+ b3, Co — 3b2 + b3, C3 — —3b1 —+ 2b3

(a) Find the change of basis matrix Pe. 5. Justify your answer.

(b) Consider the vector x = ¢; — 2¢o + 2¢3. Find [x]g, that is, the components of x
in the basis B. Justify your answer.

(a)
2 0 -3
Pgc=|[lei]g [ealg, eslgl=| -1 3 0|, and Peep=(Psc) "
1 1 2
_20—3|100_ _20—3|100 20 -3 | 10
13 0]010|—=|-26 0]020|=]06 —-3] 12
11 2]001] | 22 4]00 2 02 7] -10
20 -3] 100] [20-3] 1 00 8 0 —12 | 4
06 3] 120|—=>|06-3] 1 20|—>|02 -12] 4
(06 21 | -306] |00 24| -4 -2 6 0 0 24 | —4
8 0 0| 2 -1 3 24 0 0| 6 -3 9
024 0| 2 73|02 0] 2 73],
0 024 | -4 -2 6 0 024 | -4 -2 6
therefore
1 6 -3 9
Pees=g5| 2 73
-4 -2 6
(b)
1 [ 2 0 -3 1 2—6
x|p = Ps—c [x]c = [[c1]s,[c2]B;[e3ls] | -2 | =| -1 3 0 -2 | = —-1-6
2 11 2 2 1-2+4
therefore,
—4 7
X]p=| -7
3_




4. (6 points) For which values of the number a are the following matrices invertible?
Justify your answer. Find the inverse whenever is possible.

01 a 010 -1 a 1
A=| 1 a 1|, B=|1a 1|, c=| 1 0 1
-1 0 0 010 1 —a —1

Expand the determinant of A by the third row, then det(A4) = (—1)(1—a?) so 4 is invertible
for all a £ +1.

Matrix B has two equal columns, the first and the third, therefore, det(B) = 0 for all a, so
B is not invertible for all a € IR.

Expand the determinant of C' by the second row, then, det(C') = —=1(—a+a) — 1(a —a) =0,
therefore C' is not invertible for all a € IR.

The inverse of A in the case a # +1 can be computed in different ways, for example using
the method of cofactors, that is,

Cn=0, Ci2=-1, C(Ci3=a,
Co1 =0, Cpr=a, Cy=-1,

031 == (1 - CL2), 032 =a, ng = —1.

Then, the inverse of A is

1 0 0 (1-a?

-1
A7 = @1 -1 a a
a —1 -1



