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Criterias for convergence of series

e Review: A rough criteria.
Slide 1 e Integral test for convergence.
e Estimating the remainder.

e Comparison test for convergence.

N )

4 N

Here is a very rough criteria to check if a series
diverges

Theorem 1 Iflim,_. a, does not exist or if
Slide 2 lim,, oo @y, # 0, then Y ", ay, is divergent.

It is based in the following result:

Theorem 2 If >  a, is convergent, then

lim, . a, =0.
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Here is a test of convergence for certain series

using integration

Theorem 3 Let f(x) be a continuous, positive,
decreasing function on [1,00). Consider the sequence
a, = f(n), n € Z*. Then,

S L ay is convergent < [ f(x) dx is convergent.

The proof is to show the following inequality

n+1 n
[ iwar<s <o [i@ar
1 1

N

~

-

We already used this test in the harmonic series

The harmonic series s, = p 1 =1+35+3+---

diverges, because

n+1
ln(n+1):/ —dz < s,
. @

and In(n + 1) diverges when n — co.
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This test can be applied to the geometric series

Consider the geometric series
Sn=> g r*F V=14 r+r24rd 4.l
for 0 <r < 1.

Here f(z) =r". Recall [r*dx = hf(g;) + c. Then,

T rh

1/r)  In(1/r)

and " — 0 when n — oco. So, s, converges.

sn§1+/ rde =1+
1 In(

We knew that the geometric series converges, > - =D = lir'
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This test can be applied to the p-series

Theorem 4 The p-series >~ ni converges forp > 1,

P

and it diverges for p < 1.

00 1
P diverges p <1
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The remainder of a series can be estimated with
the same type of integral bounds as above

Definition 1 If s, = > ;_, a; converges to s, then the

remainder after n terms is

Slide 7 R,=s—s,.
So, R, = apy1 + Qpyo + - -+, that is,
Rn = Z ag.
k=n-+1
Here is the estimation for the remainder
Theorem 5 Let f(x) be continuous, positive, decreasing
function on [n,00). Consider the sequence ay = f(k) for
k > n. Suppose that Y.~ ax is convergent. Then,
Slide 8

/n :O f(z)dz < R, < / " ) do

Therefore,

sn+/oo f(x)dx§s§3n+/oof(x)dx.
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There are three types of comparison tests

Theorem 6 Let Y > a,, and Y - b, be series with
positive terms.

1. Ifa, <b, and Y " b, converges, then >~ a,
converges.

2. If b, < a,, and Y " b, diverges, then >~ a,
diverges.

3. Iflim, o an /by = ¢ > 0, finite, then both >~ b,
and Y | a, converge, or both diverge.




