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Math 20C
Final Exam.
June 15, 2006

No calculators or any other devices are allowed on this exam.

Write your solutions clearly and legibly; no credit will be given for illegible solutions.
Read each question carefully. If any question is not clear, ask for clarification.
Answer each question completely, and show all your work.

1. (10 points) Find the plane through the point Py = (2, —1,1) which is perpendicular to
the planes 2r —y —z =3 and z + 2y + 2 = 2.

The plane is determined by its normal vector n and a point. We choose the point to be
Py =(2,—-1,1). The normal vector can be computed as

n=np X no, n =(2,-1,—-1), n;=(1,2,1).

where n; and ny are the normal vectors to the planes 2x —y — 2z =3 and ¢z + 2y + 2 = 2,
respectively. Then,

i j k
n=|2 -1 -1 |=(-14+2),—-(24+1),4+1) = n={(1,-3,5).
1 2 1

Then, the equation of the plane is

(x—2)=-3@y+1)+5(z—-1)=0 = |z—-3y+52=10]|.




4 2

2. (8 points) Decide whether the —lim =—
(z.y)—=(0,0) Y* + T

exists. Give reasons your answer.

Consider the path given by the line z = 0, then

y4 _ .%'2 4
0)—00) y* + 22 y=0+y*  y=0

Consider the path given by the line y = 0, then

4.2 2
lim % = lim —gg = lim -1 = -1.
(%,00—(0,0) Y* + T z—0 T xz—0

Therefore, the limit does not exist.



3. (8 points) Does the function f(z,y, z) = 22% — 3(2? + y*)z satisfy the Laplace equation
fuw + fyy + [22 = 07 Give reasons your answer.

fo = —6z2, fy = —6yz, f.=—62%— 3(:1:2 + y2)
fzz = —62, fyy = —62, for =122,

therefore,

Joot fyy + for = (-6 —6+12)2=0 = |fux+ fyy + [ =0).




4. (10 points) Find the linear approximation L(x,y) of the function f(z,y) = /11 — 22 — y?
at the point (1,1). Use this approximation to estimate the value of f(0.9,1.2).

fzyy) = /11 — 22 — 92, f(1,1) =11 -2 =3,
e 1 1
fw(x7y):mv f$(171) = m:_§7
_ Y -t _ 1
fy(-%',y)— \/mv fy(lvl)_ m_ 3
L(,y) = —3(—1) ~ 3y~ 1) +3
1 1 59
L(0.9,1.2) = —5(=0.1) = 5(0.2) +3 = —5(0.1) +3 =2~ o= = o.




5. (10 points) Find the local maxima, local minima and saddle points of the function
flz,y) =2° +9° — 32* + 3y* - 8.

dx(x —2) =0
Vf = (32 — 6z,3y* + 6y) = (0,0) ( )
3y(y+2)=0
sox =0 or x =2, while y = 0 or y = —2. Then, there are four stationary points given by

(0,0), (0,-2), (2,0), (2,-2).

fxx:6x_67 fyy:6y+67 fxy:O

Therefore, )
D= f:v:vfyy - (f:vy) = f:v:vfyy = 36($ - 1)(y + 1)-

Evaluating it at each stationary point we get:

)

(

(0, —
(27
(

6, f:v:v(QaO) = 67

) |
D(0,-2) = 36, Fua(0,—2) = —6, |
) |
) |

2, —2) saddle point ‘




6. (10 points) Use Lagrange multipliers to find the maximum and minimum values of the

1 1
function f(r,y) = — — = subject to the constraint — + — = 1.
Ty x

Y

Denote g(x,y) = x—12 + y—12 — 1, so the constraint is ¢ = 0. The Lagrange multipliers equations
are

Vf=AVg, and g¢g=0.

1 2A

11\ 2 2 2T T
R A I
y? Y

Then x and y must be nonzero, so,
T=2\ y=-2\ = x=-y.

Then, using this information in the constraint we have

1 1 2
S+=5=1 = =1 = Tz =+V2.
T x T

Then, y = F/2, that is, the points to consider are

(V2,-v2),  (=V2,V2).

1 1 2)
1 1 2
f(—\/i\/i): (_\/5) _E:_ﬁ:_\/ﬁ'

Therefore, we conclude that

(\/—7 —\/5) is a maximum of f |,

(=v/2,V/2) is a minimum of f |




(1-%)
7. Consider the integral // f(z,y)dA = / / (z,y) dydz.
*%

(a) (8 points) Sketch the region of integration.
(b) (8 points) Switch the order of integration in the above integral.

(c) (8 points) Compute the integral // f(z,y) dA for the case f(x,y) = xy.
D

(a)




. (10 points) Transform to polar coordinates and then evaluate the integral

1 V1—z2 3/2
I= / / <x2 + y2> dy dzx.
—1J0

The integration region is given by

therefore, the integral I in polar coordinates is the following

I= 07r /01 (7"2>3/2 (rdr)do,




9. (10 points) Find the volume of a parallelepiped whose base is a rectangle in the z = 0
plane given by 0 < y < 2 and 0 < x < 1, while the top side lies in the plane z+y+2z = 3.
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