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Integration of rational functions

e Review: Decomposition of a polynomial.
e Integration of rational functions: Cases I - IV.
e Examples.

e The three main integrals.

-

A rational function is a quotient of polynomials

Po(z)
Qn(x)

withp=n—mand 0 < g < m.

Ry()
Qm()

= 5p(@) +

Quotients of polynomials can always be
integrated

They can be reduced into one of four cases

N
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/There are four possible cases in the \
decomposition of a rational function

I: The denominator is a product of distinct linear factors.

II: The denominator is a product of linear factors, some
of which are repeated.

III: The denominator contains irreducible quadratic

factors, none of which are repeated.

IV: The denominator contains irreducible quadratic

kfactors, some of which are repeated. /

4 N

Case I: The denominator is a product of distinct

/ 222 + 5z — 1
dx
z(x —1)(z+ 2)

Case II: The denominator is a product of linear

linear factors

factors, some of which are repeated

/ 224 2x+3
dx
(x —1)(x+1)2
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Case III: The denominator contains irreducible
quadratic factors, none of which are repeated

/ 322 4 22 — 2
dx
(x—=1)(x24+z+1)

Slide 5
Case IV: The denominator contains irreducible
quadratic factors, some of which are repeated

dx

/x4—x3+2x2—x+2
(x —1)(x% +2)?

4 N

Every polynomial can be decomposed into a
product of polynomials of degree one and two

Theorem 1 FEvery polynomial Q,(x) with m > 0 and
real coefficients can be decomposed as

Slide 6 Qm(x) = a(ac—al)[1 . (ac—aq-)h (x2 + b+ cl)ml B (x2 +bsx+ cs)ms .

withm =0y + -+ L, +mq + -+ my.

The a,---,a, are roots of Q,,(z), that is,
Qm(a;))=0,for i=1,--- .

N )
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form:

]

The problem of integrate a rational function
reduces to that of calculating integrals of the

flz/dix,
(x4 a)™

xdx 7 _/ dz
(224 b+ ) (@ +bx+ )

-

The solution for I is:

IF/(

r+a)m

de { In(|z + al) + ¢ m=—1,
(1_m)(xl+a)m—1 +c m 7& _1/
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the following:

The integrals I, and I35 can be transformed into

~

i udu [ du
Slide 9 2T ) @@rarym P w2t a)m
with the substitution
b 1
u:x+§, a:§\/4c—b2.
The solution of fg is:
Slide 10

udu

L | ey

|

1

2

In(u® + a?) + ¢

: m—1 + c m 7é _1/

2(1—m)(u?+a?)

m = —1,
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The solution of fg is:

~ du 1 u
I3 = [ —— = —arctan <—)—l—c, m = 1.
(u?+a?) « a

The case m > 1 is reduced to the case m = 1 by the
following recursive formula

So, we have integrated all possible cases!

N

/ du . 1 u 2m — 3 / du
(w2 4+a2)m™  2(m—1)a? (u2 +a2)™  2(m—1)a2 | (u2+a2)m-1"

)

-

Numerical Methods: Compute Riemann sums

e Left and right points.
e Midpoint rule.
e Trapezoidal rule.

e Simpson’s rule.

N
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The integral of algebraic functions is not always
an algebraic function

Definition of logarithm:

Slide 13 /:v 1 dt =: In(z).
1t

Definition of elliptic function:

/”C dt ()
o Va-oa-re)

N )

Numerical methods just compute finite Riemann
sums for different choices of sample points

Definition 1 (Riemann sum) Let f(x) be a function
defined on a interval x € [a,b]. The Riemann sum of
Slide 14 order n of f(x) in [a,b] is the number given by

Given a natural number n we have introduced a partition
on la,b] given by Az = (b—a)/n. We denoted
xf € [z, x41] a sample point.

N )
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Some methods use different sample points
T} € [Tiy Tiga]

Slide 15 e Left point rule: =} = x;.

e Right point rule: 7 = x;41.

e Midpoint rule: z} = (x;41 + 2;)/2.

N )
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The resulting Riemann sums are the following

e Left point rule:
Ly = [f(@o) + f(x1) + -+ f(wn-1)] Az
Slide 16 e Right point rule: ¥ = z;,.
Ry, = [f(z1) + f(z2) + -+ + f(zn)] Az
e Midpoint rule: =% = (zi41 + ;) /2.
My, = [f(xg) + f(23) + - + flag_)]Az.
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Other methods compute the area below f in
different ways

e Trapezoidal rule:
Ax

Ai = [f(zig1) + f(2)] -

e Simpson’s rule:

Ai = [f(@i) + 4 (@) + f(2i-1)] %

N )

4 N

The resulting Riemann sums are the following

e Trapezoidal rule:
= |7 an) 4 o) oo+ fann) + 3 )| A

e Simpson’s rule: (n = 2m even)

Ty = [f(zo) +4f(71)

+2f () +4f(x3) + 2f (w4) +4f (5) + 2 (26)

Az

+4f(x7) + f(2s)] 3
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Integrals of functions on infinite domains

e Improper integrals type I and II.
e Type I: Three main possibilities.

e Examples.

N

-

Generalizations of fab f(z)dx in I = [a, b)

Integrals on infinite domains are called improper

integrals of type I

e Type I: The interval is infinite: [ = (—o0, b], or
I =la,00) or I = (—00,00).

Integrals of divergent functions on finite domains are

called improper integrals of type II.

la,b]. (f(x) can have a vertical asymptote in [a, b].)

N

e Type II: f(x) is not bounded at one or more points in

)
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Type I: Infinite domains

Possibility (a):

Definition 2 If [7 f(t) dt = F(x) exists for all z > a,
then

T—00

/OO f(t)dt = lim F(z).

it is finite.

Otherwise the integral is said to diverge.

N

The integral is said to converge if lim, ., F'(x) exists and

)
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Type I: Infinite domains
Possibility (b):

Definition 3 If fff(t) dt = F(x) exists for all x < b,
then

/b ft)dt = lim F(x).

Tr——00

The integral is said to converge if lim, ., F'(z) exists
and it is finite.

Otherwise the integral is said to diverge.

N
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Type I: Infinite domains

Possibility (c):
Definition 4 If both [ f(t)dt and [ f(t)dt are

convergent for some c € IR, then

/Zf(t)dt:/;f(t)dufcoof(t)dt

12



