LINEAR STABILITY OF A SELF-GRAVITATING COMPRESSIBLE
FLUID WITH A FREE BOUNDARY

UWE BRAUER* AND GABRIEL NAGY'

Abstract. We consider the initial free-boundary value problem for the self-gravitating com-
pressible three dimensional Euler equations with positive mass density at the boundary, for which
we prove the linear stability of static background solutions. Our work can be summarised in two
essential steps. First, we transform the free-boundary problem into a fixed-boundary problem in
the usual way by using the Lagrange formulation of Euler’s equations. We then write the resulting
system as a first order system of evolution and constraint equations. Second, we enlarge the system
including every first derivative of the fluid velocity as a new variable. This procedure leads to whole
class of systems with different evolution equations. One of these systems admits a symmetric hy-
perbolic formulation of the evolution equations which might be useful for numerical investigations.
Another of these systems allows to decouple certain evolution equations, which then can be solved
independently. We prove well posedness for the linearization of these equations near a static back-
ground. This is done using known results for the initial fixed-boundary value problem for linear
symmetric hyperbolic systems. The treatment of the constraints at the boundary turns out to be
the most difficult part of our approach.
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1. Introduction. In order to consider the initial free-boundary value problem
for the self-gravitating compressible Euler equations we first introduce the indepen-
dent variables, the unknown fields and the fluid equations in a bounded domain,
before formulating the problem we are interested in. Let the independent variables
be the Cartesian coordinates (¢, z%) in R%, representing the time and the position in
space. Latin indices 1, j, k, [, take values 1, 2, 3, and summation over repeated indices
is assumed throughout this work. Let the unknown fields be a non-negative scalar
field p interpreted as the fluid mass density, a vector field v* interpreted as the fluid
3-velocity, and a scalar field ¢ interpreted as the gravitational potential. Fix a state
function p(p), which relates the pressure p with the mass density p. Assume that
the state function is twice continuously differentiable as a function of p. Assume,
in addition, that p is a non-negative and an increasing function of p in the domain
[P0, 00), where the constant pg > 0 satisfies p(po) = 0. Moreover consider a domain
Dy = U{t} x Dy, where t € [0, T] and D; C R? is a connected, open, bounded set for
each t.

The initial free-boundary problem for the self-gravitating compressible Euler
equations is to find a domain D7 and a unique solution p, v, ¢ of system

Dip+ pdiv' =0 in Dr
p Dyv; + 0ip = —p 0; 9, in Dr
A¢p =4nGp, in R3x[0,7]

A/_\
—_ =
[N
~—

with Dy := 0, +v'0; the material derivative, for the following given initial condi-
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2 U. BRAUER AND G. NAGY
tions
p(0,2) = po(x) v (0,2) = v§(2), on Dy (1.4)

on a given initial domain Dy, and satisfying on the free boundary By = U {t} x 9Dy,
with ¢ € [0, 7], the boundary conditions

p=po, on Br, (1.5
D:f=0 on Br, Vf:flg, =0,

(=)
= =

while the gravitational potential ¢ satisfies the boundary condition

lim ¢ = 0. (1.7)

2| —o00
We have denotes by G the gravitational constant, and by A = §%9;0; the Lapla-
cian, where 6% = diag(1,1,1). Latin indices 4, j, k, are equivalent as superscripts or

subindices, in the sense that they are rised with 6 and lowered with its inverse d;;.
With the boundary condition (1.7) ¢ is given by the Newton potential

p(t,z’)
D, |z — 2’|

Pt z) = -G d*z’, (1.8)

| | is the Euclidean norm in R3. In the rest of this work we use Eqgs. (1.8), in order to
calculate ¢.

The boundary condition (1.6) express that the material derivative Dy = 9y + v'o;
belongs to the tangent space of Br when evaluated at that border. The constant
po in the boundary condition (1.5) is the particular positive constant such that the
pressure vanishes, so the boundary condition (1.5) implies that the pressure at the
free boundary satisfies the usual condition

The name free-boundary emphasises that the domain Dy is part of the unknowns.
The domain, and so the part of its boundary given by Br, are not known before
computing the solution functions p, v*. The pressure must vanish at this border
because there is vacuum outside the fluid. The state function relates the pressure with
the mass density, so the pressure vanishes at some particular value of the mass density,
called pg. We consider states functions satisfying pg > 0. This condition imposes a
restriction on the possible state functions. An example of state function satisfying all
our assumptions is p = Kp7 — pg, where K,y and pg are positive constants. Liquid
water can be described by such state functions for appropriate values of the free
constants [4]. We do not study free-boundary problems for state functions satisfying
p(0) = 0, since the mass density and possibly the fluid sound velocity vanish at the
boundary, making the equations singular. Moreover the general version of equation
(1.6), is p (D¢f) = 0. Hence in the case of a vanishing boundary density, condition
(1.6) might not be satisfied and it remains open whether the boundary is in fact
generated by the integral curves of the velocity vector field.

The main difficulty in our problem is the presence of a free~boundary. The com-
pressible Euler equations can be solved in the case that the boundary is fixed. By
fixed we mean given in advance as a data of the problem, although not necessarily
constant in time. Euler’s equations can be written as a particular case of a general
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type of equations, called symmetric hyperbolic. The definitions of weakly, strongly,
and symmetric hyperbolic systems are reviewed in the Appendix, A.1. The initial
fixed-boundary value problem for quasilinear symmetric hyperbolic systems is well
understood in some particular cases [8], [13], [12], [16], [17]. These cases include char-
acteristic boundaries of constant multiplicity. This essentially means that the normal
matrix, which is the matrix formed with the coefficients of the principal part of the
equations involving only normal derivatives to the boundary, can have zero eigenval-
ues with constant multiplicity along the boundary. In that case it is known how to
prescribe boundary conditions, called maximal dissipative, such that the initial fixed-
boundary value problem is well posed. There are no similar results in the literature
for the initial free—boundary value problem for symmetric hyperbolic systems.

Therefore, the main strategy to solve a free-boundary problem is to transform it
into a new problem for different unknown functions but involving a fixed-boundary. In
the case of Euler equations this can be achieved transforming the problem from Euler
to Lagrange coordinates. The position in space of the fluid particles is the unknown, as
usual in Lagrange formalism. A label identifying the fluid particle is the independent
variable. Euler equations for the mass density and the fluid velocity translate into
a second order system for the position in space of the fluid particles and the free
boundary is transformed into a fixed-boundary. There is however a disadvantage
with this procedure. The resulting fluid equations in the Lagrange formalism, written
as a first order system, are not symmetric hyperbolic in space dimensions greater
than one. We show in Sec. 2.1 that they are only weakly hyperbolic. The a priori
estimates, which are at the very basis of well posedness for symmetric or strongly
hyperbolic systems, cannot be constructed in weakly hyperbolic systems. There are
examples of Cauchy problem for weakly hyperbolic systems with variable coefficients
which are not well posed [7]. This explains a tendency in the literature; a proof of
well posedness of the Cauchy or the mixed (initial fixed-boundary value) problem for
a weakly hyperbolic system, when possible, involves arguments which are specific to
the particular equation under study.

The linear stability of the initial free—boundary compressible Euler equations has
already been shown in [9] in a slightly different context, where gravitational effects
were neglected. The main idea of the proof is to consider the Euler equations in
Lagrangian coordinates and to develop specific estimates for those equations. Fur-
thermore a condition on the background solution is imposed which prevents the oc-
currence of the Rayleigh-Taylor instability in incompressible fluids. We come back to
this result in the last section where we compare it with our main theorem.

We present a different proof for the linear stability of static solutions of a self-grav-
itating fluid with a free-boundary. Our guiding idea was to use as much as possible
the known techniques on well posedness of the initial fixed-boundary problem for
symmetric hyperbolic systems. We also translate the free-boundary problem in the
Euler coordinates into a fixed-boundary problem in Lagrange coordinates. But we
then enlarge the system including every first derivative of the fluid velocity as a new
variable. We include as new equations the first derivative of the fluid equations in
the Lagrange formalism. The integrability conditions on the new variables are also
incorporated as new equations. The result is a class of enlarged systems, an example
given by (2.18)—(2.30), called here boundary adapted system. It consists of evolution
equations and constraint equations coming from the integrability conditions. The
name constraint means that there is no time derivative in these equations.

Einstein’s equations for the gravitational field, and Maxwell’s equations for the
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electromagnetic field are examples of systems consisting of hyperbolic evolution equa-
tions and constraint equations. The mixed problem for systems of this type can be
solved as follows. First, find a solution of the mixed problem for the evolution equa-
tions. Then, show that there exists a subset of all possible boundary conditions with
the following property: if the constraint equations are satisfied initially, then they are
satisfied for every time during the evolution. This property is called preservation (or
propagation) of the constraints. We carry on this idea on Egs. (2.18)—(2.30) to show
the linear stability of static solutions. The evolution equations are only weakly hyper-
bolic. However, when linearized near a static solution they decouple into a symmetric
hyperbolic block that can be solved separately from the rest of the system. The solu-
tions of this subset of the unknowns are then source functions to solve the evolution
equations for the rest of the variables. These equations are then ordinary differential
equations. Finally we show that there exists boundary data for the evolution equations
with the following properties: it is maximal dissipative for the evolution equations;
it implies the preservation of the constraints, and the resulting fluid boundary is a
free-boundary for the linear perturbation. This result is summarized in Theorem 3.2.

We have mentioned that the evolution equations of the boundary adapted system
are still weakly hyperbolic. This might be the reason why our argument to show well
posedness to perturbation of static solutions cannot be generalized to perturbations
on an arbitrary background solution. In the Appendix B we show that there exists
further modifications to the evolution equations which are symmetric hyperbolic in the
Lagrange coordinates. Such a formulation has interest in its own and might be useful
for numerical simulations.

The idea to find this system is the following. Given any system of evolution and
constraint equations, the former are not uniquely determined. Adding any constraint
equation to the evolution equations produces new evolution equations. Using this
attempt one can find a system of evolution equations for the compressible fluid equa-
tions in Lagrange coordinates which is symmetric hyperbolic, Eqs. (B.1)—(B.6) in
Appendix B. This evolution equations seem, at the moment, not to be well adapted
to the boundary, though. That is, it is no clear how to prescribe boundary data
satisfying the three properties mentioned above:

1. that it being maximal dissipative for the evolution equations;

2. it implies the preservation of the constraints,

3. and the resulting fluid boundary is a free-boundary.
We present this system here, because further modifications of the evolution equations
could produce a boundary adapted system for the full nonlinear fluid equations.

The main idea needed to construct Egs. (B.1)—(B.6) was originated in [5], where
a symmetric hyperbolic Lagrange formulation for Einstein-Euler’s equations was pre-
sented. However, it was not clear at that moment whether particular geometrical
features of Einstein’s equations made possible this system, or the same idea could be
carried out in Euler’s equations in the context of Newtonian theory. We show that
the latter possibility is actually true. A different starting point to obtain the same
system (B.1)—(B.6) is given in [6]. This reference reformulated and generalized the
ideas given in [5]. It provides a general procedure to construct relativistic symmetric
hyperbolic Lagrange formulations for any symmetric hyperbolic evolution equation
having a nonvanishing four-vector field as variable.

This work is organized as follows. In Sec. 2.1 we write the Lagrange formulation of
compressible Euler’s equations has a first order system. We show that the evolution
equations are weakly hyperbolic. In Sec. 2.2 we introduce the boundary adapted
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system, Eqgs. (2.18)—(2.30). In Sec. 3 we translate the free-boundary problem into
a fixed-boundary problem. We linearize it near a static solution. We prove the
main result, Theorem 3.2, which states that this linearization is well posed. We
discuss the main results in Sec. 4. We have added two appendices. The first one
provides the background material on hyperbolic equations needed in this work. The
main definitions on hyperbolic system are reviewed in Sec. A.1. The main theorem
on well posedness for the initial fixed-boundary value problem for linear symmetric
hyperbolic equations is reviewed in Sec. A.2. Finally, we show in Appendix B that
one can construct a symmetric hyperbolic Lagrange formulation of Euler’s equations.

2. Lagrange formulation. It is known that the Lagrange formulation of Eu-
ler equations in one space dimension is symmetric hyperbolic, but fail to have this
property in space dimensions greater than one.

2.1. Standard Lagrange formulation. Consider the Euler equations (1.1),
(1.2) in the bounded domain Dy, neglecting any gravitational effect. Assume that

the state function satisfies every condition given in Sec. 1. Denote v? := 2—7;, which

then satisfies 2 > 0 for p > py.
The compressible Euler equations (1.1), (1.2) can be written as the following
symmetric hyperbolic system

v Dyip + v pOiv' = 0, (2.1)
p2Dv' +12pdip =0,

by multiplying Eq. (1.1) by 2, and Eq. (1.2) by p.

The Lagrange formulation of Eqs. (2.1), (2.2) is the following. Consider the
domain Dy = [0,T] x D, where T > 0 and D C R? is a compact set. Fix a coordinate
system (¢,y*) in Dp. Latin indices a, b, ¢, d, take values 1,2,3. The coordinates y®
label the fluid particles. The coordinate ¢ is added for convenience in the description
of a moving fluid, which is equal the time coordinate of the Euler formalism. These
coordinates are the independent variables. The unknown fields are (¢, k,%, p, ©°). The
functions 2%(¢,y) represent the spatial position of the fluid particles with coordinates
y? at the time ¢, the r," = gx , p(t,y) = p(t, x(t,y)) is the fluid
mass density, and (¢, y) = vi(t, z(t, y)) is the fluid Velomty The hats are added to
emphasize that they are functions of y®. The Jacobian of the map 2*(¢,y) at time ¢,
given by k4, is introduced as a variable in order that the resulting system be of first
order. Denote its inverse by %;%, and the determinant by x = det(x,’) and finally
introduce the hatted derivative 51- = Ki%0,.

The equations in Lagrangian coordinates in our presentation include evolution
and constraint equations. The evolution equations are given by

Oyt = o', (2.3)
Orkia' — g v =0, (2.4)
20ip + 0°p 00" = 0, (2.5)
p20u0; + 02 dip = 0, (2.6)
while the constraint equations are given by
Do’ = K4, (2.7)

Oarie)' =0, (2.8)
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where 28[,1/@,}1' = Ok — Opka’. We use this notation throughout this work: an index
pair between square-brackets means antisymmetrization.

This is the Lagrange formulation of Euler’s equations. The Eq. (2.3) comes from
the definition of the coordinates y®, which label fluid particles. The Eq. (2.4) is the
identity 0;;0,)&" = 0. Eqgs. (2.5), (2.6) are Euler equations (2.1), (2.2), written in terms
of (t,y*). The constraint equations (2.7) and (2.8) are the definition of k," and its
integrability condition, respectively. The fluid equations in the Euler formulation form
a symmetric hyperbolic system. However the evolution equations in the associated
Lagrange formulation is only weakly hyperbolic in space dimensions greater than one.

THEOREM 2.1. The evolution equations (2.3)—(2.6) corresponding to the Lagrange
formulation of the Euler equations are only weakly hyperbolic.

Furthermore, the generalization of Egs. (2.3)-(2.6) to any space dimensions is
weakly hyperbolic for space dimensions greater than 1.

Proof. Write the evolution equations in the form 0,0 = A%0,0, with 47 =
(2%, ko', p, 0;), and T meaning transpose. The matrices A% depend of @. Fix a
solution @, a point (¢, y*), and compute the eigenvalues and eigenvectors of the matrix
P(t,w) = A%(@)w,, where w, € R%. Let gap = ka'kp?0;; be the metric induced by
the transformation ,°, and g% = Ri“f%jbéij be its inverse. Assume that w, is unitary
with respect to g?°, that is g*%w,w, = 1. Let ul = (z¢, k,%, p, v;) be an eigenvector
of P(t,w) with eigenvalue A. The equation A\u = P(#,w)u has the form

Az’ =0, (2.9)

Me,' = wat, (2.10)

Ap = —puw’, (2.11)
52

Ay, = —?wi/_), (2.12)

where we denoted w; := R;%w,. The space of unknowns has dimension 16. There are
three eigenvalues, Ao = 0 with multiplicity 12, and Ay = 47, each with multiplicity
2. The corresponding eigenvectors are

, (2.13)

with w' := §¥w;. There are 12 linearly independent eigenvectors wu,, parametrized by
the components of z° and k,’. However, there are only 2 linearly independent eigen-
vectors u,, so they do not span their four dimensional eigenspace. The component
of the velocity part, v?, of the eigenvectors u, has only components in the direction
along w'. Therefore, Egs. (2.3)—(2.6) are weakly hyperbolic.

This proof can be generalized to any number of space dimensions. In this case
we € R™ with n > 1. Indices i, j, and a b take values 1,--- ,n. The eigenvectors of
P(G,w) are uy and uy given above. The eigenvector u, span its eigenspace only in the
case n = 1. That is why the system is strongly hyperbolic in space dimension 1, but
it is not in higher space dimensions. In the later case it is only weakly hyperbolic.O

REMARK 1 (On the uniqness of presentation). The evolution equations (2.3)-
(2.6) are not uniquely defined, because one can add the constraint equations (2.7),
(2.8) into the evolution equations and the obtain a new set of evolution equations.
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Consider the following evolution equations

gt =", (2.14)

Orkia" — 040" = 01 (0" — Kq"), (2.15)
D20up + 02p 90" = i (8ad’ — Ka'), (2.16)
P20t + 02 Dip = —2030F; 7 0)akir) . (2.17)

However, this freedom in the definition of the evolution equations cannot be used to
find strongly hyperbolic evolution equations.

LEMMA 2.2. The evolution equations (2.14)-(2.17) are weakly hyperbolic for
every value of the parameters oy, with i = 1,2, 3.

The proof is similar to the proof of Theorem 2.1, and is not reproduced here.

2.2. Boundary adapted system. We present now, the new formulation of the
Euler equation, which we announced in the introduction. First consider the domain
Dy =[0,T] x D, where T > 0 and D C R? is a connected, open, bounded set. Let
(t,y”) be coordinates in Dp, with y* labeling the fluid particles.

The boundary adapted system is then the following. The unknown fields are
(2%, Kq, b, p, ', at, W,'). The functions #%(¢,y) are the spatial position of the

fluid particles with coordinates y® at the time ¢, while k.’ = gj; represent their

y-derivatives. The function ¢(t,y) = ¢(t,4(t,y)) is the gravitational potential as a
function of (t,y*). The functions p(t,y) = p(t,2(t,y)) and 9'(t,y) = v'(t,2(t,y))
represent the mass density and the 3-velocity, respectively. The unknown a' = 9;9°
is the material acceleration, and ,* = 0,9’ the y-derivative of the fluid velocity. We
use the notation W := K;%0q*, and W7 = R;%0e?, where &;® is the inverse of kq'.
Fix a state function p(p) as described in Sec. 1, and denote p = p(p). The evolution
equations are given by

Oyt = o', (2.18)

ko' = ", (2.19)

Op = —pb, (2.20)

0,0t = a', (2.21)

Brt; — V? 0 = —aab(a; + 0;0) — wiza” — 0;(0,9), (2.22)
Optbij — Diay = —iF iy, (2.23)

where 0; = %0, and the function & = £, with 3 = 22, and § = §(5). The
gravitational potential is given by

N t
- _ d3y .
¢ G/D Gy — 2yt Y (2:24)

with g = [det(gas)](2), where gap = Ka'kp?0;; is the Euclidean metric §;; written in
the Lagrange coordinates. The constraint equations are,

Gafci = :‘iai, (225) a[a“b]i =0, (228)
0,07 = ’Lf}aj, (2.26) a[awb]k =0, (2.29)
Py bd=—a;, (2.27) dua; =0.  (2.30)
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These equations (2.18)—(2.30) form the boundary adapted system. Let us just
outline how it can can be obtained. Compute the standard Lagrange formulation of
the self gravitating Euler equations (1.1), (1.2). Then, Eq. (2.18) is the definition
of y*, that is, a label for the fluid particles. The constraint Eq. (2.25) is the defini-
tion of k,’, and Eq. (2.28) its integrability condition. The constraint Eq. (2.26) is
the definition of the new unknown 1,*, and Eq. (2.29) is its integrability condition.
The evolution Eq. (2.19) is the evolution equation (2.4) replacing d,9° by w,'. The
evolution equation (2.21) is the definition of a; as the material acceleration, then the
constraint equation (2.27) is the original Euler equation (2.6) (with nonzero gravita-
tional potential). The constraint equation (2.30) is its integrability condition.

The equations (2.22), (2.23) are obtained following the main idea in [5]. The
first equation comes from the remaining integrability condition of the original Euler
equations (2.5), (2.6) (and including the gravitational potential), that is,

o (aip ) _ b, (ai” > _ _Ladap, (2.31)
p p p

where we used the commutator [0, 31] = —] 5j. This commutator can be obtained
noticing that the evolution equation (2.19) implies (9:%;%)d, = —;?0;. The expres-
sion on the left hand side can also be written as follows,

o <a;;ﬁ> -0 (a;,ﬁ) = ~ 0 — 01(0:) + 0i () (2.32)

where the last term on the right hand side comes from Euler’s equation (2.5). There-
fore, one obtains

R . Db o n
Bty — 200 = (B0 )ib + wﬂ%’ — 0,(8;). (2.33)
Note that 31(192) = %. Introducing the constraint é;ﬁ + &QAS = —@,; one obtains
Ora; — ﬁ25ﬂi1 = —OAﬂlA](&l + éz(ﬁ) - ’Lf]ij (CAl] + équ) — at(élqg) (234)
This is Eq. (2.22) if one recalls the commutator [9;, ;] = fuiijéj. The Eq. (2.23)

is just the identity 8[t8a]ﬁj = 0, written in terms of w;; and a;. This finishes the
procedure to obtain the boundary-adapted system.

3. Initial free-boundary problem. Consider the initial free-boundary value
problem introduced in Sec. 1 for the self-gravitating compressible Euler equations. In
this section we prove the linear stability of static background solutions of the boundary
adapted Lagrange formulation of this problem for which we neglect perturbations in
the gravitational potential. We first convert the original free-boundary problem given
in Sec. 1 into a fixed-boundary problem for the boundary adapted Eqgs. (2.18)—(2.30),
with particular boundary conditions. These particular boundary conditions have the
information that the fixed-boundary in the Lagrange formalism corresponds to a fluid
free—boundary. Because of this reason, we keep the expression free—boundary to name
our problem in Lagrange coordinates, although one solves an initial fized-boundary
value problem. We then compute the linearization of Egs. (2.18)—(2.30) around a
static background solution. We show well posedness of the initial fixed-boundary
problem for the linear system.
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The initial free~boundary problem for the boundary adapted Lagrange equations
(2.18)—(2.30), is the following. Find a vector valued function 4 = (2, k., p, 0,
at, wi;), solution in Dt of both the evolution Eqs. (2.18)—(2.23), where b is given by
(2.24), and of the constraint equations (2.25)—(2.30). This solution must be uniquely
specified in terms of some initial and boundary data of the form

0(0.9) = io(y) on D (3.1)
p=po, with po>0 p(po)=0 on 9D
w=0 on  Br (3.3)

REMARK 2. The solution to this problem in Dt defines a solution to the ini-
tial free-boundary problem for the self-gravitating compressible Euler equations (1.1)-
(1.2), presented in Sec. 1, in the domain Dy = U {t} xD;. One has to choose D = Dy.
The information about the time evolution of Dy is encoded into the functions z*(t,y),
for y* € 0D. Note that the condition that the density is constant must only hold
on the boundary of the initial hyersurface. The 3-surface Br in space-time is a free
boundary because w|p, = 0, which implies that p is constant in that boundary. The
initial condition plap = po implies that this constant is p = po. Therefore, p|p, = 0,
and the boundary is a fluid free-boundary.

3.1. The linearized problem. Consider a smooth static solution to the initial
free-boundary value problem above. That is, fields &} = d,y?, f)g =0, a}, = 0, and
Woi; = 0, where we have chosen that the x and y coordinates coincide. The fields pg
and 950 satisfies the equation

9bo _ .4 (3.4)

and ¢ is given by (1.8). Note that d;¢9 = 0. Denote by vy = v(jo). Introduce the
unknowns

B =20 — 0,y R = ke — 04, (3.5)
p=p—rpo, U =0, a =a', wy =i (3.6

Neglect the gravitational effects of the perturbation, that is, set ¢ = 0.
The linearization of the boundary adapted system (2.18)—(2.30) is the following:

Oyt = v, (3.7)

Orkia’ = 4", (3.8)

Oep = —po W, (3.9)

o0t = a’, (3.10)

Dy — V200 = — (Do), (3.11)
V20 — v20;a' = 0, (3.12)
Ay = 0, (3.13)

Aydyijy — Dagy = 0, (3.14)

where §; = 0;%0a, and W5y = W) — 51-]%, that is the symmetric trace-free part of
w;;. The linearized constraint equations take the form
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0’ = FRa',  (3.15) daie’ =0,  (3.18)
5 U = wa], 316) a[awb]k — 0, (319)
( ) = —a;, (3.17) Oiaj = 0. (3.20)

The initial free-boundary value formulation for the linearized Lagrange equations
is the following.

DEFINITION 3.1. Find a vector valued function 4 = (¥, &', p, ©%, a, Wij),
solution in D of both the evolution Eqs. (3.7)—(3.14), and of the constraint equations
(3.15)-(8.20). This solution must be uniquely specified in terms of the initial and
boundary data

(0,y) = uo(y) on D (3.21)
p=po, with pp>0, p(po)=0 on 0D (3.22)
w=0 on Br. (3.23)

The main result is the following.

THEOREM 3.2 (Linear stability of the initial free-boundary problem). Consider
the initial free~boundary value problem for the linear evolution equations (8.7)—(3.14),
on the domain Dy = [0,T] x D. Let n; denote the components of the outward unit
normal form to 0D, and q;; = d;; — nyny the orthogonal projector.

1. Fiz as initial data on D the functions ¥* =0, p, ¥ in H*(D) for s > 1. The
initial data for k.', w;;, and a* are given by Egs. (5.15), (3.16), and (3.17),
respectively. Impose p = po at OD.

2. Prescribe as boundary data on Br the value of the function w = 0.

8. Assume that the boundary data and the initial data satisfy the compatibility
condition of order s.

Then there exists a vector valued function . € Cp(H?®) solution of the initial free—
boundary value problem 3.1.

The idea of the proof is, first, to find a solution of the mixed problem for the evo-
lution equations (3.7)—(3.14). This is done in Lemma 3.3. These equations decouple
into a symmetric hyperbolic block for the unknowns a;, and w. The equations are
(3.11), (3.12). This subsystem can be solved separately from the rest of the system.
The main theorem to show well posedness of the mixed problem for this subsystem
is given in [16], and it is reviewed in the Appendix A.2, Theorem A.5. The boundary
data w = 0 at Bp is maximal dissipative for this subsystem. The solution fields, a;,
w are then the source functions to solve the evolution equations for the rest of the
variables, Eqgs. (3.7)—(3.10), (3.13), (3.14). These equations are ordinary differential
equations.

Second, show that constraint equations (3.15)—(3.20) are preserved along the evo-
lution. This is done in Lemma 3.4. Given the solution found in Lemma 3.3, we
introduce the constraint quantities (3.30)—(3.35). The evolution Egs. (3.7)—(3.14)
imply that these constraint quantities satisfy the equations (3.36)—(3.41). We check
that these equations have a unique solution given by the zero solution.

Finally, Lemma 3.5 shows that the differentiability of the solution in the directions
normal to the boundary is the same as the differentiability in the tangential directions
to that boundary. The solution found in Lemma 3.3 belongs to the function space
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H:(D) for s > 1. These spaces are defined in [16] and reviewed in the Appendix.
For every element in that space the differentiability at the boundary in the directions
normal to the boundary is only half the differentiability in directions tangential to the
boundary. This is the differentiability of solutions to general symmetric hyperbolic
systems with characteristic (but not totally characteristic) normal matrix. In our case,
the constraint equations give the missing differentiability in the normal directions
to the boundary. This agrees with previous results in mixed problems with fixed-
boundary in Euler coordinates, given in [14] and [15]. In these works the solution has
the same differentiability in the directions tangential and normal to the boundary.

Proof. of theorem 3.2 We divide the proof in the following three Lemmas.

LEMMA 3.3. Assume the hypothesis in Theorem 3.2. Then, there exists a unique
function @ € Cp(HE), solution of the evolution equations (3.7)—(3.14). Moreover,
there exist positive constants C1 and Cs such that

la(®lz . < Cre® Juoll? . (3.24)

s,k —

for each t € [0,T], and s > 1.

LEMMA 3.4. Assume the hypothesis in Theorem 3.2, and let w be the solution
of the evolution equations (3.7)—(3.14) given in Lemma 3.3. Then, this vector valued
function @ satisfies the constraint equations (3.15)-(3.20).

LEMMA 3.5. Assume the hypothesis in Theorem 8.2, and let @ be the solution
of the evolution equations and constraint equations (3.7)-(3.20) given in Lemma 3.4.
Then, the solution @ belongs to Cp(H*®).

As indicated above these three lemmas imply theorem 3.2. O

Proof. (of Lemma 3.3) Consider the evolution equations (3.11)—(3.12) for the
unknowns a;, w. Once these two fields a;, w are known, one can use them as source
functions in the ordinary differential equations Eqs. (3.7)—(3.10), (3.13), (3.14). So,
the rest of the proof is focused only in (3.11), (3.12).

The boundary data w = 0 given in assumption 2 of Theorem 3.2 is maximally dis-
sipative for equations (3.11), (3.12). This can be seen solving the eigenvalue problem
for the associated normal matrix. Let 27 = (&%, w), and write the volution equations
for these unknowns as A%9,2 = A'9,% + B2. Let A" := A’n; be the normal matrix
of Egs. (3.11), (3.12). Note that this normal matrix is negative the one introduced in
Sec. A.2. Then, the eigenvalue equations, Az = A"z, are the following,

\a; = vgnjw, (3.25)
W = a,,, (3.26)
where a, = gini. Also introduce a} = qijgj so one has a; = a,n; + a;,. The

eigenvalues are \g = 0 with multiplicity 2, and AL = £1y, each with multiplicity 1.
The corresponding eigenvectors are

/ .
o= 8] =]y .27

Maximally dissipative boundary conditions have the form
N =H D)+ F with H? <1, (3.28)

where 28 = (o), +a®NT | with 2090 = (a,, + vow). We have also introduced
| | as the operator norm. Choose F' =0 and H with H = 1 such that

(a<+> _ a(—)) —w, (3.29)
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therefore, the prescription of w = 0 is maximally dissipative for equations (3.11),
(3.12). In addition, the initial data belongs to H*(D), so it belongs to HZ (D). There-
fore, Theorem A.5 implies that there exists a solution a;, w € Cp(H?) to Egs. (3.11),
(3.12), which satisfies the estimate (3.24). Integrating the ordinary differential equa-
tions (3.7)—(3.10), (3.13), (3.14) with a; w as source functions one obtains a solution
& Rot, 0, Wy, Wiy in Cp(HE).O

Proof. (of Lemma, 3.4) Preservation of the constraints. Given a solution @ of Eqs.
(3.7)—(3.14), introduce the constraint quantities,

Qo' = 07" — Fa', (3.30) Cal = eaOiic’,  (3.33)
Qyj := 0ivj — Wy, (3.31) Cij == Moy,  (3.34)
2 A
Qi i=Xdip+a;, (3.32) Cii=e/*0;a.  (3.35)
Po

Take a time derivative of every constraint quantity. Because 4 satisfy the evolu-
tion equations (3.7)—(3.14), the associated constraint quantities satisfy the following
system,

29Q." = 30,79;%,  (3.36) XC," =6,7C;",  (3.39)
1 14

atQij = §€ijkck, (337) atCij = 5@61 (340)

9:Q; =0, (3.38) dC; =0, (3.41)

The initial data used to find @ implies that all the constraint quantities vanish
initially. Then Eq. (3.41) implies that C; vanishes in Dy. Then Eq. (3.40) implies
that C;; vanishes in Dp. Therefore, all remaining constraint quantities vanish in that
domain.

Proof. (of Lemma 3.5) The proof is based in the following result.

PROPOSITION 3.6. Assume the hypotheses in Lemma 3.4. Extend the normal vec-
tor n® to a neighborhood of D in D, as the unique solution of the geodesic equation.
Then, in that neighborhood the solution U satisfies

n®d,u = A0yt + A'q;? 9,0 + F, (3.42)

where the matrices A°, A? depend on @ and g, while the vector F depends on @, g,
and O;tig, with g the initial data.

We assume that the Proposition 3.6 is true, and we complete the proof of Lemma
3.5. The equation (3.42) holds at the boundary 9D and also in a neighborhood of
0D, for all t € [0,T]. This means that normal derivatives of @ at the boundary can
be computed from w, from tangential and time derivatives of % and from the initial
data . The term F in the right hand side of (3.42) contains normal derivatives of
the initial data, but not of the solution.

Because the equation holds in a neighborhood of 9D we can take derivatives in the
n® direction. Commuting derivatives and Eq. (3.42) implies that second derivatives of
4 in the normal direction can be computed in terms of tangential and time derivatives
of % and on second derivatives of the initial data .

This procedure gives an expression for the s-normal derivative of @ in terms of
s1-tangential and so-time derivatives of @ with s = s1 + s2, and s-derivatives of the
initial data. These equations holds also at the boundary 0D. Then, if the solution
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belongs to Cr(HZ) and the initial data belongs to H*(D), then the solution @ belongs
to CT (H‘S)D

Proof. (of Proposition 3.6) We assume that @ satisfies both the evolution and the
constraint equations. The proof is to compute the normal derivative of @ and to verify
that the resulting expression is of the form given by Eq. (3.42). Introduce first the
notation 9, = n®d,, and the same holds for any solution field, that is, the subindex n
in any field means contraction with n®. For example Fon? .— n%kq'. We also introduce
the space derivatives of the normal vector, k,* = ¢,¢0.n’. We use the notation (t)
or 4 for the value of the field at time ¢, and @(0) for its value at time ¢t = 0. Then,
On U has the form,

O = k', (3.43)
O = f%an, (3.45)
0
an(Qab"%bi) = Qabab(v i) k bkbia (346)
On(qijFon’) = Onlqijien’ (0)] + t0y, [2% n* 1 (0)]
+gi? 0jfn" (1) — ki’ Ry (1)]
—[q:’ 8 Fn"(0) — kj“] (0)], (3.47)
1
On(Fn™) = —qi*Oafin’ + ki"Fg" + —an
Yo
+0n, [&%ai(o) + @} : (3.48)
Po
an(Qljd]) = qiaaadn - kijdj; (349)
Ontin = —q™ 0a(qjnad") — ki'tin + Oy, (3.50)
.1 Qg .
anw = _Qatan + _2w8n¢07 (351)
Z/O Z/O
Onjiz) = Onyig) (0), (3.52)
On (g W) = i Oatoni — ki’ Wi, (3.53)
On (Wnj @i ) = 4" 0atd — 4;" 00 (¢" k1) — kid Win — ki1
+0n[2¢:7 015 (0)]. (3.54)

The rest of the proof is to explain how we have obtained Egs. (3.43)—(3.54). The
equations (3.43)—(3.45) are the contraction of the constraint equations (3.15)—(3.17)
with the normal vector n?, respectively.

Eq. (3.46) is obtained in the same way, that is, contract Eq. (3.18) with the
normal vector n®. The other two equations, (3.47), (3.48) require more work. We
start with Eq. (3.47). Contract evolution Eq. (3.8) with ¢;;n* and then take a normal
derivative. One obtains

O [an(q”l%njﬂ = an(qijwnj)7 (355)
= Qijajwnn - kijwjn +0n (2Qijnkw[kj])7 (357)
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where in the second line we used the definition of the vorticity 2w(;; = wi; — Wy,
and the first two terms in the third line comes from the first one in the second line,
because of the constraint equation (3.19) contracted with the normal vector n‘. Now,
the evolution equation (3.13) implies that w;(t) = wpj(0). Also use evolution
Eq. (3.8) to replace the first two terms involving w,* in the third line back by 9;%,".
One then obtains,

N[0n(qijin?)] = Olai? 0jkn™ — ki’ ;™) + On[2¢:7 nF 1y (0)], (3.58)
therefore, integrating in time one finally obtains

Ongijhin’ (1)) — Onlgijien’ (0)] = ¢/ Ojfn" (t) — ki’ Ry (2)]
—[qi? 070" (0) — ki’ &;"(0)]
+t0n[2¢;7 0" 5 (0)], (3.59)

which is Eq. (3.47). The Eq. (3.48) is obtained from the equation

p(t) + pokr(t) = p(0) + poier(0), (3.60)

with &7 the trace of &,°, that is, &7 = 6;%%,’. The Eq. (3.60) is a time integration of
the trace of the evolution Eq. (3.8) after replacing w with the evolution Eq. (3.9). It
is the linearization of the equation p(t)x(t) = p(0)x(0), which can be obtained from
the nonlinear Egs. (2.19), (2.20), where x = det(x,"). Take the normal derivative of
Eq. (3.60),

Onfen™ = —0p [qﬂfaai + @} + O [;;-T(O) + @] : (3.61)
Po Po
and in the right hand side replace the first two terms using Eq. (3.46) and (3.45),
respectively. The result is Eq. (3.48).

The normal derivatives of the acceleration are obtained as follows. The Eq. (3.49)
is the contraction of the constraint Eq. (3.20) with the normal vector n®*. The
Eq. (3.50) is just the evolution Eq. (3.12).

The normal derivatives of w;; are found as follows. The Eq. (3.51) is the con-
traction of the evolution Eq. (3.11) with the normal vector n’. The Eq. (3.52) is the
normal derivative of the time integral of the evolution Eq. (3.13). The Eq. (3.53)
is the contraction of the constraint Eq. (3.19) with the normal vector n®. The last
Eq. (3.54) is obtained using, once more, that the vorticity wj;;) is conserved in time.
Start form the identity

J

Wik = Wkj + 2W[5k), (3.62)
compute the component n?¢;* and the take a normal derivative. The result is

= qijajwnn - kijwjn - kijwnj +On [2qijnkw[jk] (0)]5 (364)

where in the second line we used Eq. (3.53) contracted with n*. Replace 1y, using
Wy = W — g5, and the result is Eq. (3.54).

Finally note that Eqs.(3.51)—(3.54) imply that 0,Wy,, can be expressed in terms
of normal derivatives of & and ¢”1;;, and these, in turn, by tangential derivatives of
the rest of the fields using Eqgs. (3.51), (3.53). O
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4. Discussion. We have presented a new method for treating initial free-bound-
ary value problems. That method consists in transforming the fluid equations to
Lagrangian coordinates and then enlarging the system by adding every first derivative
of the velocity field as new unknowns. Such a system, which we call boundary adapted,
consists of evolution and constraint equation.

In the case treated here we used the fact that the linearization of this system near
a static solution has a particular form. The system decouples in two subsystems: the
first one consists of the unknowns a;, @ and of the Eqgs. (3.11), (3.12); the second
one consists of the rest of the evolution equations. The first subsystem is symmetric
hyperbolic and can be solved independently of the second. This second subsystem
is formed by ordinary differential equations in time with the solution of the first
subsystem as source functions. This decomposition of the linearised equations holds
for static background solutions, but not for more general background solutions.

The linear stability of the initial free—boundary compressible Euler equations has
already been shown in [9]. Gravitational effects were neglected. The proof is not
based on the method of symmetric hyperbolic systems with maximally dissipative
boundary condition. It is based, instead, on techniques specific to the equations
under investigation. The proof start by transforming Euler equations to Lagrange
coordinates. The problem to solve is then an initial fixed-boundary value problem
for the space position vector field. Linear stability for this problem is proved by
linearising the equations for this unknown vector field. One can show that the linear
equation is weakly hyperbolic, with the speed of sound being the nonzero characteristic
speed. The crucial step is to check that a pseudodifferential first order reduction is
weakly hyperbolic. (See [11] and references therein for a definition of first order
pseudodifferential reductions.) Therefore, special techniques have been developed in
[9], [10] [3] to solve this linear problem. These are based in a decomposition of the
unknown vector field into a divergence part and a divergence-free part. The equation
decouples to highest order in the linearization parameter, and different techniques are
used to estimate each part of the equation. The well posedness for the linear problem
then follows from these estimates.

A condition for the background solution is assumed in [9], that prevents the
Rayleigh-Taylor instabilities in incompressible fluids, namely 9,p < —c¢y < 0, in
0D (Eq. (1.9) in that reference). This instability appears in incompressible fluids,
essentially when a heavier fluid is on top of a lighter one in a constant gravitational
field [18],[1]. One can check, however, that the argument to show this instability does
not hold for compressible fluids. (For example, reproduce for a compressible fluid the
proof given in [2].) So it is not clear whether this instability appears in a compressible
fluid. The only previous proof of well posedness for the linearization of the initial-
free boundary value problem in compressible fluids is the one given in [9]. And
that proof makes central use of a condition in the background solution that prevents
this instability. In our case, the static self-gravitating fluid satisfies this condition.
However Theorem 3.2 can be generalised to the case where self-gravitational effects are
discarded, that is, ¢ = 0. We still need the condition that the background solution
be static. This means that the mass density must be constant everywhere in the
background solution. And that this constant must be the one that makes the pressure
vanish. Therefore, Theorem 3.2 can be generalised to a background solution that
represents dust, and which does not satisfy the condition to prevent Rayleigh-Taylor
instability in incompressible fluids.
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Appendix A. Background concepts on hyperbolic equations.

We present the notation, the definitions, and the main results from the literature
needed for our problem. We start in Sec. A.1 defining symmetric, weakly and strongly
hyperbolic systems [7]. We then briefly review that the Cauchy problem for linear,
variable coefficients, weakly hyperbolic systems is not well posed. In Sec. A.2 we
summarized the initial fixed-boundary problem for symmetric hyperbolic systems. It
is known that under certain assumptions this problem is well posed. We review a well
posedness theorem for linear systems given in [16], which is the main result from the
literature needed for this work.

A.1. Symmetric, weakly, and strongly hyperbolic systems. Let D C R™,
with n > 1, be a compact set, lying on one side of its C*° boundary 0D. Let
Dy =[0,T] x D, By =[0,T] x dD. Consider the quasilinear first order operator

L=A,+) A0;+B, (A.1)
j=1
where A%, A ... A" B are given real N x N matrix valued functions of (¢,,u),

with (t,z) € Dr, and u € RY. The operator is called linear if none of the matrices
depend on w.

DEFINITION A.l. The operator (A.1) is called symmetric hyperbolic if the ma-
trices A, ..., A™ are real symmetric in Dr x RN and there exists a constant 0 < ag
such that lag < A°(t,z) < I(ag") for all (t,z) € Dy and u € RN, where 1 is the
tdentity N x N matrix.

DEFINITION A.2. The quasilinear operator (A.1) is called weakly hyperbolic if
the matriz P(w) := (AO)(’l)Ajwj has real eigenvalues, for every w € R™, (t,x) € Dr,
and v € RV,

This is the definition given in [7] Page 57, for the case of linear system with
constant coefficients. No definition is given in that reference for variable coefficient
systems, because the Cauchy problem is not well posed in this case. This is shown
by examples in Sec. 2.2.3 and 2.2.4 in that reference. Well posedness requires extra
assumptions on the system.

For example, assume that system (A.1) is symmetric hyperbolic. Therefore, ma-
trices A!,..., A" are all symmetric, and then P(iw) is symmetric for every w € R,
which implies that it is diagonalizable. The matrix P(w) not only has real eigenvalues,
but also has a complete set of eigenvectors. It turns out that this second property is
critical to prove well posedness of the Cauchy problem.

This is the reason for the definition of a class of systems wider than symmetric
hyperbolic, but narrower than weakly hyperbolic, which have a well posed Cauchy
problem.

DEFINITION A.3. The operator (A.1) is called strongly hyperbolic if the matrix
P(w) := (AYY AJw; has real eigenvalues at every (t,x) € Dr, and a complete set
of linearly independent eigenvectors for every w € R™, which depend smoothly on t,
z, u, and w.

For linear operators this is essentially the definition given in [7] page 186, if one
recalls Lemma 2.4.2 in that reference. The Cauchy problem for strongly hyperbolic
systems is well posed. See Theorem 6.2.2 in [7] for linear operators, and Theorem
5.2.D in [19] for quasilinear operators.
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A.2. Results on fixed-boundary. Consider the initial fixed-boundary value
problem for a linear symmetric hyperbolic operator L, given by

Lu=F in Drp, (A.2)
Mu=0 on Br, (A.3)
ulpmo = f in D. (A.4)

The function u, and the given functions F' and f are vector valued functions with N
components. Functions v and F are defined on Dp, while f is defined on D. M is
a given real d x N matrix defined on 0D, and it has constant rank d everywhere on
oD.

Well posedness for a Cauchy problem or an initial boundary value problem essen-
tially means that there exists a unique solution for some given initial and boundary
data, and this solution depends continuously on the data.

DEFINITION A.4. Let B(D) be a Banach space with norm | |, whose elements are
vector valued functions u : D — RY. The initial boundary value problem (A.2)-(A.4)
is well posed in a Banach space B(D) if given initial data f € B(D) and appropriate
boundary data M, there exists a solution u(t,x), which is unique in B(D) for each
t €10,T); and satisfies the estimate

t
ol < cue (1P +ca [ PP ) (A5)
0

for some positive constants Cy, Csy, Cs.

Let n = (nq,...,ny,) be the unit outward normal to dD. Define the normal matrix
A, as
Ap =" Aln;. (A.6)
j=1

The boundary is called non-characteristic if A,, is invertible everywhere on 9D. On
the other hand, if the matrix A,, is not invertible but has constant rank on 0D then the
boundary is said to be characteristic of constant multiplicity. The boundary condition
(A.3) is called mazimal dissipative (or positive) if M = M (t,z) € C*°(0D) is a real
dx N matriz valued function of constant rank d on 0D and ker M is mazximal positive
for A,. The condition that ker M is maximal positive for A,, means that A,, is positive
definite for every vector in ker M, and ker M is the biggest space with this property,
that is if (v, A,v) > 0 then v € ker M. Here (, ) is the product in C".

The initial and boundary data overlap at dD. The compatibility condition of
order p > 0 is given by M f*) =0 on dD, for k =0,...,p. Here the f*) are defined
recursively starting from the initial data. First, f(9 = f, and the f®*), k > 1 are
computed by formally taking the k& — 1 time derivative of Lu = F', then solving for
OFu, and evaluating it at t = 0.

It is proved in [16] that the initial fixed-boundary value problem (A.2)—(A.4) is
well posed in the Hilbert spaces, H™(D). These spaces are a generalization of the
usual Sobolev spaces H™(D). Functions in H}*(D) satisfy that at the boundary 0D
they are twice more differentiable in directions tangential to D than in the normal
direction.

The definition of spaces H(D) requires the concept of vector fields tangential
and normal to 0D. The vector field 7 € C°°(D;R") is called tangential if and only
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if (r,v) =0 at every point in D. A vector field 7 € C°°(D;C") is called normal if
m = v at every point dD. Let {m, 72,...,7,} be a set of smooth vector fields on D,
linearly independent at each point in D, such that 7 is a normal vector and 73, ...,7,
are tangential vectors. Let L?(D) be the space of square integrable functions in D,
and denote by || || its norm. Given m > 1 the function space H*(D) is defined as the
set of functions u € L?(D) such that

lalfe = D Il (). (A7)

la|+2k<m

Here a = (awg, ..., ) is a multi-index, |a] = as + ...+ o, and 7% = 752 ... 7%,

Let X be a Banach space and 7" > 0, then C* ([0,T]; X) denote the space of
k-times continuously differentiable functions defined on [0, 7] taking values in X. We
define

Cr(H) = ﬁ C*([0,T); H'*(D)), (A.8)
k=0

with the norm ||u|m,«1 = SUP[o, 7] llwe(®) |l m,«, where

@l = Y N10Ful) 7 (A.9)
k=0

Finally define the norm || f|;m,« for the initial data function f as follows,
10 = D PR (A.10)
k=0

where f(*) are the functions that enter into the compatibility conditions at 9.

The result needed in this work is the well posedness of the initial fixed-boundary
value problem for symmetric hyperbolic equations. We reproduce here a weaker ver-
sion of the theorem proved in [16]. The most general result can be found in that
reference.

THEOREM A.5. Consider the initial fized-boundary value problem (A.2)-(A.4)
for the symmetric hyperbolic operator L. Let s,p be integers such that s > 2[%] +6
and 1 < p <s. Assume the following:

1. The matrices Ao, ..., An, B and the source function F belong to Cr(HY) for
p <s.
2. d =rank(A,,) is constant for every point in By, and 0 < d < N.
3. The boundary condition (A.8) is mazimal dissipative.
4. The initial data f satisfies the compatibility condition of order s — 1 at 0D.
It also satisfies that fP) € HY P(D) forp=0,...,s.
Then there exists a unique solution uw € Cp(HE) of the initial fized-boundary problem
(A.2)—(A.4). Moreover, there exist positive constants C1, Co, Cs, such that

t
Ju()I2. < CreC (Illfllli,* =y |||F<t’>|||,%,*dt') (A11)

for each t € [0,T].
Appendix B. Symmetric hyperbolic Lagrange formulation.
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We present an alternative form of the Lagrange formulation of Euler equations.
This system has symmetric hyperbolic evolution equations in space dimension greater
or equal 1. The idea is to add appropriate combinations of the constraint equations
(2.25)—(2.30) to the evolution equations (2.18)—(2.23).

The symmetric hyperbolic Lagrange formulation of Euler equations is the fol-
lowing. Consider the domain D, and coordinates (t,y®), where the coordinates y®
represent the fluid particles. The unknown fields are (&, ko', ¢, p, 0%, s, i),
representing the same fields as in Sec. 2.2. The evolution equations are

it =o', (B.1)

kgt = fiaj’d}j , (B.2)

Opp = —pi’, (B.3)

90" = @', (B.4)

Avai — D207 = —and(a; + 8;0) — Wi aj — i (9:), (B.5)
DP2Opbi; — 2 0;a; = — 02 iy (B.6)

The gravitational potential is given by Eq. (2.24). The constraint equations are given
by (2.25)-(2.30).

This is the symmetric hyperbolic Lagrange formulation. The only difference with
respect to the boundary adapted system are Eqs. (B.5), (B.6). The first one comes
from adding the constraint 22(9;i;7 — d;;7) = 0 to Eq. (2.22). The second one is
obtained as follows. Add the constraint 5[idj] = 0 to Eq. (2.23), and multiply the
result by #2. This finishes the procedure to obtain Egs. (B.1)-(B.6).

LEMMA B.1. The evolution equations (B.1)—-(B.6) are symmetric hyperbolic.

The proof is a straightforward computation from the principal part of equations
(B.1)—(B.6), and is not reproduced here.

The symmetric hyperbolic Lagrange formulation (B.1)-(B.6), (2.25)-(2.30) can
be translated back to the Euler formulation. The result is the following system. Let
(t,z") be coordinates in R*. The dynamical variables are (p, v’, a’, w;;), that is
the fluid mass density, the fluid velocity, the material acceleration, and the space
derivatives of the fluid velocity, respectively. The equations consist of evolution and
constraint equations. The evolution equations are given by

Dip = —pw, (B.7)

D' = a’, (B.8)

Dya; — 1/28jwij = —aw(a; + 0;¢) — wijaj — 0;(D:d), (B.9)
V2thij — 1/28jai = —VQwikwkj, (B.10)

where D; = 0; + v%0; is the material derivative, the gravitational potential ¢ is given

by Eq. (1.8), v? = %q is the square of the sound velocity, a = (;’—% and 8 = gipg.

We use the notation w = w;*, and Latin indices i, j, k, [ are rised and lowered with
0%, and d;;, respectively. The constraint equations are the following,

o) = w7, (B.11) dw; " =0, (B.13)
% + 8¢ = —a;, (B.12) da; =0.  (B.14)

Both systems, however, are not well adapted to study well posedness of initial
free-boundary problems. This means that it is not clear how to prescribe boundary
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data satisfying the three conditions given in Theorem 3.2. That is, the boundary
data being maximal dissipative for the evolution equations, it implies the constraint
preservation, and the resulting solution has a free-boundary.
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