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The brain: unparalled parallel computer

» 10! neurons

» 10 synapses

» network Is plastic

» regulates behavior

s canlearn and remember!
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» Responsible for majority of fast synaptic transmission
» Heteromeric tetramer of subunits GIluR1-GluR4

» Complexes with synaptic proteins — trafficking
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Synaptic trafficking

» Receptors trafficked in vesicles along microtubules
» Receptors diffuse from soma to synapse?




Dendritic spines
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Excitatory synapses located on surface of mushroom-like
protrusions of the dendritic membrane called spines
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» Receptors constitutively recycled at synapse
» Crosslink to scaffolding proteins in PSD
» AMPA receptors laterally diffuse in synaptic membrane




a GIyR + gephyrin mGIuR5 + Homer d AMPAR + synaptic staining
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» Receptors diffuse freely away from synapses
» Confined diffusion in synapses
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» Ca’t signal activates kinase/phosphotase pathways
» Phosphorylation/dephosphorylation of AMPA receptor

complexes
» Regulation of AMPA receptor trafficking
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» Treat dendritic cable as cylinder of length L, radius |

» Intersection of jth spine with dendrite as disc of radius ¢p
centeredatr;, j=1,..., .

» Separation of length-scales: ¢p < [ <« L.



dR;  w, ki 0
Y _ Y~ R - iR, 4
dt Aj J J A] Aj
a AMPA receptor d S . o
- scaffolding protein d_t] — _O§€CSj L O.;Z gSJ _|_ k] R] _|_ 5]

_ 5 *ExO

» R; = free receptor concentration in jth spine

» S; = # Intracellular receptors

» Uj = 52 Jyo, U(r,t)dr = mean value of U on 99;

» A;,w; = surface area, hopping rate of jth spine

» kj,o%e = rates of endocytosis, exocytosis at jth spine

» 0, a;.ieg = rates of production, degradation at jth spine
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O,U = DV2U, (r,t) € Q. x [0, 00)
» Ignore curvature
» Homogeneous surface diffusivity D
» U(r,t) = dendritic receptor concentration at (r, t)
s Q. =\ UL, Q;, where
Qo ={(z,y):0<x< L,y <|wl|}
U ={r:|r—rj| <ep}




» Periodic bcs at y = 4-7l:
Ulr,nl,t) =U(x, —7l,t), 0,U(x,7l,t)=0,U(x, —7l,1)

» Neumannbcsatz =0, L:

g0

%U0,y,1) = =55,

0:U(L,y,t) =0

oo = # receptors per unit time entering membrane from soma




Generalized Neumann bcs at 09;:

“j

o U(r,t) = — 27D

(U(r,t) — R;j), 1 €09

» 0,U = outward normal derivative to (.
» w; = effective hopping rate
s R; =receptor concentration on surface of jth spine

Assume R; spatially uniform since diffusion is fast
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where

o J
)\] B grec T 06?69
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To determine Uj, need to solve
VU =0, re

with bcs.




Assume U(r) = U; on 092, then

AN

W ~
EanU(I‘) = _QW;D(Uj — Rj), I € an
where
REC
5 wjkj(l—)\j) A.:Uj 5]'
J wj—l—kj(l—)\j)’ J k oDEG

J

Integrating diffusion equation over 2. and imposing bcs
leads to solvability condition:

N
o0 =0 |Uj - By
=1




Solution of steady-state problem (BVP1) in two steps:
1. Solve assuming U;’s are known (BVP2)

2. Substitute solution into NV generalize Neumann bcs,
yielding N equations

3. Together with solvability condition, have N + 1 equations
In the N 4 1 unknowns U; and x

Solution of BVP1 requires matching solutions in inner region
v —1j| = O¢)

and outer region
r—r;| > O(e)
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Sets=c"1(r —rj), V(s;e) = U(r; + ¢s;¢), then
ViV =0, |s|>p
V=U;, Is|=p

which has solution

1
log(ep)

V=U;+vA;v)log(ls|/p), v=

Thus far-field behavior of inner solution Is

V~Uj+ Aj(v)+vAj(v)log(lr —rj)




Decompose outer solution U = U + u, where

o) 2 00

u(r) = 5= L)% o=om

Then U/ satisfies iInhomogeneous diffusion equation

v%{:—%, re Qg

with homogeneous bcs and asymptotic condition (as r — r;)

U~ —u(r;)+U; +Aj(v) +vA;(v)log|r —rj)|.




Use modified Green’s function G(r,r’) to solve equation

1
VG = — —6(r—1'), G(r;r')dr =0
1% Q0

G(z,wl;v") = Gz, —nl;x’),  0,G(z,7l;1") = 0,G(z, —7l;x)
0:G(0,y;r') =0, 9,G(L,y;r') =0
G has logatrithmic singularity as r’ — r

1
G(r;r') = —%logh‘ —r'|+G(r;r')

where G Is regular part of G.
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Replace equation and asymptotics for ¢/ by single equation

N
o
VU = —7 + g 2mvAj(v)o(r —rj)
j=1

hence

ZQWVA G(r;rj) + x

where y IS a constant determlned by solvability condition

N

o)

10| = > 2mvAj(v)
j=1




U has the near-field behavior (as r — r,)

1
U ~ =21V A; (V) [—% log [r — 1] + G(r;; 1“:1)]

— Z 2nvAi(v)G(rjr) + X
7]

Comparison with asymptotic conditions yields the system:

(1+2m0Gj)Aj + Y 210Gy Ai = uj — Uj + x
i#J

where u; = u(r;), Gj; = G(rj;r;) and G;; = G(rj; ).




Substituting inner sol. into generalized Neumann bcs gives

2mvAj(v) = BU; — Ry

Vi
Substituting into system of equations yields
Vi = QWVZMJ'@(UZ' — ﬁz + x)

where M = (I + 27vB)~! and

D S
Bjj = @—jJerj, Bji = Gji, j #i




Substituting V; into solvability condition yields

N A~
5D Zi,jzl Mji(u; — R;)
N
Zz’,jzl Mj;i

Outer solution Is

iy

»7 .
25 o (rarj)—i_x
1=1




A standard (and long) calculation shows

G(r;r') = —2iln|r—r’| +G(r; 1)
T

o) =i 1 ((77) =+ (7))

11 —em+/Y1 — /1|1 — er+/1|[1 — e/

+ O(q)

27 r — 1|

h(f) = 360° — 6|0 + 2
ry =—lvxa|+ily—1v), pr=-2L+ x| +i(y—1)

g = o 2L/!
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Can calculate MFPT for receptor to travel axial distance
X < L from soma, given started at ro = (0,y) and not
degraded:

T(Xlra) = g
(X|rg) = 5D +JZ;5 x(rj;10)
where

kj

77] — Aj —|— Orec
J

X —x o
Gx(rjiro) = L+ 0(g0,), oy =2




Large number of identical spines uniformly distributed with
spacing d (i.e., Nx = X/d > 1 and z; = jd for all j):

T ~

X2 A i k/O.rec —1
D =D|(1
2Des M ( T omd )

Suppose z; = d(In(j) + 1) S0 Nx = eX/9~1, then

T

—1
X2 A+k/0.rec eX/dl)

~ Desr(X)=D |1
2D (X))’ r1X) <+ 2mld  (X[d2
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Treat spine distribution as density p:

;U = DO*U — pw(U — R), (x,t) € (0,L) x [0, 00)

0,U(0,1) = —%, 0,U(L,t) = 0

PSD

A receptor

EXO
- scaffolding K END
protein




dR w k h
dP h T@CS
M R-P) —a(Z-QP+80+ 72
dt a
d
.AM:AIdr.eceptor. d_? — Cl{(Z_ Q)P_/BQ
\0 % = —0"S — %S + kR+

s P, () = free, bound receptor concentration in PSD
s Z = concentration of scaffolding proteins
» «, = binding, unbinding rates

» a = surface area of PSD
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1. Surface trafficking of AMPA receptors is effectively
one-dimensional with spines treated as point
sources/sinks (or density if there are enough spines)

2. Somatic synthesis + lateral diffusion are not sufficient to
supply distal synapses with receptors

3. Local changes to constitutive recycling produce
non-local changes in synaptic receptor numbers

4. Lateral diffusion of AMPA receptors not responsible for
heterosynaptic LTP/LTD
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