
MTH 320: Correction midterm exam 2

Fall 2015

Problem 1:

1) By the triangle inequality, we have that

|fn(xn)− f(x)| ≤ |fn(xn)− f(xn)|+ |f(xn)− f(x)| ≤ sup
A
|fn − f |+ |f(xn)− f(x)|

The �rst term tends to zero as the convergence is uniform, the second tends to zero as f
is continuous at x, as a uniform limit of continuous functions.

2) We have that gn(0) =
n× 0

1 + n× 0
= 0 which tends to 0 as n → ∞ and if x > 0
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Problem 2:

1) The function g is continuous on [0, 1] and g(0) = f(0) ≥ 0 and g(1) = f(1) − 1 ≤ 0 as

f takes its values in [0, 1].
By the Intermediate Value Theorem, there exists a point c in [0, 1] such that g(c) = 0,
that is f(c) = c.

2) Suppose f(c) = c and f(d) = d where c < d. Then as f is continuous and di�er-

entiable on [c, d], by the Mean Value Theorem, ∃x ∈ (c, d) such that

f ′(x) =
f(c)− f(d)

c− d
=

c− d

c− d
= 1

Problem 3:

1)We have that |fn(x)| ≤
1

n2
for any x ∈ [0,∞), so by the Weierstrass M -test, the serie

converges uniformly on [0,∞) and the sum is a continuous function as the fn are continu-

ous on [0,∞).

For any n, the function fn is di�erentiable on [0,∞) and f ′n(x) = −e−n
2x.

If a > 0 then |fn(x)| ≤ e−n
2a ≤ e−na and

∑
n∈N

e−na is convergent, so by the Weierstrass

M -test, the serie of f ′n is uniformly convergent on [a,∞) thus di�erentiable on [a,∞).

2) If 0 < x < y then f ′n(x) = −e−n2x < −e−n2y = f ′n(y). Thus F ′(x) = f
n∈N

′

n

(x) <∑
n∈N

f ′n(y) = F ′(y).



Finally, F ′(
1

n2
) =

∑
k∈N
− e−

k2

n2 ≥
n∑

k=1

− e−
k2

n2 ≤
n∑

k=1

− e−
n2

n2 = −ne−1.

So if x <
1

n
then F ′(x) < −ne−1 as F ′ increasing, thus F ′ tends to −∞ when x→ 0.
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