MA 16010 Lesson 2: Limits Numerically
Limits.

Example. The function

f(z) = 22:2 (— X+ 2 ZXQ.P{ Lhe W= Z>
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is not defined at x = 2: f(2) = ; —‘2’ = O/O' . La7l aﬁfneﬂ/.'
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We still wish to understand how the function behaves at least near z = 2.
Let us list some values of f(x) near z = 2:

z 1.9 1.99 1.999 2 2.001 2.01 2.1

f@l 39| 3939 | — | 4001 | LA | 44

We observe that as z approaches 2, the value f(x) approaches l/ :

We say that (1 is the limit of f(z) = “:: __24 as T approaches 2, also
written as: 2
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In general: We say that L is the limit of f(z) as z approaches (a given

number) cif’__AS X “W*““DL‘" C, phe value £03) “PP"‘““‘” Lj

We write this fact as

lim f(z) =

T—C

Infinite limits: We can have L = oo or L = —o0 in the above.
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Exercise: List the indicated values, rounded to / decimal plac

determine the indicated limit:

f(x):smagm)
z =0.1 —0.01 —0.001 0 0.001 0.01 {1
£(@) 035833 099998 |4 00000 | | 4.0000a [09197€ |A774T
lim%2 //

Exercise: List the indicated values, rounded to 4 decimal places, and

determine the indicated limit:

4
f(.’l?) =2+ (5[,'—-}-3_)2
i -3.1 —3.01 -3.001 | -3 —2.999 —2.99 —2.9
f(x) 602 é(o sol é-aoo 0ol | — 5‘0100 ool % col éOZ
mlj+r£l3(2+(;:fT)2) - +DO




One-sided limits.
Example. Consider the function

and its behaviour near © = 1.

x 0.9 0.99 0.999 1 1.001 1.01 1.1
flz)|-4.08 ~41 005 | - 47, 005| (ol.cooS |51, 005 | (.05

- X 4,),”\&6[45 X o e /6#//’74{/ b
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Does 1in} f(x) exist? NO (‘-v

What can be said:

e As z approaches 1 from the left / from below, f(x) approaches i

We say that the left-sided limit of f(z) as = approaches 1 (from the
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left) is equal to . We also write: i ':\4__ 22 = Lo .

e As z approaches 1 from the right / from above, f(z) approaches +o00

We say that the right-sided limit of f(x) as z approaches 1 (from the
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s ‘a“"" m is equal to £+ . We also write: z
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= +20
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In general: We say that L is the limit of f(z) as x approaches (a given
number) ¢ from the left / from the right if f (x) tends to L as x approaches
¢ from the left / from the right. We write this also as

lim f(z) =L and lim f(z)=L, resp.
z—ct
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Relation to ”"both—sided limits”: liin f(z) exists and equals L if and

only if: 'lln icg) = [u.,\ F(PO ____L
X=2C” AHe® o '
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Exercise: List the indicated values, rounded to 4 decimal places, and
determine the indicated limit:

YT 08 Ky
. 4 4.0001 4.001 4.01 4.1
f(:l:) —— /{o cQo AOOG’ A00o A0
lim 22 = 0 _

Exercise: List the indicated values, rounded to 4 decimal places, and
determine the indicated limits:
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: f| -1 -1 -1 || 4 1 A

lim &l = "'I

=0~ %
a:l—lérgl*‘ z 1
[ X[

Y, ;
hm}—l DUF (Ap@ﬂ!‘@mf{ -—)O e } ){LM;)+ #

a{; tod ajke.g,.')



