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The triple (S, G, f(q)) exhibits the cyclic sieving phenomenon
(c.s.p.) if, for all g € G, we have

#89 = f(wo(g))-

Notes. 1. The case #G = 2 was first studied by Stembridge
and called "the g = —1 phenomenon.”

2. Recent work by: Bessis, Eu, Fu, Petersen, Pylyavskyy,
Rhoades, Sagan, Serrano, Shareshian, Wachs.
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Running example. Let [n] = {1,2, ..., n} and consider the set
of multisets

S— (([Z])) — (M= iipix 1< iy <ip<...<ic<nb.

Note that #S = ("¥~"). Consider the group
G=((1,2,...,n).
Theng e Gactson M = iji> ... ik by
gM = g(i1)g(i2) - .- 9(ix).

Example for n =3, k = 2. So
S=1{11,22,33,12,13,23}, @ and G={e(1,2,3),(1,3,2)}.
The action of (1,2,3) is

(1,2,3)11 =22 (1,2,3)22 =33 (1,2,
(1,2,3)12=23 (1,2,3)13=21=12 (1,2,

<return 1 , & return 2

)33 = 11

3
3)23 = 31 = 13.
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#89 = ;

0 else.
Proof Letg=(1,2,...,n)"9. (Other g are similar.) So
g=01,1+n/d,1+2n/d,...)(2,2+ n/d,2+2n/d,...)---
Consider the cycles
g1=(1,14+n/d,1+2n/d,...), go = (2,24+n/d,2+2n/d,...),...

Given M € S we have gM = M iff M can be written in the form
M =g wg,w--- where w is multiset union (e.g.,

112w 123 = 111223). Since #g; = d for all /, we have d | k
implies #S9 = 0 giving the "else” case. If gM = M then M is a
multiset union of k/d of the n/d cycles of g with repetition.

e = ((09)) = (7).
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If Gactson S = {s,..., sk} then G also acts on the vector
space

V=CS={cis1+ -+ cxsSk : ¢ € Cforalli}.

Element g € G corresponds to an invertible linear map [g]. If B
is a basis for V then let [g]g be the matrix of [g] in B. In
particular, [g]s is the permutation matrix for g acting on S.
Example. G = ((1,2,3)) actson S = {1,2,3} and so on

CS={ci1+ 2+ 33 : ¢y,c0,03 € C}.
For g = (1,2,3) and basis S:

(1,2,3)1=2, (1,2,3)2=3, (1,2,3)3 =1.
And so
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[(1.2,3)]s=] 1 0
0 1
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A G-module is any C-vector space V where G acts by invertible
linear transformations. The character of G on V is the function
x : G — C given by

x(9) = tlg].
Note that x is well defined in that the trace is independent of
the basis. For a group G acting on S, the character on CS is

x(g) = tfgls = #S5°. (1)

Suppose f(q) = > ;-0 m;q’. Suppose also that there is a basis
B for CS such that every g € G satisfies

mo m mz
—_—— —_———
[g]B:diag(1,...,1,w,...,w,wz,...,wz,...)

where w = wy(g). Then
X(@) =tlgls =Y _ mw' = f(w). (2)
i>0
Now (1) and (2) imply f(w) = #S9 so we have the c.s.p. Note

that we can also use any module V = CS, i.e., there is a vector
space isomorphism ¢ : V — CS preserving G’s action.



Outline

Proof by representation theory



Consider the space of k-fold symmetric tensors over V = C|n]:

Sym, (n) = V®K /(commutation relations).



Consider the space of k-fold symmetric tensors over V = C|n]:
Sym, (n) = V®K /(commutation relations).

Letiq - --ix be the equivalence class of the tensor iy ® - - - ® .



Consider the space of k-fold symmetric tensors over V = C|n]:
Sym, (n) = V®K /(commutation relations).

Letiq - --ix be the equivalence class of the tensor iy ® - - - ® .

Ex. Sym,(3) = {¢111 + €222 + ¢333 + ¢412 + ¢513 + ¢23}.



Consider the space of k-fold symmetric tensors over V = C|n]:
Sym, (n) = V®K /(commutation relations).

Letiq - --ix be the equivalence class of the tensor iy ® - - - ® .
Now G = ((1,2,...,n)) acts on C[n] and so on Sym,(n) by

g(iy---ig) = g(ir) - - - g(ix).

Ex. Sym,(3) = {¢111 + €222 + ¢333 + ¢412 + ¢513 + ¢23}.



Consider the space of k-fold symmetric tensors over V = C|n]:
Sym, (n) = V®K /(commutation relations).

Letiq - --ix be the equivalence class of the tensor iy ® - - - ® .
Now G = ((1,2,...,n)) acts on C[n] and so on Sym,(n) by

g(iy -~ -ix) = g(i1) - - - 9(ix).
Thus Symy(n) = C((I7)) as G-modules.

Ex. Sym,(3) = {¢111 + €222 + ¢333 + ¢412 + ¢513 + ¢23}.



Consider the space of k-fold symmetric tensors over V = C|n]:
Sym, (n) = V®K /(commutation relations).

Letiq - --ix be the equivalence class of the tensor iy ® - - - ® .
Now G = ((1,2,...,n)) acts on C[n] and so on Sym,(n) by

g(iy---ig) = g(ir) - - - g(ix).

Thus Symy(n) = C((I')) as G-modules. Let [g] and [g]’ be
the linear transformations on C[n] and Sym,(n), respectively.

Ex. Sym,(3) = {¢111 + €222 + ¢333 + ¢412 + ¢513 + ¢23}.



Consider the space of k-fold symmetric tensors over V = C|n]:
Sym, (n) = V®K /(commutation relations).

Letiq - --ix be the equivalence class of the tensor iy ® - - - ® .
Now G = ((1,2,...,n)) acts on C[n] and so on Sym,(n) by

g(iy---ig) = g(ir) - - - g(ix).

Thus Symy(n) = C((I')) as G-modules. Let [g] and [g]’ be
the linear transformations on C[n] and Sym,(n), respectively.
Ex. Sym,(3) = {¢111 + €222 + ¢333 + ¢412 + ¢513 + ¢23}.
We computed [(1,2,3)](1,2,3} before.
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Sym, (n) = V®K /(commutation relations).

Letiq - --ix be the equivalence class of the tensor iy ® - - - ® .
Now G = ((1,2,...,n)) acts on C[n] and so on Sym,(n) by

g(iy---ig) = g(ir) - - - g(ix).

Thus Symy(n) = C((I')) as G-modules. Let [g] and [g]’ be
the linear transformations on C[n] and Sym,(n), respectively.

Ex. Sym,(3) = {111 + €222 + ¢333 + 412 + ¢513 + ¢523}.

We computed [(1,2,3)](1,2,3} before. Also
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01 00O0O
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The linear map [(1,2, ..., n)] has characteristic polynomial
x" — 1 with roots 1,wp,...,w?~". So 3 a basis B of C[n] with

[(1,2,...,n)]g = diag(1,wp, ...,wl ).
Thusforany g € G, if o(g) = d and w = wy
[9]g = diag(1,w, ..., ).

It follows from the previous slide and the Lemma that
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Also Sym,(n) = (C(([,’('])), soforallge G
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Comparing (3) and (4) gives the c.s.p. ]
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