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Ascent sequences play a key role in the combinatorics 
of Fishburn structures. Difference ascent sequences are a 
natural generalization obtained by replacing ascents with d
ascents. We have recently extended the so-called hat map 
to difference ascent sequences, and self-modified difference 
ascent sequences are the fixed points under this map. We 
characterize self-modified difference ascent sequences and 
enumerate them in terms of certain generalized Fibonacci 
polynomials. Furthermore, we describe the corresponding 
subset of d-Fishburn permutations.
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for text and data mining, AI training, and similar 
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1. Introduction

Ascent sequences were introduced by Bousquet-Mélou, Claesson, Dukes, and Kitaev 
in 2010 [4]. They are nonnegative integer sequences whose growth of their entries is 
bounded by the number of ascents contained in the corresponding prefix. In the same 
paper, modified ascent sequences were defined as the bijective image of ascent sequences 
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under a certain hat map. Since then, both structures have been studied in their own 
right [1,6--8,13,14,16--21,26]. Ascent sequences have an arguably more natural combina
torial definition, which Bousquet-Mélou et al. [4] leveraged to show that these objects 
are enumerated by the elegant power series

∑︂
n≥0

n ∏︂
k=1

(︁
1 − (1 − x)k

)︁
whose coefficients are the Fishburn numbers (A022493 in the OEIS [22]). Additionally, 
ascent sequences bijectively encode a recursive construction of so-called Fishburn per
mutations, the latter defined by avoidance of a certain bivincular pattern of length three. 
On the other hand, modified ascent sequences interact more transparently with interval 
orders [4] and Fishburn trees [10]. They also have the advantage of being Cayley permu
tations, i.e. sequences where all the integers between one and the maximum value appear 
at least once. Modified ascent sequences and Fishburn permutations are related by the 
Burge transpose [9].

Different variants and generalizations of ascent sequences have been proposed. Of 
particular interest to us are the weak ascent sequences [2] and, more generally, the 
difference d-ascent sequences recently introduced by Dukes and Sagan [15]. These are 
obtained by relaxing the bound on the growth of the rightmost entry, which is achieved by 
replacing ascents with difference d-ascents. For ease in reading, we will usually suppress 
the term ``difference'' and just write d-ascent sequences, d-ascents, and so forth. In our 
companion paper [12], we have generalized the hat map to an injection that acts on 
d-ascent sequences, the d-hat, obtaining modified d-ascent sequences in the process. We 
have also studied some combinatorial properties of plain and modified d-ascent sequences, 
as well as of the d-hat, exploring their interplay with inversion sequences and the so-called 
difference d-Fishburn permutations [27]. Namely, we proved that the Burge transpose 
maps bijectively modified d-ascent sequences to d-Fishburn permutations.

The main objective of this paper is twofold, generalizing two theorems in Section 4.4 
of [4]. First, we characterize and enumerate the set ˜︁Ad of d-ascent sequences that are 
invariant under the d-hat map, the self-modified d-ascent sequences. As far as the char
acterization, we prove in Theorem 3.4 that ˜︁Ad is the intersection of d-ascent sequences 
and modified d-ascent sequences, and thus ˜︁Ad is the largest set it could possibly be. For 
the enumerative aspect, in Theorem 4.4 we provide a two-variable generating function 
for ˜︁Ad:

˜︁Ad(q, x) = 1 + qxF !
d(x, qx)

where q tracks the length, x tracks the maximum value, and F !
d(x, y) are polynomi

als whose recursive definition is inspired by the Fibonacci numbers and the Fibotorial 
(Fibonacci factorial). Our second goal is accomplished in Theorem 5.2: we characterize 
by pattern avoidance the set of d-Fishburn permutations corresponding to self-modified 
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d-ascent sequences, extending a characterization by barred patterns given by Bousquet
Mélou et al. [4] for the case d = 0.

2. Preliminaries

Let n be a nonnegative integer and let α : [n] → [n] be an endofunction, where 
[n] = {1, 2, . . . , n}. For succinctness, we may identify α with the word α = a1 . . . an, 
where ai = α(i) for each i ∈ [n]. An index i ∈ [n] is an ascent of α if i = 1 or i ≥ 2 and 
ai > ai−1. We define the ascent set of α by

Ascα = {i ∈ [n] | i is an ascent of α}

and we let ascα = # Ascα denote the number of ascents in α. Our conventions differ 
from some others in the literature in that we are taking the indices of ascent tops, rather 
than bottoms, and that the first position is always an ascent.

We call α an ascent sequence of length n if for all i ∈ [n] we have

ai ≤ 1 + asc(a1 . . . ai−1).

In particular, a1 ≤ 1 + asc ϵ = 1, where ϵ denotes the empty sequence. Since the entries 
of α are positive integers, this forces a1 = 1. We let

A = {α | α is an ascent sequence}.

As an example, the ascent sequences of length 3 are

111, 112, 121, 122, 123.

Let d be a nonnegative integer. An index i ∈ [n] is a d-ascent if i = 1 or i ≥ 2 and

ai > ai−1 − d.

As with ordinary ascents, we define the d-ascent set of α by

Ascd α = {i ∈ [n] | i is a d-ascent of α},

and we let ascd α = # Ascd α denote the number of d-ascents in α. Note that a 0-ascent 
is simply an ascent, while a 1-ascent (ai > ai−1 − 1 or equivalently ai ≥ ai−1) is what is 
called a weak ascent.

We call α a d-ascent sequence if for all i ∈ [n] we have

ai ≤ 1 + ascd(a1 . . . ai−1).

Once again, the above restriction forces a1 = 1. Let
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Ad,n = {α | α is a d-ascent sequence of length n}

and

Ad =
⨄︂
n≥0

Ad,n .

Clearly, for d = 0 we recover the set of ascent sequences, while for d = 1 we obtain 
the set of weak ascent sequences of Bényi, Claesson, and Dukes [2].

Given an ascent sequence α we can form the corresponding modified ascent sequence [4] 
as follows: Scan the ascents of α from left to right; at each step, every element strictly 
to the left of and weakly larger than the current ascent is incremented by one. More 
formally, let

M(α, j) = α+, where α+(i) = ai +
{︄

1 if i < j and ai ≥ aj ,
0 otherwise,

and extend the definition of M to multiple indices j1, j2,. . . , jk by

M(α, j1, j2, . . . , jk) = M
(︁
M(α, j1, . . . , jk−1), jk

)︁
.

Then

α̂ = M(α,Ascα),

where in this context Ascα is the ascent list of α, that is, the ascent set of α ordered in in
creasing order. For example, consider α = 121242232. The ascent set of α is {1, 2, 4, 5, 8}; 
the ascent list is Ascα = (1, 2, 4, 5, 8), and we compute α̂ as follows, where at each stage 
the entry governing the modification is underlined while the entries which are modified 
are bold:

α = 121242232;

M(α, 1) = 121242232;

M(α, 1, 2) = 121242232;

M(α, 1, 2, 4) = 131242232;

M(α, 1, 2, 4, 5) = 131242232;

M(α, 1, 2, 4, 5, 8) = 141252232 = α̂.

Let

Â = {α̂ | α ∈ A}.
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The construction described above can easily be inverted since Ascα = Asc α̂. In other 
words, the mapping A → Â by α ↦→ α̂ is a bijection.

We [12] have recently extended the ``hat map'', α ↦→ α̂, to d-ascent sequences: Let 
d ≥ 0 and α ∈ Ad. Define d-hat of α as

hatd(α) = M
(︁
α,Ascd α

)︁
,

where Ascd α is the d-ascent list of α obtained by putting the set in increasing order, 
and let

Âd = hatd(Ad)

denote the set of modified d-ascent sequences. As a special case, hat0(α) = α̂, for each 
α ∈ A0, and Â0 coincides with the set of modified ascent sequences defined by Bousquet
Mélou et al. [4]. We will also use α̂ for hatd(α) if d is clear from context.

One may alternatively define the set Âd recursively [12]: Let d ≥ 0 be a nonnegative 
integer. Let Âd,0 = {ϵ} and Âd,1 = {1}. Suppose n ≥ 2 and write α ∈ Ad,n as a 
concatenation

α = βa

where a is the last letter of α and β is the corresponding prefix. We also let b denote the 
last letter of β, which is also the last letter of β̂. Then α̂ ∈ Âd,n is of one of two forms 
depending on whether the a forms a d-ascent with the penultimate letter of α:

• α̂ = β̂a if 1 ≤ a ≤ b− d, or
• α̂ = β̂+a if b− d < a ≤ 1 + max β̂,

where β̂+ is defined by increasing every element of β̂ which is at least a by one. When 
there is no risk of ambiguity, we use ``+'' as a superscript that denotes the operation of 
adding one to the entries greater than or equal to a of a given sequence, where a is a 
threshold determined by the context. For instance, in β̂+a we let β̂+ denote the sequence 
obtained by adding one to each entry of β̂ that is greater than or equal to a.

Let us recall a few more definitions and results from [12] that we shall need below. 
An endofunction α = a1 . . . an is an inversion sequence if ai ≤ i for each i ∈ [n]. Let In
denote the set of inversion sequences of length n and let I = ∪n≥0 In. We showed that

I =
⋃︂
d≥0

Ad,

where the union is not disjoint, and we defined the set Î of modified inversion sequences 
by
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Î =
⋃︂
d≥0

Âd . (1)

A Cayley permutation is an endofunction α where Imα = [k] for some k ≤ n. Thus, 
a nonempty endofunction α is a Cayley permutation if it contains at least one copy of 
each integer between 1 and its maximum element. The set of Cayley permutations of 
length n is denoted by Cayn.

Proposition 2.1 ([12]). Given d ≥ 0, let α ∈ Ad and let α̂ = hatd(α). Then

(a) α̂ is a Cayley permutation,
(b) Ascd α = nub α̂,
(c) Ascd α̂ ⊆ nub α̂,

where

nubα = {minα−1(j) | 1 ≤ j ≤ maxα}

is the set of positions of leftmost occurrences.2

3. Self-modified d-ascent sequences

Recall [4] that an ascent sequence α is self-modified if α = hat0(α). We extend this 
notion to d-ascent sequences by saying that α ∈ Ad is d-self-modified if hatd(α) = α. Let

˜︁Ad = {α ∈ Ad | hatd(α) = α}

denote the set of d-self-modified d-ascent sequences; or, in short, self-modified d-ascent 
sequences. The main goal of this section is to obtain a better understanding of the sets ˜︁Ad. Namely, in Theorem 3.4 we prove that

˜︁Ad = Ad ∩ Âd .

Note that this is the largest set ˜︁Ad could possibly be. Further, we prove in Theorem 3.5
that ˜︁Ad+1 ⊆ ˜︁Ad for each d ≥ 0, from which the curious chain of inclusions

· · · ⊆ ˜︁A2 ⊆ ˜︁A1 ⊆ ˜︁A0 ⊆ A0 ⊆ A1 ⊆ A2 ⊆ · · · (2)

follows. We start with a couple of simple lemmas.
Let α = a1 . . . an be an endofunction. An index i ∈ [n] is a left-right maximum of α if 

ai > aj for each j ∈ [i− 1]. We will use the notation

2 The word ``nub'' comes from a Haskell function that removes duplicate elements from a list, keeping 
only the first occurrence of each element. It is also short for ``not used before''.
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lrMaxα = {i ∈ [n] | i is a left-right maximum of α}.

It is easy to see that

lrMaxα ⊆ nubα and lrMaxα ⊆ Asc0 α, (3)

two facts we will use often in this section.

Lemma 3.1. For every α ∈ I and d ≥ 0, we have lrMaxα ⊆ Ascd α.

Proof. By equation (3), we have

lrMaxα ⊆ Asc0 α ⊆ Ascd α, (4)

where the last set containment follows by definition of d-ascent. □
Lemma 3.2. Let β ∈ Ad,n and let β̂ = hatd(β). Fix a ≥ 1. Let β̂+ be obtained by 
increasing by one each entry of β̂ greater than or equal to a. If β = β̂+, then β = β̂.

Proof. For i ∈ [n], denote by bi, b′i and b′′i the ith entry of β, β̂ and β̂+, respectively. By 
definition of β̂ and β̂+, we have

bi ≤ b′i ≤ b′′i .

If β = β̂+, then bi = b′i = b′′i for every i ∈ [n], and our claim follows. □
Proposition 3.3. Let α ∈ Ad and let α̂ = hatd(α). The following five statements are 
equivalent:

(a) α̂ = α.
(b) Ascd α ⊆ lrMaxα.
(c) Ascd α ⊆ nubα.
(d) Ascd α = lrMaxα.
(e) Ascd α = nubα.

Furthermore, if α ∈ ˜︁Ad then Ascd α = Asc0 α.

Proof. Let us start by proving (a) ⇔ (b) and (a) ⇔ (c).
We prove (a) ⇔ (b) by induction on the length of α. Our claim holds if α has length 

at most one. Let α ∈ Ad and suppose that α = βa, for some β ∈ Ad,n, where 1 ≤ a ≤
1+ascd β and n ≥ 1. Let β̂ = hatd(β). We shall consider two cases, according to whether 
or not a forms a d-ascent with the last letter b of β:
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α̂ =
{︄
β̂a, if 1 ≤ a ≤ b− d;
β̂+a, if b− d < a ≤ 1 + ascd β.

Initially, suppose that α = α̂. We show that Ascd α ⊆ lrMaxα. If a ≤ b− d, then β = β̂

since α = α̂. Moreover,

Ascd α = Ascd β ⊆ lrMax β = lrMaxα,

where we used our induction hypothesis on β. Otherwise, suppose that b− d < a. Since 
we assumed α = α̂, we have βa = β̂+a, from which β = β̂+ follows. By Lemma 3.2, 
we have β = β̂. Furthermore, since β̂ = β̂+, no entry of β̂ is increased by one in going 
from β̂ to β̂+. Thus, a > c for each entry c of β̂ = β, i.e. n + 1 ∈ lrMaxα. Finally,

Ascd α = Ascd β ⊎ {n + 1} ⊆ lrMax β ⊎ {n + 1} = lrMaxα,

where Ascd β ⊆ lrMax β by our induction hypothesis.
To prove the converse, suppose that Ascd α ⊆ lrMaxα. Then

Ascd β = Ascd α ∩ [n] ⊆ lrMaxα ∩ [n] = lrMax β,

and β̂ = β follows by our induction hypothesis. Now, if a ≤ b− d, then

α̂ = β̂a = βa = α,

as wanted. On the other hand, if b− d < a, then

n + 1 ∈ Ascd α ⊆ lrMaxα.

Since n+1 ∈ lrMaxα and β̂ = β, no entry of β̂ is increased by one in β̂+. Thus β̂+ = β̂, 
and α̂ = α follows immediately.

Let us now prove (a) ⇔ (c). The proof is similar to the one just given so we shall keep 
the same notation. If α̂ = α, then

Ascd α = nub α̂ = nubα, (5)

where the first equality is item (b) of Proposition 2.1.
On the other hand, suppose that Ascd α ⊆ nubα. Then

Ascd β = Ascd α ∩ [n] ⊆ nubα ∩ [n] = nubβ,

and β̂ = β by our induction hypothesis. Now, if 1 ≤ a ≤ b − d, then α̂ = β̂a = βa = α

and we are done. Otherwise, b− d < a ≤ 1 + ascd β and α̂ = β̂+a = β+a. Note that β is 
a Cayley permutation by item (a) of Proposition 2.1. In particular, we have Imβ = [k], 
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where k = max β. Further, we have n + 1 ∈ Ascd α ⊆ nubα. That is, the last entry a is 
a leftmost copy in α = βa. Since Im β = [k], it must be a ≥ k + 1. In particular, β+ = β

and thus α̂ = β+a = βa = α, as wanted.
Next, we prove that we can we replace the set inclusions with equalities in items (b) 

and (c). Clearly, it is enough to show that α̂ = α implies

Ascd α = lrMaxα = nubα,

where the inclusions Ascd α ⊆ lrMaxα and Ascd α ⊆ nubα hold by what has been 
proved before. The equality Ascd α = lrMaxα now follows directly from Lemma 3.1. 
And Ascd α = nubα was proved in (5).

Finally, we prove that Ascd α = Asc0 α if α ∈ ˜︁Ad. Using equation (4) and item (d), 
we obtain

lrMaxα ⊆ Asc0 α ⊆ Ascd α = lrMaxα,

from which the desired equality follows. □
We are now ready for the promised characterization of ˜︁Ad.

Theorem 3.4. For each d ≥ 0, we have ˜︁Ad = Ad ∩ Âd.

Proof. If α ∈ ˜︁Ad, then α ∈ Ad and α = hatd(α) ∈ Âd as well. On the other hand, suppose 
that α ∈ Ad ∩ Âd. Since α ∈ Âd, we have Ascd α ⊆ nubα by item (c) of Proposition 2.1. 
Then hatd(α) = α by Proposition 3.3, i.e. we have α ∈ ˜︁Ad. □

We now have all the ingredients to prove equation (2), which is an immediate conse
quence of item (a) of the following theorem.

Theorem 3.5. For every d ≥ 0, we have:

(a) ˜︁Ad ⊆ ˜︁Ak for each 0 ≤ k ≤ d. In particular, ˜︁Ad ⊆ ˜︁A0 and ˜︁Ad+1 ⊆ ˜︁Ad.
(b) ˜︁Ad = ˜︁A0 ∩ Âd.

Proof. (a) Let α ∈ ˜︁Ad and let 0 ≤ k ≤ d. We prove that α ∈ ˜︁Ak. By definition of 
d-ascent, we have

Asc0 α ⊆ Asck α ⊆ Ascd α.

By Proposition 3.3, we have Asc0 α = Ascd α and

Asc0 α = Asck α = Ascd α = nubα.
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In particular, α ∈ Ak since Asck α = Ascd α and α ∈ Ad. Furthermore, using the same 
proposition once more we have that α ∈ ˜︁Ak since Asck α = nubα.

(b) We start with the inclusion ˜︁Ad ⊆ ˜︁A0 ∩ Âd. By Theorem 3.4,

˜︁Ad = Ad ∩ Âd ⊆ Âd .

Note also that ˜︁Ad ⊆ ˜︁A0 by item (a) of this theorem, from which the desired inclusion 
follows. To prove the opposite inclusion, we can once again use Theorem 3.4 to get

˜︁A0 = A0 ∩Â0 ⊆ A0 ⊆ Ad

and

˜︁A0 ∩ Âd ⊆ Ad ∩ Âd = ˜︁Ad,

which concludes the proof. □
The only inversion sequence that is d-self-modified for every d ≥ 0 is the increasing 

permutation, as we will now show.

Proposition 3.6. We have ⋂︂
d≥0

˜︁Ad = {12 . . . n | n ≥ 0}.

Proof. It follows immediately from the inductive description of hatd that 12 . . . n ∈ ˜︁Ad

for each n, d ≥ 0. That is,

{12 . . . n | n ≥ 0} ⊆
⋂︂
d≥0

˜︁Ad .

Conversely, suppose that α ∈ ˜︁Ad for each d ≥ 0. Note first that necessarily α ∈ I. For 
a contradiction, suppose that α ∈ I is not an increasing permutation; equivalently, let 
α = a1 . . . an and suppose that there is some i ∈ [n− 1] such that ai ≥ ai+1. Note that 
i+1 ∈ Ascn α = [n] and ai ≥ ai+1. Therefore, the entry ai is increased by one under the 
action of the map hatn, which contradicts α ∈ ˜︁An. □

Given α ∈ I, let us define the set

H(α) = {hatd(α) | d ≥ 0 and α ∈ Ad}

of all the d-hats of α. We [12, Corollary 4.5] proved that H(α) is finite by showing that 
hatd(α) = hatn(α) for each α ∈ I and d ≥ n, where n is the length of α. As an example, 
consider the inversion sequence α = 11312. We see that α ∈ Ad if and only if d ≥ 1. 
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Further, we have hat1(α) = hat2(α) = 31412 and hatd(α) = 43512 for d ≥ 3, hence 
H(α) = {31412, 43512}.

A seemingly more general notion of self-modified sequence arises by defining an in
version sequence α to be self-modified if α ∈ H(α). The set Ĩ of self-modified inversion 
sequences is defined accordingly as

Ĩ = {α ∈ I | α ∈ H(α)}.

It turns out that self-modified inversion sequences coincide with self-modified ascent 
sequences. Indeed, it is easy to see that

Ĩ =
⋃︂
d≥0

˜︁Ad = ˜︁A0, (6)

where the last equality follows by item (a) of Theorem 3.5.
To end this section, we wish to provide two alternative characterizations of ˜︁A0 (see 

equations (7) and (8)). Recall that an endofunction α = a1 . . . an is a restricted growth 
function if a1 = 1 and

ai+1 ≤ 1 + max(a1 . . . ai)

for each i ∈ [n− 1]. We let

RGF = {α | α is a restricted growth function}.

Note that RGF ⊆ A0. There is a standard bijection [23] between RGFs and set partitions 
of [n] where the leftmost copies correspond to the minima of the blocks (nonempty subsets 
of [n]). Next, we show that restricted growth functions are Cayley permutations whose 
leftmost copies appear in increasing order.

Lemma 3.7. We have

RGF = {α ∈ Cay | nubα = lrMaxα}.

Proof. We use induction on the length n of α, where the cases n = 0 and n = 1 are 
trivial. Let n ≥ 2 and let α = a1 . . . an−1a = βa, where β = a1 . . . an−1 and a ∈ [n]. 
Initially, suppose that α ∈ RGF.

We first show that α ∈ Cay. By definition of RGF we have β ∈ RGF. So by induction 
β ∈ Cay, say with image [k]. If a ≤ k then α has the same image. Otherwise the RGF 
condition forces a = k + 1 and α has image [k + 1]. The proof that nubα = lrMaxα is 
similar: when a ≤ k then both nub and lrMax do not change in passing from β to α. 
And if a = k + 1 then n is added to both sets.

On the other hand, suppose that α ∈ Cay and nubα = lrMaxα. We show that 
α ∈ RGF. If n ∈ nubα = lrMaxα, then



12 G. Cerbai et al. / Advances in Applied Mathematics 170 (2025) 102929 

[maxα] = Imα (since α ∈ Cay)

= Im β ⊎ {a} (since n ∈ nubα)

and also a = maxα since n ∈ lrMaxα. Therefore, we have a = 1 + max β and Im β =
[a− 1]. In particular, β ∈ Cay and

nubβ = nubα ∩ [n− 1] = lrMaxα ∩ [n− 1] = lrMax β.

By induction, we have β ∈ RGF, and α ∈ RGF follows as well since a = 1 + max β. The 
case where n / ∈ nubα = lrMaxα can be proved in a similar fashion, and we leave the 
details to the reader. □

Next we characterize self-modified d-ascent sequences as those modified d-ascent se
quences that are restricted growth functions.

Proposition 3.8. For each d ≥ 0, we have

˜︁Ad = Âd ∩ RGF .

Proof. Let us start with the inclusion ˜︁Ad ⊆ Âd∩RGF. Let α ∈ ˜︁Ad. Then α = hatd(α) ∈
Âd and α is a Cayley permutation by item (a) of Proposition 2.1. Furthermore, by 
Proposition 3.3,

lrMaxα = Ascd α = nubα,

hence α ∈ RGF follows by Lemma 3.7.
To prove the remaining inclusion, recall that RGF ⊆ A0. Thus

Âd ∩ RGF ⊆ Âd ∩ A0 ⊆ Âd ∩ Ad = ˜︁Ad,

where the last equality is Theorem 3.4. □
Letting d = 0 in Proposition 3.8 yields

˜︁A0 = Â0 ∩ RGF . (7)

An alternative description of ˜︁A0 is showed in the next result.

Corollary 3.9. We have

˜︁A0 = Î∩RGF . (8)
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Proof. We have

˜︁A0 =
⋃︂
d≥0

˜︁Ad (by equation (6))

=
⋃︂
d≥0

(︂
Âd ∩ RGF

)︂
(by Proposition 3.8)

=
(︁⋃︂
d≥0

Âd

)︁ ∩ RGF

= Î∩RGF (by equation (1)),

finishing the proof. □
Theorem 3.4 characterizes self-modified d-ascent sequences as ˜︁Ad = Ad ∩ Âd. It is easy 

to see that the inclusion Ĩ ⊆ I∩ Î holds as well. Indeed, using equation (6),

Ĩ = ˜︁A0 = A0 ∩Â0 ⊆ I∩ Î .

However, the opposite inclusion does not hold. For instance, let us consider again the 
inversion sequence α = 11312. Here, α = hat0(11212) is a member of I∩ Î. On the other 
hand, we have seen that H(α) = {31412, 43512}, thus 11312 / ∈ H(11312) and hence 
11312 / ∈ Ĩ.

We end this section with one more remark. Self-modified inversion sequences are 
related to restricted growth functions through Ĩ = Î∩RGF. But the inclusion RGF ⊆ Î
does not hold: 1212 ∈ RGF, but 1212 / ∈ Î. One way to obtain an equality would be to 
alter the recursive definition of Âd given in Section 2 by allowing d = −∞ and letting 
the last letter a be chosen in the interval [1+ max β]. This would give Â−∞ = RGF. We 
will keep the standard definition when d is finite so as to correspond more closely to the 
other literature on this topic and leave the direction discussed above open for a future 
investigation.

4. Enumeration of self-modified d-ascent sequences

We aim to determine the generating function

˜︁Ad(q, x) =
∑︂
α 

qmax(α)x|α|,

where the sum ranges over all self-modified d-ascent sequences. In particular, the coeffi
cient of xn in ˜︁Ad(1, x) is | ˜︁Ad,n |, the number of self-modified d-ascent sequences of length 
n. One reason it is natural to refine this count by the distribution of max is that, by 
Proposition 3.8, any self-modified d-ascent sequence is a restricted growth function and 
max gives the number of blocks in the corresponding set partition. For instance, the first 
few terms for d = 2 are
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˜︁A2(q, x) = 1 + qx + q2x2 + q3x3 + (q3 + q4)x4

+ (3q4 + q5)x5

+ (2q4 + 6q5 + q6)x6

+ (12q5 + 10q6 + q7)x7

+ (9q5 + 39q6 + 15q7 + q8)x8

+ (2q5 + 75q6 + 95q7 + 21q8 + q9)x9 + · · ·

We shall derive an explicit expression for ˜︁Ad(q, x), for any d ≥ 0, in terms of certain 
Fibonacci polynomials which we introduce below.

The Fibonacci numbers Fn are defined by the second order recurrence relation Fn =
Fn−1 + Fn−2 with initial terms F0 = F1 = 1. Many generalizations of the Fibonacci 
numbers have been proposed. One may for instance consider the dth order recurrence 
relation Fn = Fn−1+Fn−d with initial terms F0 = F1 = · · · = Fd−1 = 1. Or, generalizing 
in a different direction, one may consider Fibonacci polynomials such as those given by 
F0(x) = F1(x) = 1 and Fn(x) = Fn−1(x) + xFn−2(x). Combining these two ideas we 
define, for any fixed d ≥ 0, and any integer n,{︄

Fd,n(x) = 1 for n < d,

Fd,n(x) = Fd,n−1(x) + xFd,n−d(x) for n ≥ d.
(9)

In generalizations of the Fibonacci sequence, like the one above, the ``smallest'' case 
typically corresponds to the (classical) Fibonacci recurrence, which in our definition is 
d = 2 (with x = 1). Note that we, however, also allow d = 0 and d = 1.

If d = 0, then F0,n(x) = F0,n−1(x)+xF0,n(x), which together with the initial condition 
F0,−1(x) = 1 gives

F0,n(x) = 1/(1 − x)n+1 = (1 + x + x2 + · · · )n+1.

In particular, F0,n(x) is a power series, while it is easy to see that Fd,n(x) is a polynomial 
for any d ≥ 1. For example, when d = 1 we have F1,0(x) = 1 and F1,n(x) = (1 +
x)F1,n−1(x) for n ≥ 1, and hence

F1,n(x) = (1 + x)n.

For any d ≥ 0, define the generating function

Fd(x, y) =
∑︂
n≥0

Fd,n(x)yn.

Using standard techniques for converting recursions into generating functions (see, for 
example [24, Section 3.6]) it follows from the recurrence relation for Fd,n(x) that
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Fd(x, y) = 1 
1 − y − xyd

. (10)

Viewing this as a geometric series and applying the binomial theorem we find that

Fd(x, y) =
∑︂
m≥0

m ∑︂
k=0

(︃
m

k

)︃
xky(d−1)k+m

and on extracting the coefficient of yn we get

Fd,n(x) =
∑︂
k≥0

(︃
n− (d− 1)k

k

)︃
xk.

For reference, the first few polynomials for d = 2 are

F2,0(x) = F2,1(x) = 1;

F2,2(x) = 1 + x;

F2,3(x) = 1 + 2x;

F2,4(x) = 1 + 3x + x2;

F2,5(x) = 1 + 4x + 3x2;

F2,6(x) = 1 + 5x + 6x2 + x3.

Let us write μ ⊨ n to indicate that μ is an integer composition of n. A well-known 
interpretation of the nth Fibonacci number, Fn, is the number of compositions μ ⊨ n

with parts in {1, 2}. Similarly, for d ≥ 2, an interpretation of Fd,n(1) is the number 
of compositions μ ⊨ n with parts in {1, d}, and the polynomial Fd,n(x) records the 
distribution of d-parts in such compositions. In symbols,

Fd,n(x) =
∑︂

μ=(m1,...,mk) ⊨ n
mi∈{1,d}

x|μ|d ,

where |μ|d = #{i : mi = d}. This interpretation works for d = 0 as well; as previously 
noted F0,n(x) is power series rather than a polynomial in that case. For d = 1 a little 
extra care is needed. For our combinatorial interpretation to work we must regard the 
1-parts as being distinct from the d-parts, even though d = 1 in this case. In other words, 
F1,n(x) records the distribution of 1′-parts in compositions μ ⊨ n with parts in {1, 1′}, 
where 1 and 1′ denote two different kinds of parts, both of size 1.

Compositions with parts in {1, d} are closely related to compositions whose parts are 
of size at least d. To precisely state the relationship, define

Kd,n(x) =
∑︂
μ 

xℓ(μ) and Kd(x, y) =
∑︂
n≥0

Kd,n(x)yn, (11)
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where the former sum ranges over all integer compositions μ of n into parts of size d or 
larger, and ℓ(μ) denotes the number of parts of μ.

Lemma 4.1. We have

Kd(x, y) = 1 − y 
1 − y − xyd

.

Proof. The generating function for single parts of size at least d is yd/(1 − y). Thus

∑︂
n≥0

Kd,n(x)yn =
∑︂
k≥0

(︃
xyd

1 − y

)︃k

= 1 

1 − xyd

1 − y

= 1 − y 
1 − y − xyd

. □

Lemma 4.2. For any d ≥ 0, we have

(a) Fd,n(x) = Fd,n−1(x) + Kd,n(x) for n ≥ 1, and
(b) Fd,n(x) = Kd,0(x) + Kd,1(x) + · · · + Kd,n(x) for n ≥ 0.

Proof. Identity (b) is obtained by repeated application of identity (a), so let us focus on 
(a). An immediate consequence of Lemma 4.1 and identity (10) is

Kd(x, y) = (1 − y)Fd(x, y),

from which (a) follows by identifying coefficients. □
While the previous proof settles the claimed identity, let us also provide a, per

haps more elucidating, combinatorial proof of (a). Assume n ≥ 1 and let μ =
(m1,m2, . . . ,mk) ⊨ n be such that mi ∈ {1, d} for each i ∈ [k]. If mk = 1 then we 
map μ to the composition μ′ = (m1,m2, . . . ,mk−1) ⊨ n−1 obtained from μ by removing 
its last part. This procedure is trivially reversible. If mk = d, then we need to map μ
(in a reversible way) to a composition ν with parts of size at least d. Moreover, ν should 
have as many parts as μ has d-parts. Having spelled out these criteria, the map now 
presents itself: Assume that mi is the first d-part of μ (which exists, since mk = d); that 
is, m1 = · · · = mi−1 = 1 and mi = d. We simply sum these up to get the first part 
n1 = i − 1 + d of ν; the second part n2 is obtained by applying the same procedure 
to (mi+1,mi+2, . . . ,mk); and so on. For instance, μ = (1, 3, 3, 1, 1, 3), where d = 3 and 
n = 12, gets mapped to ν = (4, 3, 5).

In order to prove the expression for Ãd(q, x) in Theorem 4.4 below, we will need the 
following definition and characterization of the elements of Ad which are self-modified. 
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Let us say that a sequence of numbers c1c2 . . . cℓ is decreasing with pace d if the difference 
between consecutive elements is at least d; that is, if cj − cj+1 ≥ d for 1 ≤ j < ℓ.

Lemma 4.3. Any α ∈ Ad is self-modified if and only if it can be written

α = 1B12B2 . . . kBk,

where k = maxα and each factor iBi is decreasing with pace d.

Proof. Let α ∈ ˜︁Ad with maxα = k be given. By Proposition 3.8, α is an RGF and so 
can be written

α = 1B12B2 . . . kBk

where nubα is the set of positions of the elements 1, 2, . . . , k which are not in the Bi. 
But from Proposition 3.3 we have Ascd α = nubα. Thus each factor iBi must be void of 
d-ascents; that is, each iBi is decreasing with pace d.

Conversely, if α = 1B12B2 . . . kBk ∈ Ad, where k = maxα and each factor iBi is 
decreasing with pace d, then nubα = Ascd α and hence α is self-modified by Proposi
tion 3.3. □

The last ingredient needed to state Theorem 4.4 is an analogue of the factorial func
tion for Fibonacci numbers and polynomials. The nth Fibonacci factorial, also called 
Fibonorial or Fibotorial, is defined by

F !
n = F1F2 · · ·Fn.

In this manner we also define

F !
d,n(x) =

n ∏︂
i=0

Fd,i(x).

Note that the index i ranges from 0 to n rather than from 1 to n. This only makes a 
difference when d = 0 since F0,0(x) = 1/(1−x) while Fd,0(x) = 1 for d ≥ 1. In particular,

F !
0,n(x) =

(︃
1 

1 − x

)︃(n+2
2 )

and F !
1,n(x) = (1 + x)(

n+1
2 ).

For d ≥ 2 we do not have such simple formulas. As an illustration, the first few polyno
mials for d = 2 are

F !
2,0(x) = F !

2,1(x) = 1;

F !
2,2(x) = 1 + x;
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F !
2,3(x) = 1 + 3x + 2x2;

F !
2,4(x) = 1 + 6x + 12x2 + 9x3 + 2x4;

F !
2,5(x) = 1 + 10x + 39x2 + 75x3 + 74x4 + 35x5 + 6x6.

For any d ≥ 0, define the generating function

F !
d(x, y) =

∑︂
n≥0

F !
d,n(x)yn.

The following theorem reveals a striking relationship between Fibonacci factorials and 
the number of self-modified d-ascent sequences. Recall the generating function ˜︁Ad(q, x) =∑︁

α qmax(α)x|α|, where the sum ranges over all α ∈ ˜︁Ad.

Theorem 4.4. For any d ≥ 0,

˜︁Ad(q, x) = 1 + qxF !
d(x, qx).

Proof. Let α ∈ ˜︁Ad. In accordance with Lemma 4.3, write α = 1B12B2 . . . kBk, in which 
k = maxα and each factor iBi is decreasing with pace d. Fixing i ∈ [k], assume that the 
length of iBi is ℓ and write

iBi = c1c2 . . . cℓ.

Let mj = cj − cj+1 for j ∈ [ℓ − 1] and let mℓ = cℓ. Note that iBi = c1c2 . . . cℓ can be 
recovered from the composition

μ = (m1,m2, . . . ,mℓ) ⊨ i

by letting cj = mj + · · · + mℓ. In other words, μ encodes the factor iBi, and the length 
of iBi equals the number of parts of μ. If we exclude the last part of μ and let μ′ =
(m1, . . . ,mℓ−1), then we have a composition each part of which is at least d, and the 
possible choices for μ′ are recorded by Kd,m(x) as defined in (11), where m = m1 + · · ·+
mℓ−1. The last part, mℓ, of μ can be any integer between 1 and i and hence the possible 
choices for μ are recorded by

xKd,0(x) + xKd,1(x) + · · · + xKd,i−1(x).

By item (b) of Lemma 4.2, this expression simplifies to xFd,i−1(x) and hence the gener
ating function for the set of α ∈ ˜︁Ad with k = maxα is

qk
k∏︂

i=1
xFd,i−1(x) = qkxkF !

d,k−1(x).

The claim now follows by summing over k. □
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Table 1
The number of self-modified d-ascent sequences of length n.
d \ n 0 1 2 3 4 5 6 7 8 9 10 11 12
0 1 1 2 5 14 43 143 510 1936 7775 32869 145665 674338
1 1 1 1 2 4 10 27 81 262 910 3363 13150 54135
2 1 1 1 1 2 4 9 23 64 194 629 2177 7982
3 1 1 1 1 1 2 4 9 22 58 167 515 1698
4 1 1 1 1 1 1 2 4 9 22 57 158 467
5 1 1 1 1 1 1 1 2 4 9 22 57 157
6 1 1 1 1 1 1 1 1 2 4 9 22 57

Table 2
The coefficients of 

(︁˜︁Ad(1, x) − [d ]x
)︁
/xd.

d \ n 0 1 2 3 4 5 6 7 8 9 10 11 12
0 1 1 2 5 14 43 143 510 1936 7775 32869 145665 674338
1 1 1 2 4 10 27 81 262 910 3363 13150 54135 233671
2 1 1 2 4 9 23 64 194 629 2177 7982 30871 125402
3 1 1 2 4 9 22 58 167 515 1698 5925 21810 84310
4 1 1 2 4 9 22 57 158 467 1474 4934 17448 64847
5 1 1 2 4 9 22 57 157 454 1387 4476 15243 54606
6 1 1 2 4 9 22 57 157 453 1369 4321 14293 49570
7 1 1 2 4 9 22 57 157 453 1368 4297 14027 47615
8 1 1 2 4 9 22 57 157 453 1368 4296 13996 47178
9 1 1 2 4 9 22 57 157 453 1368 4296 13995 47139
10 1 1 2 4 9 22 57 157 453 1368 4296 13995 47138

Theorem 4.4 allows us to easily tabulate the cardinalities of ˜︁Ad,n; see Table 1. 
For d = 0 and d = 1 we even get explicit general expressions. For d = 0 we rediscover 

a formula originally given by Bousquet-Mélou et al. [4]:

˜︁A0(q, x) = 1 + qxF !
0(x, qx)

= 1 +
∑︂
k≥1

(qx)kF !
0,k−1(x) =

∑︂
k≥0

(qx)k

(1 − x)(k+1
2 )

.

For d = 1 (self-modified weak ascent sequences) we get the following formula:

˜︁A1(q, x) = 1 + qxF !
1(x, qx)

= 1 +
∑︂
k≥1

(qx)kF !
1,k−1(x) =

∑︂
k≥0

(qx)k(1 + x)(
k
2 ).

Note that the diagonals of Table 1 each appear to tend to some constant. To bring 
out this pattern let us skip the first d ones of each row and left adjust. In other words we 
are interested in the coefficients of 

(︁˜︁Ad(1, x)− [d ]x
)︁
/xd, where [d ]x = 1+x+ · · ·+xd−1; 

we display those coefficients in Table 2. Additional data (not displayed in the table) even 
suggests that the q-analogue (˜︁Ad(q, x) − [d ]qx)/(qx)d also tends to some polynomial in 
q, and we show in the next theorem that this is the case. What can be said about the 
sequence that is emerging as d → ∞? Formally, this limit should be understood as 
follows. Let G0(x), G1(x), G2(x), . . . be a sequence of power series. Then
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lim 
k→∞

Gk(x) =
∑︂
n≥0

cnx
n

if, given a nonnegative integer n, there is a corresponding K such that the coefficient of 
xn in Gk(x) is cn for all k ≥ K.

Theorem 4.5. We have

lim 
d→∞

1 
(qx)d

(︃˜︁Ad(q, x) − [d ]qx
)︃

= 
∑︂
k≥0

(qx)k(1 + x)(1 + 2x) · · · (1 + kx).

Let R(q, x) be the generating function on the right-hand side of the claimed identity, 
and let rn(q) be the coefficient of xn in R(q, x). The sequence (rn(1))n≥0 starts

1, 1, 2, 4, 9, 22, 57, 157, 453, 1368, 4296, 13995, 47138, 163779, 585741,

which agrees with the last row of Table 2. The generating function R(1, x) defines entry 
A124380 in the OEIS. No combinatorial interpretation is given for that entry, but it is 
now straightforward to give one. We give this combinatorial interpretation in the next 
lemma and we shall use it in the proof of Theorem 4.5.

Lemma 4.6. Let ℛn be the set of restricted growth functions α = 1B12B2 . . . kBk such 
that, for each i ∈ [k], either Bi is empty or Bi = bi is a single letter with bi ≤ i. With 
rn(q) defined as above, we have

rn(q) =
∑︂

α∈ℛn

qmaxα.

Proof. The following generating function for the Stirling numbers of the second kind, 
S(n, k) = #{α ∈ RGFn : maxα = k}, is well-known [25, equation 1.94c]:

∑︂
n≥0

xn
∑︂

α∈RGFn

qmaxα =
∑︂
k≥0

(qx)k

(1 − x)(1 − 2x) · · · (1 − kx) .

The usual proof goes as follows. Let α ∈ RGFn with maxα = k be given. Factor 
α = 1B12B2 . . . kBk in which each letter of Bi is at most i. The possible choices for Bi

are counted by the generating function 1/(1 − ix) = 1 + ix + i2x2 + · · · and hence the 
possible choices for α such that maxα = k are counted by xk/((1−x)(1−2x) · · · (1−kx)). 
For α ∈ ℛn with maxα = k the same approach applies, but now |Bi| ≤ 1 and the choices 
for Bi are counted by 1 + ix. □
Proof of Theorem 4.5. Letting fd,n(q) denote the coefficient of xn in ˜︁Ad(q, x) we find 
that the coefficient of xn in (˜︁Ad(q, x) − [d ]qx)/(qx)d is fd,n+d(q)/qd. Since the limit to 
be proved has d going to ∞ it suffices to show that, for any d ≥ 0 and d ≥ n,
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fd,n+d(q) = qdrn(q).

Assume d ≥ n and let α ∈ ˜︁Ad,n+d with k = maxα be given. Write α = 1B12B2 . . . kBk, 
where each iBi is decreasing with pace d. Note that Bi is empty whenever i ≤ d. 
Moreover, since n ≤ d we have that Bd+i is empty or Bd+i = bd+i is a singleton with 
bd+i ∈ [i] for i ≥ 1. The desired bijection from ˜︁Ad,n+d onto ℛn is now provided by

1 2 . . . d (d + 1)Bd+1 (d + 2)Bd+2 . . . kBk ↦→ 1Bd+1 2Bd+2 . . . (k − d)Bk.

For instance, if d = 4 and n = 3, then

1234516 ↦→ 112, 1234561 ↦→ 121, 1234562 ↦→ 122, 1234567 ↦→ 123.

Finally, if α ↦→ β in this way, then maxα = d + max β, which concludes the proof. □
5. Self-modified d-Fishburn permutations

Let 𝔖 denote the set of all permutations π = p1p2 . . . pn of [n] for all n ≥ 0. Inspired by 
a question of Dukes and Sagan [15], Zang and Zhou [27] have recently introduced the set 
𝔉d of d-Fishburn permutations. They are a generalization of Fishburn permutations [4] 
where the recursive structure of 𝔉d is encoded by Ad, for every d ≥ 0. The bijection 
between 𝔉d and Ad defined this way is denoted by

Φd : Ad → 𝔉d .

From now on, we denote by 𝔖(p) the set of permutations avoiding the pattern p (see 
Bevan’s note [3] for a brief introduction to the permutation patterns field). Similarly, we 
denote by U(p) the set of elements of U avoiding p, where U is a generic set. Fishburn 
permutations are defined as the set 𝔉0 = 𝔖(𝔣) of permutations avoiding 𝔣, where 𝔣 is the 
following (bivincular) mesh pattern [4,5]:

𝔣 = .

That is, 𝔉0 is the set of all π ∈ 𝔖 which do not contain a subsequence pipjpk with 
j = i + 1 < k and pk + 1 = pi < pj .

We [12] gave an alternative definition of 𝔉d that is reminiscent of the classical case 
d = 0, which we now recall. First, we describe a procedure to determine the d-active 
and d-inactive [27] elements of a given permutation π = p1 . . . pn. Let π(k) denote the 
restriction of π to the elements of [k].

• Set 1 to be a d-active element.
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• For k = 2, 3, . . . , n, let k be d-inactive if k is to the left of k − 1 in π and there exist 
at least d elements of π(k) between k and k− 1 that are d-active. Otherwise, k is said 
to be d-active.

Then, we say that a permutation π contains the d-Fishburn pattern [12], denoted by 𝔣d, 
if it contains an occurrence pipjpk of 𝔣 where pi is d-inactive. The other two elements pj
and pk can be either d-active or d-inactive.

As an example, let π = 2573164 and d = 2. We compute the d-active elements of π, 
where such elements are set in boldface. It is easy to see that the elements k ≤ 4 are 
d-active. Then, we have

π(5) = 2 5 3 1 4.

There are two d-active elements between 5 and 4, thus 5 is d-inactive. Similarly, 6 is 
d-active (since 6 is to the right of 5), but there are two d-active elements in

π(7) = 2 5 7 3 1 6 4

between 7 and 6, hence 7 is d-inactive. Finally, we see that π contains an occurrence of 
𝔣d realized by the elements 5, 7, 4.

With slight abuse of notation, we let 𝔖(𝔣d) be the set of permutations that do not 
contain 𝔣d. Finally, for every d ≥ 0 we have that [12, Prop. 7.1]

𝔉d = 𝔖(𝔣d).

In the same paper, we showed that d-Fishburn permutations can be alternatively 
obtained as the bijective image of d-ascent sequences under the composition of the d-hat 
map with the Burge transpose [9], lifting a classical result by Bousquet-Mélou et al. [4] 
to any d ≥ 0. As we will build on this alternative description of 𝔉d, we wish to recall the 
necessary tools and definitions.

Given an endofunction α = a1 . . . an, let

wDesα = {i ≥ 2 | ai ≤ ai−1}

denote the set of weak descents of α. The set of Burge words [9] is defined as

Burn =
{︃(︃

u 
α

)︃
: u ∈ WIn, α ∈ Cayn, wDes(u) ⊆ wDes(α)

}︃
,

where 
(︁
u 
α

)︁
is a biword (i.e. a pair of words of the same length written one above each other) 

and WIn is the subset of Cayn consisting of the weakly increasing Cayley permutations. 
The Burge transpose is a transposition operation T on Burn defined as follows. Given 
w =

(︁
u 
α

)︁ ∈ Burn, to compute wT , first turn each column of w upside down. Now sort 
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the columns in weakly increasing order with respect to the top entry so that the entries 
below the elements in the upper row of a given value form a weakly decreasing sequence. 
For instance, we have

(︃
1 2 3 4 5 6 7 8 9
1 4 1 2 5 2 2 3 2

)︃T

=
(︃

1 1 2 2 2 2 3 4 5
3 1 9 7 6 4 8 2 5

)︃
,

since the two 1’s in the bottom row of the first array become the first two elements in 
the top of the transposed array, and the corresponding 1 and 3 in the top row of the first 
array get sorted into the decreasing sequence 31 in the transpose, etc. Observe that T is 
an involution on Burn. Furthermore, by picking idn = 12 . . . n as the top row, we obtain 
a map t : Cayn → 𝔖n defined by3

(︃
idn

α

)︃T

=
(︃

sort(α)
t(α) 

)︃
,

for any α ∈ Cay, where sort(α) is obtained by sorting the entries of α in weakly increasing 
order. As a special case, if α is a permutation, then t(α) = α−1; note that this proves 
that t is surjective. Finally, for every d ≥ 0 we have [12, Thm. 7.10]

Φd = t ◦ hatd.

In other words, the diagram

Ad 𝔉d

Âd

Φd

hatd
t

(12)

commutes for every d ≥ 0 and all the arrows are size-preserving bijections.
As an illustration, let α = 1124253. Note that α / ∈ A0, but α ∈ Ad for d ≥ 1. The 

2-Fishburn permutation associated with α under Φ2 is π = Φ2(α) = 2537146, but we 
shall omit the details here. Instead, we follow the bottom side of diagram (12) and show 
that t ◦hat2(α) = π. To start, we compute hat2(α). We have Asc2 α = (1, 2, 3, 4, 6), so 
that:

α = 1124253;

M(α, 1) = 1124253;

3 The map t was originally [9] denoted by the letter γ.



24 G. Cerbai et al. / Advances in Applied Mathematics 170 (2025) 102929 

M(α, 1, 2) = 2124253;

M(α, 1, 2, 3) = 3124253;

M(α, 1, 2, 3, 4) = 3124253;

M(α, 1, 2, 3, 4, 6) = 3124253 = hat2(α).

Finally, we apply the Burge transpose(︃
id7

α

)︃T

=
(︃

1 2 3 4 5 6 7
3 1 2 4 2 5 3

)︃T

=
(︃

1 2 2 3 3 4 5
2 5 3 7 1 4 6

)︃
and obtain π as the bottom row of the resulting biword.

For the rest of this section, let d ≥ 0 be a fixed nonnegative integer. Denote by

˜︁𝔉d = Φd(˜︁Ad)

the set of d-Fishburn permutations corresponding to self-modified d-ascent sequences 
under the bijection Φd. Bousquet-Mélou et al. [4] proved a beautiful characterization of ˜︁𝔉0 in terms of pattern avoidance that we wish to generalize to all d. In particular, when 
d = 0, they showed ˜︁𝔉0 = 𝔖(31̄524̄). Here a permutation π avoids the barred pattern 
31̄524̄ if every occurrence of the pattern 231 plays the role of 352 in an occurrence 
of 31524. Formally, for every i < j < k such that pk < pi < pj , there exist ℓ ∈
{i+1, i+2, . . . , j− 1} and m > k such that pipℓpjpkpm is an occurrence of 31524. More 
visually, in terms of mesh patterns,

˜︁𝔉0 = 𝔖

⎛⎜⎜⎝ ,

⎞⎟⎟⎠ .

In the same spirit, we wish to characterize ˜︁𝔉d. From now on, we say that a permutation 
π = p1 . . . pn contains 𝔰d if there are two indices i < j such that

• pi = pj + 1; and
• asc(pipi+1 . . . pj) ≤ d.

Furthermore, with slight abuse of notation, we write 𝔖(𝔰d) to denote the set of permu
tations that do not contain 𝔰d. Our goal is to prove that

˜︁𝔉d = 𝔖(31̄524̄, 𝔰d) = ˜︁𝔉0(𝔰d). (13)

Observe that

˜︁𝔉d = Φd(˜︁Ad) = t
(︁
hatd(˜︁Ad)

)︁
= t(˜︁Ad), (14)
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where hatd(˜︁Ad) = ˜︁Ad by definition of self-modified d-ascent sequence. In other words, 
permutations in ˜︁𝔉d are precisely those that are obtained by applying the Burge transpose 
to some self-modified d-ascent sequence in ˜︁Ad. Furthermore, by Lemma 4.3 every α ∈ ˜︁Ad

can be written α = 1B12B2 . . . kBk, where k = maxα and each factor iBi is decreasing 
with pace d.

Since we know from Proposition 3.8 that ˜︁Ad ⊆ RGF, it will be useful to describe the 
ascents of permutations in t(RGF).

Lemma 5.1. Let α ∈ RGF, k = maxα, and(︃
id
α

)︃T

=
(︃

sort(α)
π

)︃
=

(︃
1 . . . 1 2 . . . 2 . . . k . . . k

p1 . . . pi1 pi1+1 . . . pi2 . . . pik−1+1 . . . pik

)︃
.

Then:

(a) Ascπ = {1, i1 + 1, i2 + 1, . . . , ik−1 + 1}.
(b) For each i < j, we have

asc(pi . . . pj) = ℓj − ℓi + 1,

where ℓi and ℓj are the entries above pi and pj in sort(α), respectively.

Proof. To prove (a), let j ∈ [k]. By definition of Burge transpose, the entry pij below the 
rightmost copy of j in sort(α) is the index of the leftmost copy of j in α. Since α ∈ RGF, 
the leftmost copy of j precedes each copy of j + 1 in α; that is, pij < pij+1 for each 
j ∈ [k−1], and thus Ascπ ⊇ {1, i1 +1, i2 +1, . . . , ik−1 +1}. The other inclusion is trivial 
because each factor pij+1 . . . pij+1 is weakly decreasing by definition of Burge transpose.

We shall now prove (b). By the first item, the ascents of π are precisely those entries 
that are below the leftmost copy of some j ∈ [k] in sort(α). Since the first position is an 
ascent by definition, the sequence pi . . . pj contains exactly one ascent for each number 
from ℓi (the entry above pi) to ℓj (the entry above pj); that is, we have

asc(pi . . . pj) = ℓj − ℓi + 1. □
Theorem 5.2. We have

˜︁𝔉d = ˜︁𝔉0(𝔰d).

Proof. A special case of item (a) of Theorem 3.5 is that ˜︁Ad ⊆ ˜︁A0. Using this and 
equation (14) we obtain

˜︁𝔉d = t(˜︁Ad) ⊆ t(˜︁A0) = ˜︁𝔉0 .

Now, let π ∈ ˜︁𝔉0. Since ˜︁𝔉0 = t(˜︁A0), there is some α ∈ ˜︁A0 such that
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(︃
id
α

)︃T

=
(︃

sort(α)
π

)︃
.

Furthermore, by Lemma 4.3, we have

α = 1B12B2 . . . kBk,

where k = maxα and each factor iBi is decreasing with pace zero, i.e. is weakly decreas
ing. To obtain the desired equality, it suffices to prove that π contains 𝔰d if and only if 
π / ∈ ˜︁𝔉d.

Let us start with the forward direction. By definition, π containing 𝔰d means that 
there are indices i < j with pi = pj + 1 and asc(pi . . . pj) ≤ d. Now applying item (b) 
of Lemma 5.1 (which can be done since α is an RGF) shows that the ascent inequality 
implies ℓj − ℓi < d where we are using the notation of the lemma. But pi = pj + 1 so 
that (︃

id
α

)︃
=

(︃
. . . pj pi . . .

. . . ℓj ℓi . . .

)︃
.

Since i < j we have that ℓj ≥ ℓi and this forces the pair ℓjℓi to be part of the same 
factor kBk above. On the other hand ℓj − ℓi < d so that factor cannot be decreasing 
with pace d. Using Lemma 4.3 again, we see that α / ∈ ˜︁Ad. Thus, since t is injective, 
π = t(α) / ∈ t(˜︁Ad) = ˜︁𝔉d as desired.

On the other hand, suppose that π / ∈ ˜︁𝔉d, i.e. α / ∈ ˜︁Ad. Therefore, at least one of the 
blocks B1, . . . , Bk of α (which are weakly decreasing since α ∈ ˜︁A0) is not decreasing with 
pace d. Let ahah+1 be two consecutive elements in Bi, 1 ≤ i ≤ k, with ah − ah+1 < d. 
Note that ah ≥ ah+1 since Bi is weakly decreasing. Now, applying the Burge transpose 
yields

(︃
id
α

)︃T

=
(︃
. . . h h + 1 . . .
. . . ah ah+1 . . .

)︃T

=
(︃
. . . ah+1 . . . ah . . .
. . . h + 1 . . . h . . .

)︃
=

(︃
sort(α)

π

)︃
.

Finally, the elements h + 1 and h form an occurrence of 𝔰d in π since by item (b) of 
Lemma 5.1 the number of ascents contained between them is equal to

ah − ah+1 + 1 < d + 1 ≤ d.

This concludes the proof. □
6. Pattern avoidance in ˜︁𝕱d

The first two authors have developed a theory of transport of patterns between Fish
burn permutations and modified ascent sequences [9]. We recently showed that the same 
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machinery also applies to d-Fishburn permutations and modified d-ascent sequences [12, 
Thm. 8.6]. More explicitly, for any d ≥ 0 and permutation τ ,

t : Âd(Bτ ) −→ 𝔉d(τ)

is a size-preserving bijection, where Bτ is a finite set called the Fishburn basis of τ , 
Âd(Bτ ) is the set of modified d-ascent sequences avoiding every pattern in Bτ , and 
𝔉d(τ) is the set of d-Fishburn permutations avoiding τ . Moreover, there is a constructive 
procedure to compute Bτ [9].

Since the map t is injective on Âd [12, Cor. 4.7], it is also injective on ˜︁Ad = Ad ∩ Âd. 
The following is a corollary to the previous discussion and the transport theorem [12, 
Thm. 8.6].

Corollary 6.1. For any d ≥ 0 and permutation τ , the map t : ˜︁Ad(Bτ ) → ˜︁𝔉d(τ) is a 
size-preserving bijection.

For instance, let us consider the pattern 213. Recall [9] that B213 = {112, 213} and 
hence # ˜︁𝔉d(213) = # ˜︁Ad(112, 213). It is a fundamental problem in the field of pat
tern avoidance to enumerate avoidance classes of permutations. We will enumerate the 
class just mentioned below. Interestingly, the generating function for this subset of self
modified d-ascent sequences can be expressed in terms of the same polynomials which 
enter into the computation of Ãd(q, x) for all self-modified d-ascent sequences without 
restriction; see Theorem 4.4.

Lemma 6.2. Let α ∈ ˜︁Ad and write α = 1B12B2 . . . kBk as in Lemma 4.3. Then α avoids 
112 and 213 if and only if B1 = B2 = · · · = Bk−1 = ∅.

Proof. Assume that B1 = B2 = · · · = Bk−1 = ∅ so that α = 12 . . . kBk. Since the last 
two letters of 112 form an ascent and kBk is decreasing (with pace d), any occurrence of 
112 would have to wholly reside in the prefix 12 . . . k of α, but that is clearly impossible. 
Similarly, α avoids 213. To prove the converse, assume that Bi ̸= ∅ for some i ∈ [k − 1]
and let b be the first letter of Bi. If b = i (this can only happen if d = 0), then ibk is an 
occurrence of 112 in α. Otherwise, b < i and ibk is an occurrence of 213 in α. □

Recall the generating function Fd,n(x) as defined in (9).

Proposition 6.3. We have

Fd+1,n−1(q) =
∑︂

α∈˜︁Ad,n(112,213)

qwdesα =
∑︂

π∈˜︁𝔉d,n(213)

qidesπ,

where wdesα = # wDesα is the number of weak descents of α and idesπ = des(π−1) is 
the number of inverse descents of π.



28 G. Cerbai et al. / Advances in Applied Mathematics 170 (2025) 102929 

Proof. Let α ∈ ˜︁Ad(112, 213), k = maxα and write α = 12 . . . kBk as in Lemma 6.2. By 
following the same reasoning as in the proof of Theorem 4.4, we find that∑︂

α 
qmaxαx|α| = 1 +

∑︂
k≥1

qkxkFd,k−1(x) = 1 + qxFd(x, qx),

in which α ranges over ˜︁Ad(112, 213). Using the explicit formula (10) from Section 4 it is 
easy to verify that Fd+1(q, x) = Fd(qx, x). Also, by Lemma 4.3, wdesα + maxα = |α|. 
Putting this all together we have∑︂

α 
qwdesαx|α| =

∑︂
α 

q−maxα(qx)|α| = 1 + xFd(qx, x) = 1 + xFd+1(q, x).

The first equality of our proposition follows by identifying coefficients in this identity.
Now, the Fishburn basis of 213 is {112, 213} and, by Corollary 6.1, the Burge trans

pose t is a bijection between ˜︁Ad,n(112, 213) and ˜︁𝔉d,n(213). More specifically [11, Lemma 
5.2], a sequence α ∈ ˜︁Ad,n(112, 213) with k weak descents is mapped under t to a permu
tation π ∈ ˜︁𝔉d,n(213) with k inverse descents, and hence the second equality follows. □
Acknowledgments

We would like to thank the referees for their careful reading of the manuscript and 
helpful suggestions, which have significantly improved the clarity of the paper.

References

[1] Andrew M. Baxter, Lara K. Pudwell, Ascent sequences avoiding pairs of patterns, Electron. J. 
Comb. 22 (1) (2015) 1.58, 23.

[2] Beáta Bényi, Anders Claesson, Mark Dukes, Weak ascent sequences and related combinatorial 
structures, Eur. J. Comb. 108 (2023) 103633, 19.

[3] David Bevan, Permutation patterns: basic definitions and notations, preprint, arXiv:1506.06673.
[4] Mireille Bousquet-Mélou, Anders Claesson, Mark Dukes, Sergey Kitaev, (2 + 2)-free posets, ascent 

sequences and pattern avoiding permutations, J. Comb. Theory, Ser. A 117 (7) (2010) 884--909.
[5] Petter Brändén, Anders Claesson, Mesh patterns and the expansion of permutation statistics as 

sums of permutation patterns, Electron. J. Comb. 18 (2) (2011) 5, 14.
[6] David Callan, Toufik Mansour, Mark Shattuck, Restricted ascent sequences and Catalan numbers, 

Appl. Anal. Discrete Math. 8 (2) (2014) 288--303.
[7] Giulio Cerbai, Modified ascent sequences and Bell numbers, Electron. J. Comb. 31 (4) (2024).
[8] Giulio Cerbai, Pattern-avoiding modified ascent sequences, preprint, arXiv:2401.10027.
[9] Giulio Cerbai, Anders Claesson, Transport of patterns by Burge transpose, Eur. J. Comb. 108 (2023) 

103630, 25.
[10] Giulio Cerbai, Anders Claesson, Fishburn trees, Adv. Appl. Math. 151 (2023).
[11] Giulio Cerbai, Anders Claesson, Caylerian polynomials, Discrete Math. 347 (12) (2024).
[12] Giulio Cerbai, Anders Claesson, Bruce Sagan, Modified difference ascent sequences and Fishburn 

structures, preprint, arXiv:2406.12610.
[13] William Y.C. Chen, Alvin Y.L. Dai, Theodore Dokos, Tim Dwyer, Bruce E. Sagan, On 021-avoiding 

ascent sequences, Electron. J. Comb. 20 (2013).
[14] Andrew R. Conway, Miles Conway, Andrew Elvey Price, Anthony J. Guttmann, Pattern-avoiding 

ascent sequences of length 3, Electron. J. Comb. 29 (4) (2022) 4.25, 32.
[15] Mark Dukes, Bruce E. Sagan, Difference ascent sequences, Adv. Appl. Math. 159 (2024) 102736.

http://refhub.elsevier.com/S0196-8858(25)00091-0/bib92FA4259A19BE35BF4F2B5C35C8DA371s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib92FA4259A19BE35BF4F2B5C35C8DA371s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib453A547C5569F23B22DBD1653DF84B77s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib453A547C5569F23B22DBD1653DF84B77s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib5EECFA87829C48CEBAC78ECF1180CA8Fs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibC0A4B1D7306B56072D0DB95FFE113DA8s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibC0A4B1D7306B56072D0DB95FFE113DA8s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib5CE1A4BAD927F3BA4C29259FD1E04CC9s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib5CE1A4BAD927F3BA4C29259FD1E04CC9s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibB94FBCBEDFCC3079DF2CC8D021CD934As1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibB94FBCBEDFCC3079DF2CC8D021CD934As1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib6D54E89D9F808461002F36A1AEE58C17s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib9E3985280C0D1DD15B30E193A2D0EE53s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib3319BECC1F2621D3F36544CCD40235F7s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib3319BECC1F2621D3F36544CCD40235F7s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib21AD27165E6EB42F681D907F3E19F127s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibD88C1D2A46A4F402A0899AE5DCDC71A0s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibC3BE795D603CF429F883C0F521806280s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibC3BE795D603CF429F883C0F521806280s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibC9F48F250220274FC773C623366F4DF1s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibC9F48F250220274FC773C623366F4DF1s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib4585F71F36A24DCA04A3932D5FA0DEE0s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib4585F71F36A24DCA04A3932D5FA0DEE0s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibE4BA730DA8CC23AED784A4BE3D40D6CEs1


G. Cerbai et al. / Advances in Applied Mathematics 170 (2025) 102929 29

[16] Paul Duncan, Einar Steingrímsson, Pattern avoidance in ascent sequences, Electron. J. Comb. 18 
(2011).

[17] Shishuo Fu, Emma Yu Jin, Zhicong Lin, Sherry H.F. Yan, Robin D.P. Zhou, A new decomposition 
of ascent sequences and Euler-Stirling statistics, J. Comb. Theory, Ser. A 170 (2020) 105141.

[18] Anthony J. Guttmann, Václav Kotěšovec, A numerical study of L-convex polyominoes and 201
avoiding ascent sequences, Sémin. Lothar. Comb. 87B (2023) 2, 11.

[19] Emma Yu Jin, Michael J. Schlosser, Proof of a bi-symmetric septuple equidistribution on ascent 
sequences, Comb. Theory 3 (1) (2023) 5, 44.

[20] Sergey Kitaev, Jeffrey B. Remmel, A note on p-ascent sequences, J. Comb. 8 (3) (2017) 487--506.
[21] Toufik Mansour, Mark Shattuck, Some enumerative results related to ascent sequences, Discrete 

Math. 315--316 (2014) 29--41.
[22] OEIS Foundation Inc., The on-line encyclopedia of integer sequences, published electronically at 

http://oeis.org.
[23] Bruce E. Sagan, Pattern avoidance in set partitions, Ars Comb. 94 (2006) 79--96.
[24] Bruce E. Sagan, Combinatorics: the Art of Counting, Graduate Studies in Mathematics, vol. 210, 

American Mathematical Society, Providence, RI, 2020.
[25] Richard P. Stanley, Enumerative Combinatorics, vol. I, Wadsworth & Brooks/Cole Advanced Books 

& Software, Monterey, CA, 1986.
[26] Sherry H.F. Yan, Ascent sequences and 3-nonnesting set partitions, Eur. J. Comb. 39 (2014) 80--94.
[27] Yongchun Zang, Robin D.P. Zhou, Difference ascent sequences and related combinatorial structures, 

preprint, arXiv:2405.03275.

http://refhub.elsevier.com/S0196-8858(25)00091-0/bibEF5FD33F9F58479374D0B3CC4A6C40DCs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibEF5FD33F9F58479374D0B3CC4A6C40DCs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib2704649C76653B58001652B279CDC614s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib2704649C76653B58001652B279CDC614s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib81817A1C6636F88783C09EB3F5788D5Fs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib81817A1C6636F88783C09EB3F5788D5Fs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibE7E49F8A3718EA3F209B1E43489D07C2s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibE7E49F8A3718EA3F209B1E43489D07C2s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib4670585033D99BC65173DF0A05E48A00s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib7B4F61F3183AF5D0F5D7C7930DE07DFBs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib7B4F61F3183AF5D0F5D7C7930DE07DFBs1
http://oeis.org
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibEBEF9F2471517D8203FDFB6F0EB10AEEs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib979645A516D78803A0494B22BA24ADB1s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib979645A516D78803A0494B22BA24ADB1s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibA8F0E374131C7B3F0D53FB024A5E89AAs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bibA8F0E374131C7B3F0D53FB024A5E89AAs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib30B9542A923414538850AF585FEBD8EAs1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib2366D384E06599E2EFE4953C87F79309s1
http://refhub.elsevier.com/S0196-8858(25)00091-0/bib2366D384E06599E2EFE4953C87F79309s1

	Self-modified difference ascent sequences
	1 Introduction
	2 Preliminaries
	3 Self-modified d-ascent sequences
	4 Enumeration of self-modified d-ascent sequences
	5 Self-modified d-Fishburn permutations
	6 Pattern avoidance in SMF
	Acknowledgments
	References


