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5.1 The Remainder and Factor Theorems; Synthetic Division 
  
In this section you will learn to: 

• understand the definition of a zero of a polynomial function 

• use long and synthetic division to divide polynomials 

• use the remainder theorem 

• use the factor theorem 
 

Example 1:  Use long division to find the quotient and the remainder:  275593 ÷   

 
 Steps for Long Division: 
 
 1. 

 2. 

 3. 

 4. 

 
 
Example 2:  Use the “Steps for Long Division” to divide each of the polynomials below. 
 
 

     3525 2 −−− xxx     ( ) )3(23117 32 −÷+−− xxxx  

 
 
 
 
 
 
 
 
 
 
Example 3:  Check your answer for the division problems in Example 2. 
 
 
 
 
 

The Division Algorithm: If f(x) and d(x) are polynomials where d(x) ≠ 0 and degree d(x) < degree 
f(x), 
                                                  then 

                                                              )()()()( xrxqxdxf +⋅=  

 
If r(x) = 0 then d(x) and q(x) are factors of f(x). 
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Example 4:  Perform the operation below.  Write the remainder as a rational expression 
(remainder/divisor). 
 

       
12

282
3

2345

+

++−

x

xxxx
   

 
 
 
 
 
 
 
 
 
 
 

Synthetic Division – Generally used for “short” division of polynomials when the divisor is in the  

                                        form x – c.  (Refer to page 506 in your textbook for more examples.) 

 
Example 5:  Use both long and short (synthetic) division to find the quotient and remainder for the 
problem below. 
 

   )3()7112( 3 −÷+− xxx   

 
 
 
 
 
 
 
 
 
 
 
 
 

Example 6:  Divide 
2

83

+

+

x

x
 using synthetic division. 

 
 
 
 
 
 
 

Example 7:  Factor 83 +x  over the real numbers.  (Hint:  Refer to Example 6.) 
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Remainder Theorem Factor Theorem 
If the polynomial f(x) is divided by (x – c), then the  
   remainder is f(c). 

Let f(x) be a polynomial. 

If f(c) = 0, then (x – c) is a factor of f(x). 

If (x – c) is a factor of f(x), then f(c) = 0. 

If )( cx −  is a factor of )(xf  or if ,0)( =cf   

    then c is called a zero of ).(xf  

 

 

Example 8:  7543)( 23 +−+= xxxxf .  Find )4(−f  using 

 
 (a)  synthetic division.     (b) the Remainder Theorem. 
 
 
 
 
 
 
 
 
 
 
 

Example 9:  Solve the equation 061132 23 =+−− xxx  given that -2 is a zero of 

61132)( 23 +−−= xxxxf . 
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5.1 Homework Problems: 
 
For Problems 1-5, use long division to find each quotient, )(xq , and remainder, )(xr . 

 

1.  )5()152( 2 −÷−− xxx     2.  )2()275( 23 +÷+++ xxxx  

 

3.  )13()51276( 23 −÷−++ xxxx               4.  
3

814

−

−

x

x
   5.  

13

3918
2

234

+

++

x

xxx
   

 
For Problems 6 – 11, divide using synthetic division. 
 

6.  )2()102( 2 −÷−+ xxx       7.  )2()11365( 23 −÷++− xxxx           8.  )5()55( 432 xxxxx +÷+−−  

 

9.  
2

1210 357

+

+−+

x

xxx
                10.  

4

2564

−

−

x

x
          11.  

2

132 2345

−

+−+−−

x

xxxxx
 

 
For Problems 12 – 16, use synthetic division and the Remainder Theorem to find the indicated function 
value. 
 

12.  )3(;657)( 23 fxxxxf −+−=             13.  )2(;4654)( 23 −−−+= fxxxxf  

 

14.  







−++−−=
2

1
;2352)( 234 fxxxxxf           15.   








−++++=
3

2
;15106)( 234 fxxxxxf  

 

16.  Use synthetic division to divide 64)( 23 ++−= xxxxf  by x + 1.  Use the result to find all zeros of f. 

 

17.  Solve the equation 0252 23 =++− xxx  given that 2 is a zero of .252)( 23 ++−= xxxxf  

 

18.  Solve the equation 0351612 23 =−−+ xxx  given that 
2

3
−  is a zero (root). 

 
 
 

5.1 Homework Answers:    1.  3)( += xxq    2.  13)( 2 ++= xxxq     3.  532)( 2 ++= xxxq      

4.  2793)( 23 +++= xxxxq     5. 13)(;136)( 2 +−=−+= xxrxxxq     6.  52)( += xxq       

7.  33)(;1145)( 2 =++= xrxxxq     8.  1300)(;2605110)( 23 =−+−= xrxxxxq   

9.  68)(;4020101052)( 23456 −=+−+−+−= xrxxxxxxxq     10.  64164)( 23 +++= xxxxq  

11.  3)(;1)( 24 =++−= xrxxxxq     12.  27−     13.  4−     14.  1    15.  
9

7
     

16.  3,2,1;652 −=+− xxx      17.  








− 2,1,
2

1
  18.  









−−
2

1
,

3

1
,

2

3
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5.3 Roots of Polynomial Equations 
  
In this section you will learn to: 

• find zeros of polynomial equations 

• solve polynomial equations with real and imaginary zeros 

• find possible rational roots of polynomial equations 

• understand properties of polynomial equatins 

• use the Linear Factorization Theorem 
 

Zeros of Polynomial Functions are the values of x for which )(xf = 0. 

(Zero = Root = Solution = x-intercept (if the zero is a real number)) 
 
Example 1:  Consider the polynomial that only has 3 and  ½ as zeros. 
 
     (a)  How many polynomials have such zeros? 
 
     (b)  Find a polynomial that has a leading  
            coefficient of 1 that has such zeros. 
 
 
     (c)  Find a polynomial, with integer  
            coefficients, that has such zeros. 

 
 

If the same factor (x – r) occurs k times, then the zero r is called a zero with multiplicity k. 

     Even Multiplicity → Graph touches x-axis and turns around. 

     Odd Multiplicity → Graph crosses x-axis. 

 
Example 2:  Find all of the (real) zeros for each of the polynomial functions below.  Give the multiplicity 
of each zero and state whether the graph crosses the x-axis or touches (and turns at) the x-axis at each 
zero.  Use this information and the Leading Coefficient Test to sketch a graph of each function 
 

(a)  842)( 23 −−+= xxxxf               (b)  24 4)( xxxf +−=               (c)  234 44)( xxxxg −+−=      
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The Rational Zero Theorem:  If 01
2

2
1

1 ....)( axaxaxaxaxf n

n

n

n ++++=
−

−  has integer coefficients 

and 
q

p
 (reduced to lowest terms) is a rational zero of ,f  then  p is a factor of the constant term, 0a , 

and q is a factor of the leading coefficient, na .  

 
Example 3:  List all possible rational zeros of the polynomials below. (Refer to Rational Zero 
Theorem on  
                     Page 1 of this handout.) 
 

     (a)  127)( 25 −+−= xxxf   Possible Rational Zeros: __________________________ 

 
 
   

     (b)  8886)( 23 +−−= xxxxp   Possible Rational Zeros:  __________________________ 

 
 
 
 

Example 4:  Find all zeros of 252)( 23 ++−= xxxxf .      

 
 
 
 
 
 
 
 
 
 
 

Example 5:  Solve .0105648 34
=−+− xxx  
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Linear Factorization Theorem: 
 

If 01
2

2
1

1 ....)( axaxaxaxaxf n

n

n

n ++++=
−

− , where n ≥ 1 and an ≠ 0, then 

        )(..).)(()( 21 nn cxcxcxaxf −−−= , where ncccc ...,, 32,1   are complex numbers. 

 
 

Example 6:  Find all complex zeros of  ,2332)( 34 −++= xxxxf  and then write the polynomial 

)(xf as a product of linear factors. 

 
 
 
 
 
 
 
 
 
 
 
 
 
                                      =)(xf   ________________________________________________________ 

 
 

Properties of Polynomial Equations:   

Given the polynomial 01
2

2
1

1 ....)( axaxaxaxaxf n

n

n

n ++++=
−

− . 

    1.  If a polynomial equation is of degree n, then counting multiple roots (multiplicities) separately,  
         the equation has n roots.  
 
    2.  If bia + is a root of a polynomial equation ( 0≠b ), then the imaginary number bia −  is also a  
         root.  In other words, imaginary roots, if they exist, occur in conjugate pairs. 
 

                                  

Example 7:   Find all zeros of 54)( 24 −−= xxxf .  (Hint:  Use factoring techniques from Chapter 1.) 

Write )(xf as a product of linear factors. 

 
 
 
 
 
 
 
 
 
 
 
                                      =)(xf   ________________________________________________________ 
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Example 8:  Find a third-degree polynomial function, )(xf , with real coefficients that has 4 and 2i as  

                      zeros and such that .50)1( =−f  

 
     Step 1:  Use the zeros to find the  
                  factors of ).(xf  

 
 
     Step 2:  Write as a linear factorization, 
                  then expand/multiply. 
 
 
 
 
 
 
 
 
 
     Step 3:  Use 50)1( =−f  to substitute  

                  values for x and ).(xf  

 
 
 
 
 

     Step 4:  Solve for .na  

 
 

     Step 5:  Substitute na  into the equation 

                  for )(xf  and simplify. 

 
 
 
 
     Step 6:  Use your calculator to check. 
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5.3 Homework Problems: 
 
For Problems 1 – 4, use the Rational Zero Theorem to list all possible rational zeros for each function. 
 

 1.  863)( 23 −−+= xxxxf      2.  1591132)( 234 +−−+= xxxxxf  

 

 3.  863113)( 234 +−−−= xxxxxf     4.  284)( 45 +−−= xxxxf  

 
For Problems 5 – 8, find the zeros for the given functions. 
 

 5.  12112)( 23 +−−= xxxxf        6.  252)( 23 ++−= xxxxf  

 

 7.  132)( 23 +−+= xxxxf      8.  584)( 23 −+−= xxxxf  

 
For Problems 9 – 12, solve each of the given equations. 
 

 9.  0472 23
=−−− xxx      10.  013175 23

=−+− xxx  
 

11.  04652 23
=+−− xxx     12.  015162 24

=−−− xxx  
 
For Problems 13-16, find an nth degree polynomial function, )(xf , with real coefficients that satisfies 

the given conditions. 
 
13.  n  = 3; 1 and 5i are zeros; 104)1( −=−f              14.  n = 4; 2, -2, and i are zeros; 150)3( −=f  

 
15.  n = 3;  6 and -5 + 2i are zeros; 636)2( −=f   16.  n = 4;  i and 3i are zeros; 20)1( =−f  

 
 
 
 
 
 
 
 
 

5.3 Homework Answers:    1.  8,4,2,1 ±±±±     2.  
2

15
,

2

5
,

2

3
,

2

1
,15,5,3,1 ±±±±±±±±  

3.  
3

8
,

3

4
,

3

2
,

2

1
,8,4,2,1 ±±±±±±±±     4.  

4

1
,

2

1
,2,1 ±±±±      5. 4,1,3−      6.  2,1,

2

1
−      

7.  
2

51
,

2

1 ±−
    8.  

2

113
,1

i±
    9.  { }4,1−     10.  { }i32,1 ±     11.  









± 51,
2

1
     

12.  { }i21,3,1 ±−−     13.  505022)( 23 −+−= xxxxf     14.  1293)( 24 ++−= xxxf  

15.  52293123)( 23 −−+= xxxxf     16.  910)( 24 ++= xxxf  


