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Abstract

This paper concerns a nonlinear partial differential system in a 3-dimensional domain
involving the operator curl?, which is a simplified model used to examine nucleation
of instability of the Meissner state of a superconductor as the applied magnetic field
reaches the superheating field. We derive a priori C?1% estimates for a weak solution
H, the curl of the magnetic potential, and determine the location of the maximal points
of |curl H| which correspond to the nucleation of instability of the Meissner state. We
show that, if the penetration length is small, the solution exhibits a boundary layer. If
the applied magnetic field is homogeneous, |curl H| is maximal around the points on
the boundary where the applied field is tangential to the surface.

§1. INTRODUCTION

In this paper we study the following elliptic system:
—Mcurl?A = (1 - |A*)A in Q, A(curl A)r = HT  on 09, (1.1)

where  is a bounded and smooth domain in R3, A(z) = (Ai(x), As(x), A3(x)),
and H€ is a given vector field on 0€2. Here, the subscript 7" denotes the tangential
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component on 92, respectively, and 0 < A < 1. For reasons that will become clear
below, we are interested in the solutions of (1.1) satisfying

1
Al L) < ﬁ (1.2)

We shall investigate the location of the maximum points of |A(z)| for small .

Equation (1.1) is an approximation of the Ginzburg-Landau system of supercon-
ductivity with large value of Ginzburg-Landau parameter s, which was derived by
Chapman [C1] (also see [Mon]) to describe loss of stability of the Meissner state when
the applied magnetic field reaches the superheating field H,;,. In the system H€ is the
applied magnetic field, A is the magnetic potential, curl A is the induced magnetic
field, and A is the penetration depth, which is small typically. In fact, the instability
occurs when the condition (1.2) is violated [C1].

It was first discovered in [C1] (also see [Mon]) that, under the condition (1.2),
equation (1.1) is equivalent to the following quasilinear system:

—Xcurl [F(A?|curl H]?)curlH] = H in Q, Hr =H7  on 0. (1.3)

More precisely, if A € C3(Q,R?) N C?(Q,R3) is a solution of (1.1) and satisfies (1.2),
and letting H = Acurl A, then H solves (1.3), and the following estimate holds:

4
1H|| 7 —. 1.4
Alcurl H o () < \/27 (1.4)

Here the function F'is determined by the relation

v=F{)t < t=(1—-v%)w, (1.5)

and F(0) = 1. F' is uniquely defined for 0 < ¢ < %, ie,for0<wv < \/Lg On the

other hand, if in addition € is a simply-connected domain, and if H € C3(Q,R3) N
C?(Q,R3) is a solution of (1.3) and satisfies (1.4), and letting

A = “AF(\?|curl H|*)curl H,

then A € C?(Q,R?) is the unique solution of (1.1) and satisfies (1.2). Moreover, the
maximum points of |A(z)| coincide with the maximum points of |curl H(z)|.!

Let us recall that [dG, MS, Fn, Kra, FP1, FP2, C1, BH], for a type I superconduc-
tor subjected to an applied magnetic field, the Meissner state is a global minimizer

IThis conclusion can be proved by using the argument in [PK], where the equivalence of two
equations (1.6) and (1.7) in the 2-dimensional case was proved.
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of the Ginzburg-Landau energy and hence globally stable if the applied field is below
the first critical field H¢,, it is locally stable if the applied field is between H¢, and
Hg;,, and it is not stable if the applied field is above Hygj. It is interesting to calculate
the superheating field Hg, for a superconductor with general shape ([C1, p.1258]),
and to explore how the Meissner state losses its stability as the applied magnetic field
increases and reaches H,y,.

Consider a cylinder of infinite height with its axis in the x3-direction, and placed
in an applied axial magnetic field H¢ = (0,0, h). Then the Ginzburg-Landau system
is reduced to an elliptic system on the 2-dimensional cross section D of the cylinder.
Chapman [C1] derived the following system as a large x limit of the Ginzburg-Landau
system:

{ ~Xecurl?A = (1—-|A>)A  in D, 16)

v-A=0, Acurl A=h on 0D,

where A = (Ai(z1,22), A2(x1,22)), and v is the outer normal vector of dD. He
showed that, if ||A|lL~p) < \/Lg, (1.6) can be transformed to a quasilinear equation

in divergence form for the scalar function H = Acurl A = \(01 43 — 024,):
Ndiv [F(VY|VH*)VH] = H in Q, H=h on 0f. (1.7)

He also showed that, as the value of h increases, the solution A of (1.6) loses its stabil-
ity when max |A(x)| reaches Ls’ and the instability will occur first at the boundary

of the sample. Berestycki, Bonnet and Chapman [BBC] rigorously proved that, if
| AL (D) < \/Lg, then the maximum points of |A(x)| must lie on the boundary 0D.

Chapman [C2] further showed by formal analysis that, as A — 0, |A(z)| reaches the
maximum value at the points of largest negative curvature of boundary dD. This
conclusion was rigorously verified by Pan and Kwek [PK]. Moreover, it was proved in
[PK] that the solutions of (1.6) exhibit boundary layer behavior when A is small, which
is recognized as the Meissner effect of superconductivity (see for instance [FP1]). The
approximation of Meissner solutions by the solutions of (1.6) was verified by Bonnet-
Chapman-Monneau [BCM].

For a bulk superconductor occupying a bounded domain € in R?, Monneau [Mon]
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derived an approximation system of the Ginzburg-Landau system as x — 00?:

~Acurl?A = (1 - [A]P)A in Q,
curl’A =0 in R3\ Q,
[vxA]=0, [vxculA]=0 on 09,

AcurlA —H® — 0 as |z| — oo,

(1.8)

where [] denotes the jump in the enclosed quantity across 0f2. System (1.1) can be
viewed as an approximation of (1.8) if we restrict ourselves in the domain 2 and take
the boundary condition A (curl A)r = H$ on 0. Note that if A is a solution of (1.1)
in 2, and if B is a solution in ¢ = R3 \ Q of the system

Acurl B="H® in Q°, Br=Ar on 09,

and if we define A = A in Q and A = B in Q°, then A is a solution of (1.8).

Monneau [Mon] proved by using the implicit function theorem that, if || H% || c2+e (50)
is small, then (1.3) (in the case where A = 1) has a unique solution H € C?+(Q, R3),
and |curl H| attains its maximum only on 9. If ||H% | c2+e a0 is large, then (1.3)
has no solution. However, the smallness condition of the boundary data depends on
A, and the dependence on A was not obtained in [Mon]. Thus no criterion has been
given for the boundary data that allows the existence of solutions for all A.

Because we wish to determine the location of the points where |A(x)| reaches its
maximum, it is necessary to consider the limit as A — 0. In particular we must
establish optimal bounds for boundary data and show solvability for all small A\. This
requires the introduction of weak solutions. So, the analysis in [Mon], while very
useful, must be significantly extended.

In this paper we shall find a bound C' of the boundary data such that (1.3) has a
solution H* for all small X if ||H%||c2+a(90) < C, and determine the location of the
maximum points of [curl H*|. We shall also establish an a prior C?T% estimate of the
solutions to (1.1) and (1.3), which is useful in our study of the asymptotic behavior
of solutions. We shall show that, as A — 0, the points where the maximum of |A(x)]
(and of |curl H(z)|) is attained must approach points in (0)(H%), where

OVUHT) = {x € 9 [Hy ()] = [[H7llcooa)}- (1.9)

2The Ginzburg-Landau system has two parameters: the penetration depth X and the coherence
length £. The ratio k = A/€ is the Ginzburg-Landau parameter (see [GL, CHO]). In this paper
we are interested in the behavior of Meissner solutions of the Ginzburg-Landau system with small
X and large k. For the Meissner state, one may write the order parameter in the form ¢ = fe®X
with f > 0. We first fix A and let k go to infinity to formally get (1.8) as the limiting equations
of the Ginzburg-Landau system (see [C1]); then we investigate the solutions of (1.8) with small .
We would like to mention that one may rescale the Ginzburg-Landau functional in a way that A
is reduced to 1. This is the case in [Mon]. In that setting, the change in A\ in our present paper
corresponds the change of the domain size of the superconductor. See also [DP, Remark 1.4].
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In the special case of a homogeneous applied field, namely H® = h a constant vector,
which is of most importance in applications, HS. = hy = h — (h - v)v, and |hyp| is
maximal at the points where h is tangential to 0€2. Thus

0Qhr) = () = {x € 92 : h is tangential to 92 at =}.

In this case the optimal bound of boundary data for solvability is C' = 1& which

equals the value of the superheating field H,j, found in [C1].3

We now state our main results. In this paper H*(Q2,R?) and C**(Q, R3) denote
the usual Sobolev space, resp. the usual Holder space of vector fields, and C*T< (0, R?)
denotes the space CFT¥(Q,R3).

loc

Theorem 1. Let Q be a bounded and simply-connected domain in R® with C* bound-
ary, and let HF satisfy

H € OO R?Y), Mo oo < % Vel He = 0 on 00, (1.10)

Then for all A > 0 small, (1.3) has a unique solution H» € C3(Q,R3) N C?+(Q,R3)
which has the following properties:

(i) H satisfies (1.4).

(ii) For any sequence px such that py < § and px — o0 as A — 0, we have

lim sup IH*(z)| = 0. (1.11)
A=0 dist(z,00)>Npa

(iii) Let p = [[HS||cocan). We have

lim A[|cur] H* || cogany = [1 — (1 —2u%)'?)(1 - 244). (1.12)

(iv) If P* is a maximum point of |curl H*(z)|and if P» — Py for a sequence
A=\, — 0, then Py € 00(HS).
(v) In particular, if H® = h, a constant vector, and if

5
| <4/ 15 (1.13)

Using the equivalence between classical solutions of (1.1) and (1.3), we can rewrite
Theorem 1 with respect to equation (1.1):

then Py € (6Q)h

3The optimal bound of h allowing the existence of solutions for all small A for the 2-dimensional

problem (1.7) is also equal to \/15—8, (see [PK]).
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Theorem 1. Under the conditions of Theorem 1, for all A > 0 small, (1.1) has a
unique solution A* € C3(Q,R3) N C?+*(Q, R3) which satisfies (1.2). Moreover, the
mazimum points of |A*(z)| satisfy the conclusions (iv) and (v) in Theorem 1.

Remark 1.1. In order to obtain the optimal bound of boundary data for solvability
of (1.3), we need to study the weak limit of solutions as the boundary data approach
the bound (see Lemma 7.1), and hence we have to work in the framework of weak
solutions.

Remark 1.2. It is interesting to compare the phenomena of nucleation of supercon-
ductivity and instability of Meissner state in the 3-dimensional case with that in the
2-dimensional case.

In the 2-dimensional case (cylindrical superconductors subject to an axial homo-
geneous magnetic field):

(i) as the applied field decreases from H¢, superconductivity nucleates at the
boundary where the curvature is the maximal ([HP]);

(ii) as the applied field increases to Hgj, the Meissner state losses its stability at
the boundary where the curvature is the minimal ([PK]).

In the 3-dimensional case (bulk superconductors subjected to a homogeneous mag-
netic field H® = h):

(i) as the applied field decreases from H¢, superconductivity nucleates in (09)n
([LP, P]);*

(ii) as the applied field increases to Hgj, the Meissner state losses its stability at
points in the set (9Q)y.°

Remark 1.3. Chapman [C1, p.1250] also conjectured that the instability of the
Meissner state at Hj, leads to formation of vortices in the sample, and leads to
transitions from the Meissner state to the mixed state. It would be interesting to verify
the conjecture, and to locate the points of vortex nucleation. Combining our Theorem
1 with Chapman’s conjecture, one may expect that when a type II superconductor
changes from the Meissner state to the mixed state, vortices will start to nucleate
in (0Q)n. In particular, for a superconductor occupying an ellipsoidal domain and
placed in a magnetic field directed parallel to its major axis, one may expect that
vortices will start to nucleate first at the equator.®

Remark 1.4 From the physical background of our problem, the third condition in

4Moreover, the analysis in [P] and [HP] suggests that, superconductivity nucleates at some points
in (0Q), where the curvature function P(z) is the minimal among all points in (9Q)y,.

5But we do not know yet whether at the location of instability the curvature function P(z) is the
mazimal among all points in (9Q),.

6We should mention that, Du and Ju [DJ] computed a reduced Ginzburg-Landau equation for
a superconducting hollow sphere subjected to a constant applied magnetic field and their compu-
tational results show that vortex pairs nucleate on that equator of the sphere, which is everywhere
perpendicular to the field.
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(1.10) is natural: For the applied magnetic field H® we always assume curl H¢ = 0.
Hence v - curl (HS) = v - curl (H®) = 0 on 0f). In particular, if H® = h, a constant
vector, then the condition holds. We shall see that this condition forces the solutions
of (1.1) to satisfy an additional boundary condition A - v = 0 on 012, (see Lemma
2.5).

Remark 1.5. Besides the physical motivation, we are interested in systems (1.1) and
(1.3) also because of their mathematical structure. For nonlinear differential systems
with operator curl?, the existence and regularity of solutions sensitively depends on
the nonlinearity. For (1.1) and its 2-dimensional version (1.6), without the smallness
condition (1.2), the regularity of the solutions fails. In fact, [PQ, Theorem 4] gives
a solution of (1.6) with a singularity in the unit disk; |[A(z)| = 1 and curl A is a
constant a.e., while div A ¢ L?(Q).

The interaction between the nonlinearity of the equations and pointwise degeneracy
and the global ellipticity of the operator curl? is most interesting to us. Due to the
pointwise degeneracy of ellipticity of curl?, the classical Schauder estimates for elliptic
systems (see [G, Mor]) do not apply to (1.1) and (1.3). On the other hand, restricted
in the space of divergence free vector fields, curl?® is coercive (globally elliptic).” For
linear systems involving curl?, one may apply the Hodge decomposition theory and
work in the space of divergence free vector fields. One can use the standard difference-
quotient-method to derive H* estimates of the solutions for any positive integer k, and
get a CF estimate by using the Sobolev imbedding theorem, see Dautray-Lions [DL].
However, for the quasilinear system (1.3), the difference-quotient-method allows us
to obtain only H? estimates. The C?*¢ estimates require more involved arguments,
and we sketch our main ideas here.

We begin with considering weak solutions of (1.3) satisfying

4
1H]||; < M —. 1.14
Allcarl H| oo ) < M <4/ o (1.14)

An H? estimate and the Sobolev imbedding theorem yield aLiC"S estimate with 0 <
§ < 1/2. Since € is simply-connected, there exists B € C'+(Q, R3) such that

Acurl B=H and divB=0 in{, v-B=0 on 0. (1.15)

From (1.3) and (1.15) we find curl [AF(A\?|curl H|?)curl H + B] = 0. So there exists a
function ¢ € H(Q) such that AF(A?|curl H|?)curl H + B = V. From the boundary
condition and the last equality in (1.10) we have v - curlH = 0 in the sense of trace
in H'/2(0Q). Thus ¢ is a weak solution of a quasilinear equation

dp

div[(1 —|Ve —B]*) (Ve —B)] =0 in Q, 5, =0 on o90. (1.16)

"This is one of the reasons why we prefer studying (1.3) instead of studying (1.1) directly.
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Condition (1.14) implies that (1.16) is an elliptic equation for ¢. So we can derive a
C9 estimate for Vg in terms of B, hence in terms of €2, H$%, A and M, which in
turn produces a C'*9 estimate for H. Then the regularity theory of (1.15) implies
B e C?>T°(Q,R?) and

||B||02+5(Q) S C(Q,(S)HCUI‘IBHC«1+5(Q). (1.17)

So we can write (1.16) in a non-divergence form with C'*9 coefficients and derive
Schauder estimate of ¢. Finally we establish a C?T* estimate for H.

Remark 1.6. Due to the boundary layer behavior of the solutions of (1.3), the global
H? estimate blows-up as A\ — 0, see (4.1). On the other hand, we have a uniform
L> estimate (8.1), which enables us to establish the H2_ and CZL* estimates for the
rescaled vector fields in Lemma 8.2. The local estimates are sufficient for us to prove

Theorem 1.

This paper is organized as follows. In section 2 we provide some properties of the
curl operator, and give C'T® estimates of gradients of vector fields in terms of the
divergence, curl and tangential or normal trace of the vector fields. In particular, we
shall prove inequality (1.17) for the solutions of (1.15). In section 3 we introduce the
definition of weak solutions of (1.1) and (1.3). The H? estimate of weak solutions
of (1.3) is given in section 4, and the C?T® estimate is established in section 5. In
section 6 we classify the solutions of limiting equations in R* and in R?. In section
7, based on the C?T¢ estimate of section 5, we use blow-up arguments to derive a
criterion for the boundary data that implies solvability. In section 8 we examine the
asymptotic behavior of the solutions as A — 0, and prove Theorem 1.

We would like to mention that (1.15) is a special case of div-curl systems. The
solvability and regularity of div-curl systems and the applications in physical and
mathematical problems have been studied by many authors, see for instance Kress
[Kre], Dautray-Lions [DL], Wahl [W1], Schwarz [S], Bourgain-Brezis [BB] and the
references therein. We should also mention that Yin [Y] studied an equation involving
curl 2 and obtained O+ regularity.

Inequalities to control gradients of vector fields by using their divergence and curl
and traces have been studied for many years. Control in the framework of Sobolev
spaces has been well-established, see Dautray-Lions [DL]. Control of the C* norm
of the gradients of vector fields by using C'“ norms of divergence and curl has been
established by Bolik-Wahl [BW], which enables us to derive a C'** version of the
Bolik-Wahl inequality in section 2. Inequalities of this form play an important rule
in our study of (1.3).

Acknowledgments. The authors would like to thank the referee for the valuable
comments on the first version of this paper. This work was completed when the
second author, Pan, was visiting the Department of Mathematics, Michigan State
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§2. SOME ANALYSIS ASPECTS OF THE OPERATOR curl

In this section we discuss some questions involving the curl operator for vector
fields. Our first question is to ask in which context VB can be controlled by divB
and curl B in €2, and by either v - B or By on 0. If € is a bounded and simply-
connected domain in R? with smooth boundary, the following are known:®

(i) The control is true in H*(2,R?) for any k > 0: It follows from the classical re-
sults of Agmon, Douglis and Nirenberg [ADN] and Dautray and Lions [DL] (Theorem
3 on p.209, Proposition 6’ on p.237) that, if 2 is a bounded and simply-connected
domain with C**! boundary, then

. v-B
IBllnv200) < € Jdiv Bllun o) + et Bl + | 5 | L
H’“+1/2(89)
(2.1)
Here and in the following ‘ VVX]??) H stands for “either ||v-B||, or || xBJ.”. When k =

0, HY() is interpreted as L*(f2). Note that the formula given in [DL, p.209] contains
the L? norm of B in the right of the inequality. However, under our assumption on
the domain €2, we have, for any B € H!(Q,R3),

HBHLZ(Q) S C(Q){Hd1VB||L2(Q) + ||C111'1BHL2(Q) +

v-B
vrx B

}, (2.2)

(see Appendix A.2 for the proof). Hence the term ||B|/z2(q) in the right of the

H1/2(99)

inequality can be dropped.’ B
(ii) The control is true in C*(£2,R3) for any 0 < o < 1: It follows from the results

of Bolik-Wahl [BW] that, if  is a bounded and simply-connected domain with C?

boundary, then

v-B

IVBll e @) < C@ ) { I14iv Bl gn gy + et Bll ooy + || /- 5

}. (2.3)

C1+o(9Q)

8The results proved by Dautray-Lions [DL], Wahl[W2] and Bolik-Wahl [BW] cover more general
cases. These results cited here are limited to the case of simply-connected domains.

9The control is also true in LP(Q,R3) for any 1 < p < oo if either v- B = 0 or By = 0 on 99,
(see Wahl [W2]).
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For the purposes of this paper, we need control in C*+*(Q,R3) with k& > 1. Let
Vaq denote the tangential gradient operator on 9¢2, and let

k-1
IBllcktea0) = IBllcoan) + Z IV4aBllco@a) + V5Bl caa0)-

J=1

Proposition 2.1. Let k > 1 be an integer and 0 < o < 1. Assume § is a bounded
and simply-connected domain in R® with C**2 boundary. There exists C(Q, k,a) > 0
such that

v-B

IBllcrt1+a(a) < C(Q,kaa){HdiVBHcHa(Q) +llewrl Bllgrea@y +| ) g

Ck+1+e(9Q) }
(2.4)

The proof of Proposition 2.1 will be given in Appendix A.3

Our second question is the following: Given H with divH = 0, and let B be a
solution of

carlB=H and divB=0 in €, v-B=0 on 09, (2.5)

what can one say about the regularity of B? For the Sobolev regularity, it is well-
known that (see [DL]), if Q is a bounded and simply-connected domain with smooth
boundary, and if H € L?(2,R?), the existence of B satisfying (2.5) is a consequence
of the Hodge decomposition; and it follows from (2.1) that, if € is of class C**2 with
k>0 and if H € H*(Q,R?), then B € H*1(Q,R?), and

Bl gr+10) < C(Q2, k) [H gx(q)- (2.6)
For the Holder regularity, the result follows from Proposition 2.1 and a local version

of (2.4) (see the proof of Proposition 2.1 in Appendix A.3).

Corollary 2.2. Let k be a non-negative integer and 0 < o < 1. Assume that §2 is a
bounded, simply-connected domain with C**2 boundary.

(i) If H € C*T(Q,R3), then (2.5) has a unique solution B € C*T1+2(Q R?), and
IBllgrriraiqy < C(Q 5, a)[[H| grra (q)- (2.7)

(ii) Furthermore, if H € C*T1+(Q,R3), then B € CF2+2(Q, R3).

Our third question is about extensions of vector fields on 02 to all of €2. The
existence of such extensions has been proved in [Mon, Lemma 3.1] in the C?T¢ case.
Here we give a minimality characterization of the extension, and give some estimates.
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Lemma 2.3. Assume Q is a bounded and simply-connected domain in R® with C*
boundary, and H5 € H3/?(9Q,R?).
(i) There emists a vector field H € H?(Q,R3) such that

divH=0 inQ, Hpr=HS on 0, (2.8)
and
722 ) < CONHT || r2/2(00) - (2.9)

Moreover, H can be chosen such that the L? norm of curl H is minimal among all
vector fields satisfying (2.8). )
(ii) If in addition HS € C?T(9Q, R?) with 0 < a < 1, then H € C*T*(Q, R?) and

[H[c24a(0) < O, )[[HT[[c2+a00)- (2.10)
(iii) Furthermore, if HS satisfies
v-curl(H7) =0 on 09, (2.11)

then H = V¢ for some function ¢. Moreover, ¢ € H3(Q) if HS € H3/2(09,R3), and
¢ € C3T(Q) if HS € C?T (90, R3).

The proof of Lemma 2.3 will be given in Appendix A.4. We would like to mention
that, a minimization problem for the L? norm of curlu with prescribed whole trace
u = up on 0N has been studied in [PQ).

Our fourth question is to ask in which context the condition

BT = BT on 89, (2.12)
allows us to conclude that
v-curl B=v-curl B on 01, (2.13)

where v is the unit outer normal vector to 9. For C' vector fields on Q, it is well-
known that the value of v - curl B on 90€2 depends only on the tangential component
Br (see [Mon]), and hence (2.12) implies (2.13). Using a density argument we see
that the conclusion remains true for H? vector fields. We include it here for reader’s
convenience.

Lemma 2.4. Assume 0 is of class C?.

(i) Let B € C1(9Q,R?) and let Br be its tangential component on 9. Then the
function x — v - curl(Br)(x) is well-defined on OS2, and its value depends only on the
tangential derivatives of Br. For any B € C*(Q,R3) such that (2.12) holds pointwise
on 092, then (2.13) holds pointwise on OS).

(ii) Let B € H3/2(0Q,R3). Then v - curl By is well-defined on 0Q as an element
in H'/2(0Q). For any B € H*(Q,R3) such that (2.12) holds in the sense of trace in
H'Y2(0Q,R3), then (2.13) holds in the sense of trace in H'Y/?(0S).

See Appendix A.5 for a proof of (i). As a direct consequence of Lemma 2.4 we have
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Lemma 2.5. Assume HS € C?(0Q,R3) and satisfies (2.11). If A € C?(Q,R3) is a
solution of (1.1) satisfying ||A||L~) < 1, then A satisfies the additional boundary

condition
A-v=0 onoQ. (2.14)

Proof. Let A € C?(Q,R?) be a solution of (1.1) satisfying ||A| =) < 1, and let
H = Acurl A. From the equation in (1.1) we see that, (2.14) holds if and only if
v-curlH = 0 on 0f). From Lemma 2.4 and using the boundary condition Hy = H%
we have v - curlH = v - curl (Hy) = v - curl (H5) = 0. Thus (2.14) holds. O

§3. WEAK SOLUTIONS
Let us define
H(Q, curl) = {A € L*(Q,R?) : curl A € L*(Q,R?)},
H(Q, curl 0) = {A € L*(Q,R?) : curl A = 0},

1/2
A7 .curty = [[IAN7 20 + lcurl Afl72q)] "

Definition 3.1. Let HS € HY?(0Q,R3). A is called a weak solution of (1.1) if
A € H(Q, curl) N L (Q,R3), and for all B € H(Q, curl) the following equality holds:

/{/\ZcurlA ccurl B+ (1 —|A]*)A -Bldx +/ AHS x Br)-vdS=0. (3.1)
Q oN

To see that the definition is meaningful, if B € H (€2, curl), from the trace theorem
for H(Q,curl) (see [DL, p.204]), the tangential component By € H~1/2(9Q,R3),
hence the surface integral in (3.1) is well defined if H5. € H/2(09Q,R3). Now we give
an H' estimate.

Lemma 3.2. Assume HS € HY/2(0Q,R3). Let A € H(Q, curl) be a weak solution

of (1.1) which satisfies the equation for a.e. x € 2 and suppose that ||Al|L~ ) < 1.

Then H = Acurl A € HY(Q,R3), and
IH(Z2(0) < AHZ 260,

B . . (3.2)
IEL 2 ) < COONIHE N 12 00y + COIHE N 000

where C(Q) depends only on 2. Moreover, the equality Hy = HS. holds in the sense
of trace in H'/2(9Q,R3).

Proof. Taking B = A in (3.1), we get

/{|H|2 + (1= |AP)|A|*}dx = /\/ (Ar x HS) - vdS. (3.3)
Q o0
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From (1.1), A2|curl H(z)|? = (1 — |A(2)|?)?|A(x)|?. Substituting this into (3.3) yields

/{|H|2 F2jcur H2 + [A[(1 — |A]2)}da = )\/ (Ar x HS) - vdS.
Q o0

Since |A(z)| <1 on Q, we have
IH[72(q) + A?[lewrl H|[2q) < AHT L1 (90)-

Since divH = 0, using (2.1) with k£ = 0 we get (3.2).

Since A satisfies (1.1) for a.e. x € €2, we can multiply (1.1) by any smooth vector
field B and integrate over Q. Since H € H'(Q,R3), we have Hy € H'/2(9Q, R?), and
we can integrate by parts to get

/{)\2cur1A ccurl B + (1 —|A]*)A -Bldx +/ AMHr x Br) -vdS = 0.
Q oN

From this and (3.1) we see that the surface integrals are equal for any smooth vector
field B. Thus Hr = H% in the sense of trace. [

Under the conditions of Lemma 3.2, it is not always the case that A € H(Q,R?)
even in 2-dimensions, (see Remark 1.5).

Definition 3.3. Let HS € H'Y/2(0Q,R?). H is called a weak solution of (1.3) if the
following conditions are satisfied:
(i) He HY(Q,R3);
(i) curlH € L>=(Q,R3) and (1.4) holds;
(iil) Hy = HS holds on 09 in the sense of trace in H'/2(0Q, R?);
(iv) (curlH)z € H=Y/2(0Q,R?);
v) for all B € HY(Q,R3), the following equality holds:

/ {NF(\?|curl H*)curl H - curl B + H - B}dx

2 (3.4)

—I—/ N E(A?|curl H?)((curl H) 1 x Br) - vdS = 0.
o

If B € H'(Q,R?), then By € H'/2(99Q, R?), and hence the surface integral in (3.4)
is well-defined if H satisfies condition (iv). To see that condition (iv) is reasonable
for a weak solution of (1.3), note that we expect the weak solution to satisfy the
condition curl [F'(A\?|curl H|?)curl H] € L?(Q,R3). From this and condition (1.4) we
have F(A\%|curl H|?)curl H € H(, curl). Then it follows from the trace theorem for
H(Q, curl) that F(A\?|curl H|?)(curl H)r € H~Y/2(9Q,R?). Since F(A\%|curl H|?) > 1,
H must satisfy (iv).
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Lemma 3.4. Assume HS € HY/2(0Q,R3). Let H € HY(Q,R3) be a weak solution
of (1.3) satisfying (1.14). Then

IH(172(0) < AF(M?)M|HZ| 159,
and (3.5)
IH[71 ) < COOAF(M?)M|HE || 22 (00) + C<Q)”H%H§{1/2(ag)7

where C(2) depends only on (.
Proof. In (3.4) take B = H. Using (1.14) and since 1 < F(A\?|curl H|?) < F(M?) and
H7r = H%, we have

N|eurl H|72 o) + [IH[|72 ) < AF(M?)M|IHE| 11 o0

Using this and (2.1) we get (3.5). O

Lemma 3.5. Given HS € HY/2(9Q,R?), problem (1.3) has at most one weak solution
H satisfying (1.4). Therefore (1.1) has at most one weak solution A such that A
satisfies (1.2) and that H = Acurl A is a weak solution of (1.3).

The proof is omitted here, as we shall prove in section 6 a uniqueness result in
unbounded domains, and the argument there applies to bounded domains as well.

§4. H? ESTIMATES OF WEAK SOLUTIONS

Theorem 4.1. Let Q be a bounded and simply-connected domain in R® with C3
boundary, and H5 € H3/2(0Q,R3). Let H € H'(Q,R?) be a weak solution of (1.3)
satisfying (1.14). Then H € H*(2,R3), and

L7 ) < CQ ML+ A )NHT 02000y + A+ AN HE 00y} (4.1)

where C(2, M) depends only on Q and M.

Proof. We may assume that HS has been extended to  in the way as stated in
Lemma 2.3 (i). In particular,

GvHE =0 Q1) < COIHGrsrz0m) (42)

Step 1. Interior estimate.
Let e denote one of the coordinate vectors e;, j = 1,2,3. For ¢ > 0 small we define

ho () = - [H(s + 0e) — H(z)

H, ,(z) = H(z) 4 t[H(z + 0e) — H(z)] = H(x) + toh,(z), (4.3)

Ut - = |curl Ht70]2.
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For any subdomain Q' € €2, and for all o sufficiently small, we have ([G, Proposition

2.1)):
by || L2y < C(2, Q)| DH|| 120

From (3.4), for any C! vector field B supported in the interior of €,
/ {NF(\?|curl H(z + oe)|*)curl H(z 4 oe) - curl B + H(z + oe) - B}dz = 0.
Q
We subtract (3.4) from this to get

/ {)\2 [F(\?|curl H(z + o€)|*)curl H(z + ge) — F(A?|curl H(z)|?)curl H(z)] - curl B
Q

+ [H(x 4+ oe) — H(x)] - B}d:v = 0.
(4.4)
Let us write

F(\2|curl H(z 4 oe)|*)curl H(z + oe) — F(\?|curl H(z)|*)curl H(z)

= /01 %[F()\Qut,g)curl H, ,|dt

=0 /1{F(A2utia)curl h, + 2)\2F'(/\2ut’,,)(curl H; , - curlh,)curl Ht,a}dt
= aa:(x)curl h, 4+ 20Q,(z)curlh,,

where a,(x) is a scalar function defined by

1
aa(x):/o F(Nuy o )dt,

and Qo () = (¢s,i;(x)) is a 3 x 3 matrix-valued function with entries

1
0oij () = /\2/ F’()\Qutﬁ)(cuﬂtha)i(curlHtJ)jdt,
0

where (curlH; ,); is the i-th component of curlH; ,. Since \u;, < M? < 4/27,
there exists a constant C'(M) independent of A\ such that

F(Nu o) + F' (Vo) + ao(z) + Qo (2)] < C(M), ag(z) > 1,

4.5
Qo () is non-negative definite for all z € Q and A > 0. (4:5)
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Returning to (4.4) we have, for all B € H'(Q, R?) with compact support in €,
/ {)\2a0(a:)cur1 h, - curl B + 2)\2<Qg(x)curl h,, curlB> +h, - B} dr =0. (4.6)
Q
Let n be a smooth function with support in Q, and let B = n?h,. From (4.6) we get

/ {)\Qag(x)]curl (nhg)|* + 20%(Q (z)curl (nh,), curl (nhy)) + 772|h,,|2}d.r
Q
(4.7)
=/ {X2a,(2)|Vn % hy|? + 202(Q, (2) V) X hy, Vi X h,) }da.
Q

Using this and (4.5) we have, for all o > 0 small,
N2leurl (nhy)[[72(q) + Inho 720
< /Q{)\Qaa(xﬂVn x hy|? + 20*(Qo(2)Vn X hy, Vi) x h,) }da
<C(M)N?(|Vn x ho |72
Note that div (nh,) = V7 - h,. Since n = 0 on 9%, we use (2.1) to get

Inhe 7 0y < C{lleurl (o) 172 (o) + ldiv (nho) |72 (o)}
< C(, M)V x ho 2 (q) + CQ)IVN - hell72 (o).

Hence for any subdomain Q' € 2 and o sufficiently small,
b [l 71y < C(Q,Q, M)|[he 120y < C(Q,Q, M)||DH| 12(0).
It follows from this and [G, Proposition 2.1] that 9;H € H*(',R?), and h, — 9;H
in H1(Q/,R3) as 0 — 0.
The above conclusion is true for j = 1,2,3. So H € H?(Q',R3), and

[H[| 20y < C(Q2,9, M)[[H|| g1(q)- (4.8)
In particular, D?H exists for a.e. = € . Using (3.4) we can show that H satisfies
(1.3) for a.e. = € Q. So curl NM2F(\?|curlH|*)curlH] = —H € L?(Q,R3). From
(1.14), M2F(\?|curl H]?)curl H € L>°(Q,R3) C L*(Q,R?). Thus

N F(A\2|curl H)?)curl H € H(Q, curl). (4.9)

By the trace theorem for H (9, curl ), A2 F(A\?|curl H|?)curl H € H~1/2(9Q, R?).
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Step 2. Boundary estimate: tangential derivatives.
Let b = H — H°. Then by = 0 on 992. From (4.9), X2F(\%|curl H|?*)curlb €
H~2(0Q,R?). From (3.4) we have,

/ {NF(X?|curl H|*)curlb - curl B+ b - B
Q
+ A F(A?|curl H*)curl H® - curl B+ H® - B}dx (4.10)
+/ N {F(N\|curl H|?)((curlb)r x Br) - v
oN

+ A F(N?|cwrl H?) ((curl H®)r x Br) - v }dS = 0.

We consider a subset €2’ of {2 that is located near 9f2. To avoid technical complexity,
we assume that I' = 0Q N Q' is flat. Therefore we may write

Q/:B;_R:{xEB2R: $3>O}, FQR:{I'Z |.CE‘<2R, .%’3:0}

Let e = e or ey, and set
by () = %[b(m +oe)—b(z)], He(z)= %[He(x + oe) — H(x)].

Note that b, = 0 on I'sg. Let B be supported in B;R UT'2r and satisfy By = 0 on
0. From (4.10) we have,

/ {NF(X?|curl H(z + oe)|*)curl b(z + oe) - cur]l B + b(z + ce) - B
Q

+ N F(\?|curl H(z + oe)|*)cwrl HE (z + oe) - curl B + HE(z + oe) - B}dz = 0.
As in Step 1, we subtract (4.10) from this equality and derive

/ {Na,(z)curlb, - curl B + 2A*(Q, (z)curl by, curl B) + b, - B}dx
Q
(4.11)
=— / {Na,(z)curl HE - curl B + 20*(Q, (z)curl HE, curl B) + M - B}dx,
Q

where a, and (), are the same as in Step 1.
Now we choose B = 1?b,,, where 7 is a smooth cut-off function supported in Byg.
Then (n*b,)r = 0 on 9. Using this in (4.11) we get (comparing with (4.7))

/ {Xa,(z)|curl (nb,)|* + 2A*(Q (z)curl (nb,), curl (b)) + n° b, |* }dx

Q

:/ {Na,(2)|Vn x bo|? + 2X*(Q, (2) V) X b,, V) X by) b
Q

— / {N%a,(x)(ncurl HE) - curl (nb,) + May (z)(neurl HE) - (V) X by) + n°b, - HE }dx
Q

—/ 2)\2{<QU(90)77 curl HS, curl (nb,)) + (Qo (z)n curl HS, Vi X b, ) }dx.
Q
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Using this, (4.5), and applying the Holder inequality, we find

[ el (o) + 77b, ) do
Q

SC{)‘2[”ba||2Lz(B}+%) + ||CUI‘1H§||%2(BE)} + ”HcerHQLQ(B;)}:

(4.12)

where C' depends on 2, M and R. Note that
||ba||L2(B;) < C|IDb|| 20y < C{H|| g (@) + M|z @)}
HCUI‘IH?,HLQ(Bg) < CHDCHI‘IHeHLQ(Q) < CHHeHH2(Q)

Also recall that divb, = 0 in 2 and (nb,)r = 0 on J2. Now we use (2.1) and (4.12)
to get
Hnba”%p(g) SC{HCUTI (nbU)HQLQ(Q) + || div (Uba)||2L2(Q)}
<C{|lcurl (Uba)||2Lz(Q) + V- ba||%2(sz)}

. B . (4.13)
<C{Ibs 172y + lleurl Hg |72y } + CAT2([HE 1720
<COH|F1 ) + CL+AT2)[HFr2 (0
where C' depends on 2, M and 7 only.
Letting 0 — 0 in (4.13), we see that, for j = 1,2, 9;b € H'(B},R3), and
10,12 s, < CIHIpagey + C(1+ A2 3.
Hence 9;H € H'(Bj,,R3), and
10 H 112 51y < ClIH | mr10) + C(L+ A DIH 20, (4.14)

where C' depends only on €2, M and R.

Step 3. Boundary estimates: normal derivatives.
As mentioned in the last part of step 1, D?H exists a.e. in €, and H satisfies
equation (1.3) for a.e. z € Q. Therefore,

NF(\u)AH — M F'(A\%u)Vu x curl H = H, for a.e. €, (4.15)
where u(x) = |curl H(x)|?. Write J(z) = curl H(z) = (Ji, J2, J3). We compute

Vu x curlH = | —2J7053Hy + 2.J1J2053H1 + f2|
/3
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where

f1 = —2J3[J1023Hs — J2013H3 + Jo(O13Ha — OagH1)] + J302u,

fo = 2J1[J1023Hs — J2013H3s + Jo(O13Hy — O23H1)| — J301u,

f3 = J281u — J182u.
Since

I =u < MPA7?%, and |0jul =2/ -0;3| <2MA~" ) |0,H],
(4,5)#(3,3)
we have
[fel SCAOA2 > |0,;H]. (4.16)

(2,5)#(3,3)
Now we write (4.15) as follows:
adszHy + bdssHo = g1,  bOssHy + cds3Ho = go, N F(Nu)033Hs = g3,  (4.17)
where
a = NF(\2u) 4+ 20\ F/ (V) J2,
b= —2X\F' (\u)Jy Js,
c = NF(\%u) + 20\ F' (\%u) JZ,
g1 = Hi — N>F(\*u) (011 Hy + 022 H1) + M F'(Nu) fi,
g2 = Hy — N> F(\*u) (011 Ha + 022 Hz) + M F'(N\u) fa,
gs = Hy — N*F(A\*u)(011Hs + 022 H3) + AN F/'(A?u) f3.
We have |a| + |b] + |¢| < C(M)MN%, and

ac —b* = MF(\u)? + 20 F (V) (J7 + J3) > A%
We solve 053 H; from (4.17):

g3

cg1 — bgo
)\QF()\Qu)'

ac — b2’

—bg1 + ags
ac—0b2 "’

833H1 = 833H2 = 833H3 = (418)

Now we consider a subdomain €’ located near 9). As in step 2 we may assume
that Q' = B}, and T'eg = {x : |2| < 2R, 23 = 0}. From (4.14) and (4.16),

98l sy <IH sy + CONN S 0] e
(1,5)#(3,3)
<[ H]| (g + OO MN{H i ) + (L A [HE 2y -
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From this and (4.18) we obtain

1055 || 2y < C(, M, RY{AT?H L2 () + 1 H 12 0) + (1 + A" HE 20 }-
(4.19)

Step 4. Covering a neighborhood of 02 by a finite number of subdomains which
are diffeomorphic to a half ball, and applying (4.14) and (4.19) on each of such half
balls, and then using (4.8), we find

EL][32 o) < C(Q M) {IHZ o) + (1 + AT IHI L2 0) + 1+ A7) M 720 }-
Using this together with (3.5) and (4.2) we get (4.1). O

From Theorem 4.1 and the Sobolev imbedding theorem we have:

Corollary 4.2. Under the conditions of Theorem 4.1, the solution H € C*(Q,R3)
for any a € (0, %), and

IH2. 0y < €M, 0){ (14 A2 2200y + A+ A HE [0y} (4:20)

where C (), M, ) depends only on 2, M and «.

§5. C?t® REGULARITY OF THE WEAK SOLUTIONS

Theorem 5.1. Assume that 2 is a bounded and simply-connected domain in R? with
C* boundary, and

HE € C*T(09), v-curl H: = 0 on 09, (5.1)

where 0 < a < 1. Let H € H'(Q,R?) be a weak solution of (1.3) satisfying (1.14).
Then H € C3(Q,R3) N C?T2(Q,R3), and

[H|g24e(0) < C(2,A, M, o, [[HT || c2+a a0))- (5.2)

Proof. We may assume H7 has been extended over Q in the way as stated in Lemma
2.3, (ii). In particular

divH® =0 1in Q, HHeHC2+a(Q) < C(Q,O&)HH%H02+0¢(8Q). (53)

In the following, for simplicity of presentation, we only give the proof in the case
where A = 1. Let H be the weak solution of (1.3).

Step 1. Find a vector field B satisfying (1.15) (with A = 1).
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From Corollary 4.2, H € C°(€,R?) for any 0 < § < 1/2. For the moment let us
fix § < min{e, £}. Since divH = 0, from Corollary 2.2 (i) we see that there exists a
vector field B € C1H9(Q,R?), B = (By, B, B3), such that (1.15) (with A = 1) holds,
and

1Blcrtsay < C(0)[[H|l sy < C( A, M, 0, [H || 52(0))- (5.4)

Step 2. Find the scalar function ¢ satisfying (1.16).

Since H satisfies (1.3) for a.e. z € Q, we have curl [F'(|J|*)J + B] = 0 for a.e.
z € Q. Thus F(|J|*)J + B € H(Q,curl0). Since Q is simply-connected, there exists
o € HY(Q) such that F(|J|*)J + B = Vi (see [DL, p.219, Proposition 2]). From
condition (5.1) and using Lemma 2.4 (ii) we have

v-J=v-cwrlH=v- -cuwrlHy =v-curlH7 =v-curl H* =0
on 0f). Since we also have v - B =0 on 0, it holds that g—f = 0 on 0.
From (1.14) and (1.5), there exists b(M) < 1/+4/3 such that

1
Vo —Bl=F(J|JI| <bM) < —,
Ve =Bl = F(JI")|J| < b(M) 7
Vo —-B| 1
J=(01-|Ve—-B*|Ve -8, J | , 5.5
3= (1= [V = BR)Ve =Bl F(IF) = 255 = o (59)
Vo -8B 2
= = (1= [Ve—-B|")(Vp - B).
E(|J1%)
Since divJ =0 in Q and g—f = 0 on 01, ¢ satisfies (1.16).
Step 3. C?*0 regularity for the quasilinear Neumann problem (1.16).
Write
p=(p1,p2ps), QQ={p): zcQ pecR3 |p—Bx) <b}
Az, p) = (1~ |p — B(x)*)(p — B(x)).
Then (1.16) can be written as
divA(z, V) =0 in Q, 9¢ =0 on 0N. (5.6)

v
We claim that if 0 < b < —=, then A(x, p) satisfies the following conditions on Qp:

f?
(i) A eC“‘S(Qb);
y DA; ) .
(i) Z p; (@ P& 2 MBI for all € € R;

ij=1 *J
(iii) |A(z,0)] < m;

) |Ge )+ 0+ DA B + (14 925 )| < AL+ o)
(5.7)
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where A(b) and A(b) depend only on b, and m depends on B.
(i) is true because B € C1+9(Q,R?). (ii) is true for A(b) = 1 — 3b®> > 0. In fact,

%(x7p) = (1 - ’p - B(.ﬁ)’z)d” — Q(pz — Bz(x))(pj _ BJ(QL‘)),
2 gﬁ: (z,p)&& = (1—|p — B(@)]?)|€)? — 2((p — B(z)) - £)?

>(1-3lp - B(2)*)I¢)* = (1 - 36%)[¢].

Because |A(z,0)| = [1—|B(x)|?||B(x)|, (iii) is true for m = max, g [1—|B(x)|?||B(z)].
To verify (iv), we compute on Qp:

|[Ai(z,p)| = (1= |p = B(x)|*)|p: — Bi| < |p—B(x)],

0A;
‘Az, <1+ |p—B=)
@) < 1+~ B(o)
DA, B 2. OB; & 1) 9B
o ap)| = |1~ Ip - B DY BN G

< (1+3p — B(@)P)IVB| coq-

For the number b(M) given in the first line in (5.5), we choose b such that b(M) <
b < \/Lg Then we extend A(z,p) to the whole region Q x R? such that conditions

(i)-(iv) are satisfied for all z €  and all p € R®. Then we can apply the classical reg-
ularity theory for quasilinear elliptic equations to (5.6) to conclude that ¢ € C?19(Q),
and ||¢l|c2+s(q) can be estimated in terms of M, b and ||B||¢1+s(g), (see [CW, chap-
ter 5]). Regarding the regularity at the boundary, we would like to mention that,
since v - B = 0 and %f = 0 on 0f), after straightening a portion of boundary, we
can extend B and ¢ by reflection: even extension for ¢ and for the tangential com-
ponent of B, and odd extension of the normal component of 5. Then the regularity
at the boundary can be established by applying the interior regularity theory to the
extended functions.
Since b can be chosen to depend only on M, and using (5.4), we have

lellczrsy < CQ A M, 6, [[HE || 2 ())- (5.8)
Step 4. C?1+9 estimates for H. )
Since B, Vo € C1H9(Q,R?), we have J = (1 — |V — B|?)(Vy — B) € C19(Q,R?).
H satisfies

curlH=J and divH=0 in, Hp=H7 on . (5.9)
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Applying (2.4) to H we find H € C?+9(Q,R?), and
1| g2 0y < C {0y + 1HT (o245 (00) ; < C, (5.10)

where C' = C(Q, )\, M, 5, HHGHH2(Q)7 HH%HC2+6(6Q))‘

Step 5. Interior C319 regularity and global C?*® estimates of H.

Using (5.10) we can improve the regularity of B obtained in step 1: Applying
Corollary 2.2 (ii) to equation (1.15) (with A = 1) for B we have B € C?**9(Q,R?).
Then the functions A;(z, p) defined in Step 3 are in C?*9 in x. Write equation (5.6)
in the form

3
Z a;;(x) aji;ox + f(x)=0 in Q, g—f =0 on 09, (5.11)
where
2 dp dp
ou(@) = (1= |Via) = B@) )iy — 252 @) = Bia)) (G x) = By(a).
and
3
(@) = 2Z:<§f (@) = BLe) (G @) = By ) G o).

Note that a;;, f € C**°(Q), and Z?,j:l ai;(2)&:€; > A(b)|€|*. Applying the Schauder
estimates to (5.11) (see [GT, CW]) we conclude that ¢ € C3+9(Q2) and lpllcs+s(qy is
bounded by a constant depending only on €2, a;;, f and §. Hence J € C?7°(Q,R3).
Using (5.9) and checking the interior estimate in the proof of Proposition 2.1 we see
that H € C3+9(Q, R?).

Now we derive the global %% estimates. If o < %, then we can choose 6 = a in
the above discussions, and we are done. If % < «a < 1, from the discussion in the last
paragraph we have J € C?9(Q,R?) c C1T%(Q,R3). Using (5.9) and (2.4) we find
H € C*t*(Q,R3), and (5.10) holds with & replaced by a. [0

From Lemma 4.1 and Theorem 5.1 we have the following conclusion:

Theorem 5.2. Under the condition of Theorem 5.1, if (1.3) has a weak solution H
satisfying (1.4), then (1.1) has a solution A € C*T*(Q,R?) satisfying (1.2). Further-
more if OS) is of class C° then A € C3T%(Q,R3).

Proof. We keep the notations used in the proof of Theorem 5.1, and we shall prove
Theorem 5.2 in the case where A = 1. From Theorem 5.1 we have H € C***(Q,R?).
Using Corollary 2.2, B € C3t%(Q),R3). From the proof of Theorem 5.1 we have
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o € C3%(Q). Hence a;; and f in (5.11) are in C?**(2). Applying the Schauder
estimates to (5.11) we see that ¢ € C*t*(Q) if 9Q is C%, and p € C3T(Q) if OO is
C* Let A = B— V. Then A € C3t*(Q,R3) if 9Q is C° and A € C?T(Q, R3) if
09 is C*. Using (5.5) we have

curl A = curl?B=curlH=J = —(1 — |[B— Vp|*)(B—Vy) = —(1 - |A]})A,

So A is a solution of (1.1). From the first line in (5.5), A satisfies (1.2). O

Remark 5.3. In Theorem 5.1, if we further assume that H7. € Ck+(9Q) with k > 2,
then H € C*+2(Q,R?), and a global C¥*< estimate holds.

Note that (1.16) is of hyperbolic type in the region where \/ig < |V —B(z)| < 1.

Loss of regularity of ¢ when |V¢ — B(x)| increases to \/Lg may be relevant to loss of

regularity of the solutions of (1.1) when condition (1.2) is violated.

§6. CLASSIFICATION OF SOLUTIONS IN R* AND IN R%.

The uniqueness results established in this section will be essential for exploring the
asymptotic behavior of solutions of (1.3) in section 8. For the 2-dimensional case, the
uniqueness for C? solutions in the entire plane and in the half plane that satisfy the
condition |A(x)| < 1//3 was proved in [PK, Lemma 2.3], and the argument in [PK]
could be used in the 3-dimensional case for C? solutions in this section. However, our
proof below gives the uniqueness result under a weaker condition |A(z)| < 1 — &,
and it works also for weak solutions (which can be defined as in section 3). We first
consider the problems in the entire space:

—curl?A = (1 — |A]*)A  in R®. (6.1)
and
—cuwrl [F(jcwrlH*)curlH] = H  in R, (6.2)

Proposition 6.1. (i) If A is a weak solution of (6.1) satisfying ||Al|pms) < 1, then
A =0.
(ii) If H is a weak solution of (6.2) satisfying

4
1H|| 1~ <t/ = 6.3
leurl H[| poe ma) < 4/ 5 (6.3)
then H = 0.
Proof. (i) Let A be a solution as stated in the proposition. Choose £y > 0 such that
|Al[zoe(r3y < 1 —eg. For any smooth vector field B with compact support we have

{curl A - curl B + (1 — |A|*)A - Bldz = 0.
R3
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By a density argument, this must also hold for B € H(R3,curl). Taking B = n%A,
where 7 is a smooth function with compact support, we get

/R3{|0ur1 (nA) ]2+ (1 — |AP)nA|*}dx = /RB |Vn x A|*de. (6.4)

s : _ : e Ne
Choose n = e~°"¢(r) in (6.4), where 7 = |z|, § is a number satisfying 0 < § < %2,

and £(r) is a smooth nonincreasing cut-off function such that &(r) = 1 for r < R,
&(r)=0for r > R+ 1, and |'(r)| < 2. Identity (6.4) gives, for some C' = C(J,¢y),

50/ e 2" | AP dx §2(52/ 6_25T|A|2d$+8/ e 2 dx.
Br BRr+t1 Br+1\Br

Letting R — oo we find A = 0.

(ii) Let H be a solution as stated in the proposition. For any C! vector field B
with bounded support,

{F(Jcarl H|*)curl H - curl B + H - B}dz = 0.
R3
We choose B = n?H, where 7 is a smooth function with bounded support, and get
/3{F(|curlH|2)|Curl (7HD)|? + [nH|? o — / V) x H[2da.
R R

Take 7 as in the proof of part (i), and find

/ e 2" H|2dx < 252/ e 2" H |2 dx +8e—25R/ IH|?dz.
BR BR+1 RR+1\BR

Letting R — oo we find H=0. O
Next we discuss the problem in the half-space R3 = {(21,z2,23) : 23 > 0}:
—curl?’A = (1 - |[A])A inR3, (curlA)r =h on IR3, (6.5)

where h = (hq, hy,0) is a constant vector which is tangential to aRi. We look for a

solution of (6.5) satisfying

1
HAHLoo(Ri) < ﬁ (6.6)

If A is such a solution, then H = curl A solves the following equation

—curl [F(Jcurl H[*)curl H) = H in RZ, Hy =h on dR?, (6.7)

and satisfies
/4
”CurlH”LO"(Ri) < 2—7 (68)

Recall the function M (p) used in [PK]:
M(p) = [1 - (1~ 2p")"?)(1 — 2p%). (6.9)
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Proposition 6.2. Assume h = (hq, ha,0) satisfies (1.13).
(i) Equation (6.5) has a smooth solution A which satisfies

1
||A||L°°(]R3_) = ||A||L°°(8R§r) < 7

HCUflAHLw(Ri) = HCUTIAHLoo(aRi) = |h|, (6.10)
4
Jourl2A | o ey = lour 2All < om,) = M(BI) < 1/ .

(ii) Equation (6.7) has a unique weak solution satisfying (6.8), and it is a smooth
solution.

Proof. Step 1. Since curlh = 0, as in the proof of Lemma 2.5 we can show that, if
A is a C? solution of (6.5) satisfying (6.6) in R?, then A must satisfy an additional
boundary condition A3 = v-A = 0 on 8]1%1. So we look for a solution such that
Az = 0. Write h = p(cos,sinf,0), where the constants p > 0 and 0 < 6 < 27. Let
A = f(x3)(—sinf,cos6,0). By computation,

H = curl A = — f/(z3)(cos0,sin 6,0), curlH = —f"(x3)(—sin6,cos ), 0).
A is a solution of (6.5) if and only if f(¢) satisfies
f"=0—fAf fort>0, f'(0) = —p. (6.12)

It has been shown in [PK, Lemma 2.4] that, if 0 < p < 1/+/2, then (6.12) has a unique
solution f(t) satisfying |f(¢)| < 1. Moreover,

£l e,y = £(0) = [1 — (1 —2p%)1/2]H2,
1 |2,y = [/ (0)] = p.

Also,
1117 ey y = £ (0)]F = M(p)

if p = |h| satisfies condition (1.13). With this condition we have
1 . 4
||AHLO<>(R1) = Hf”Loo(Ri) < ﬁ’ ||CurlHHL°°(Ri) =|If HLO@(RJF) < 97

Thus A satisfies condition (6.10). Let H = curl A. Then H is a smooth solution of
(6.7) and satisfies (6.8).
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Step 2. We show that, if Hy, Hs are weak solutions of (6.7) satisfying (6.8), then
for any R > 1,

/ |H, — H,|?dz < CR?, (6.13)
B"r

R

where BE = BgrN R§r> and C' is a constant independent of R and the solutions.

To prove this, let A; be the solution of (6.5) corresponding to H;, namely, H; =
curl A;. Then for any smooth vector field B with compact support and for each j,
we have an integral equality similar to (3.1). Subtracting one from the other we get

{curl (Ag — Ay) -curl B+ [(1 — |A3*)As — (1 — |A12)A1]-B}dz = 0.

=
Write Ai(z) = A1 (z) + t(Az(x) — Ai(x)). We have
(1= [Az(2)])Az(z) — (1 — |AL(2)]*)As(2)] - B(z)

1y ,
- [ 0= 1A @P)A) - Bat

:/0 [(1—]A{*) (A — A1) - B —2(A;- (A — A1) (A, - B)]dt.

Let ) be a smooth cut-off function with bounded support, and let B = n?(As — A4).
We have

[ et s = AP+ (1 A in(As - AP
~20A, - (1(As — AL)}dtda

:/ |V x (Ag — Ay)|Pda.
R

3
+

Note that for 0 <t < 1, [Ay(z)| < —z. Choose n such that n(z) = 1 for [z| < R,
n(x) =0 for || > R+ 1, and |Vn| < 2. Then the above identity gives

=

/ lcurl (Ag—Ap)[2de < / |V x (As—Ay)|?dx < 87[(R+1)*— R3] < CR?.
B} Bt ., \B}
R R+1 R

Thus (6.13) is true.
Step 3. We show that (6.7) has a unique weak solution satisfying condition (6.8).
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Let H; and Hs be two weak solutions of (6.7) satisfying (6.8). There exists a
positive number M < \/% such that

el By || o ey < M. (6.14)

For any C! vector field B with bounded support, and for each j we have an integral
equality similar to (3.4). We subtract one from the other, and choose B = n?(Hy —
H;), where 7 is a smooth function with bounded support. This choice of B is allowable
by density. Noting that By = 0 on 8Ri, we get

/ {[F (Jcurl Hy|*)curl Hy — F(|curl Hy|?)curl Hy] - curl [?(Hy — Hy)]
R% (6.15)
+n*|Hy — Hy|*}dz = 0.

We compute as in the proof of Theorem 4.1 (see (4.7)) and find
/3 {a(z)[curl (n(Ha — H1))[? + 2(Q(z)cwrl (n(Hz — Hy)), curl (n(Hz — Hy)))
R-‘r
+n?[Hy — Hy[*}da

= [ eV (Hy = F)P +2(Q(a) Vi (Hy ~ H), Vi (z — i),
" (6.16)

where
H;(x) =Hi(z) + t(Hg(m) — Hl(m)), ug(x) = |curl Ht(x)|2,

a(z) = / Flu(@)dt, Q) = (gi5(x)).

1
qij(x):/o F'(uy(x))(curl Hy(2)); (curl Hy () ;dt.

From (6.14), uy(z) < M? < 5. So F(us(z)) and F'(u;(x)), hence a(x) and ¢;;(z),
are uniformly bounded on R?, a(z) > 1, and Q(z) is non-negative definite for all z.

From (6.16) we have

/ n?|Hy — Hy 2 dx < C/ |Vn|*|Hy — Hy |*da.
R3. R3

Taking n = e~%"&(r), where £(r) is a cut-off function defined in the proof of Proposi-
tion 6.1, and §% = 1/(4C), we have

/ 6726T|H2 — H1|2d£L‘
Bj;

<2042 / X e~ 2°"[Hy — H,|?dz + 8Ce™ 28 / X H, — H,|*dx.
B R

+
R+1 R+1\BR
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Letting R — oo and using (6.13) we find Hy — H; = 0. Thus the only weak solution
is actually a smooth solution which has been obtained in step 1. [J

§7. EXISTENCE OF SOLUTIONS IN A BOUNDED DOMAIN

In this section we introduce a parameter p > 0 into the boundary condition and
consider the following boundary value problem

—Ncurl [F(A?|curl H]?)curlH = H  in Q, Hp = yHS  on 09, (7.1)

where H is given and satisfies (5.1). We shall prove that there exists a constant p*
such that (7.1) has a solution for 0 < p < p*, and give a lower bound estimate of
p* when A is small. This yields the existence part of Theorem 1. In the following
we assume that HS has been extended to H® € C?T%(Q,R3) in the way as stated
in Lemma 2.3 (ii), and satisfies (5.3). From Theorem 5.1, a weak solution of (7.1)
satisfying (1.4) must be a classical solution.

Lemma 7.1. Let Q be a bounded and simply-connected domain with C* boundary,
A >0, and let HS satisfy (5.1). Then there is a constant p* = p*(HS,\) > 0 such
that the following conclusions hold:

(i) For all 0 < p < p*, equation (7.1) has a unique solution H,, satisfying (1.4),
and |curlH,, (z)| attains its mazimum only on OS).

(ii) p = [leurlHy||co(qy is continuous for p € (0, u*).

(iii) We have
4
77

hm* )\HCUI‘I H‘uHCO(Q) = (72)
H—

Proof. While (i) and (ii) follow from Monneau [Mon], the proof of (iii) relies on the
a priori estimate established in our Theorem 5.1.
Step 1. Define

w*(HE, A) =sup{b>0: (7.1) has a solution satisfying (1.4) for each p € (0,b)}.
(7.3)
From [Mon, Theorem 1.2], 0 < p*(H%,A) < co. From Lemma 3.5, for any 0 < p <
pw*(HS, A), the solution H,, of (7.1) is unique. From [Mon, Theorem 1.3], |curl H(x)|
attains its maximum value only on 0. Hence (i) is true for pu* = p*(H%, ).

Step 2. Now we prove (ii). For simplicity we assume A = 1. We use the implicit
function theorem as in [Mon], with a slight modification. Let py € (0, ") and let
H,,, be the solution of (7.1) associated with po. Write H,, = pH® + ug. Then we

can choose o > 0 such that [[curl H,|coq) < M < \/ 35 — 280. For any 0 < § < do,
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we define a smooth function Fs(t) which is equal to F(t) for t < &+ —§. Then H,,, is
a solution of

—curl [Fs(|curl H*)curl H) = H in Q, Hp = pHS  on 0. (7.4)

Write H = yH® +u and H,,, = poH® + u,,,, where H® is the extension of H%.. Then
(7.4) can be written as an equation in u

(7.5)

—curl [Fs(|eur] (uH® + u)|*)curl (uH® +u)] = pH® +u  in Q,
ur =0 on 0f).

Define

CHF(Q,div0) = {u € C?*T(Q,R?) : divu=0in Q, ur = 0 on 9N},
C*(Q,div0) = {Y € C*(Q,R?) : divY =0 in Q},

Fs: Rx CE(Q,div0) — C*(,div0), and

Fs(u,u) = curl [Fs(|curl (uH® + u)[*)curl (uH® 4+ u)] + pH® + u.

From [Mon]|, F;s is continuously differentiable in 4 and u in the sense of Frechet, and
a%]—"(;(uo, u,,) is a homeomorphism from C3*(Q,div0) to C*(Q,div0). Applying
the implicit function theorem to the operator equation

.7:5(/1, u) = 0, (7'6>

we conclude that there exists a > 0 such that for all u € (g — a, o + a), (7.6) has
a solution u,, in a neighborhood of ug in CF(Q, div0). Choosing a small, we have
Ju, —ag,llc2+a@) < 9. Then pH® 4+ u,, is a solution of (7.1). From conclusion (i) it
coincides with H,, and [[curl H;, — curl H,,, [|co(q) < 6. Hence (ii) is true.

Step 3. Now we prove (iii). If (7.2) were false, there exists ¢ > 0 and a sequence
pj — p* such that [[curl Hy,; [[coq) < M < \/2% —¢ for each j. From Theorem 4.1 we

have a uniform H? estimate for {H,,}, and hence from Theorem 5.1 we have a uniform
C?te estimate sup; [|Hy, [lc2ra@) < C, where C = C(Q, A, M, o, |[HS || o2t (00))-
Therefore we may pass to a subsequence and assume that, for some 0 < § < «,
H,, — H, in C*(Q,R?) as j — oo, where H, is the solution of (7.1) for 4 = p*, and
[curl H[[ o) < M. Now we apply the implicit function theorem in a neighborhood
of H, as in [Mon, Proposition 3.2], with an obvious modification, and find p > 0
such that, for p € (u* — p, u* + p), equation (7.1) has a solution in C2+*(Q, R3) that
satisfies (1.4). This contradicts the definition of p*. Hence (iii) is true. O
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Remark 7.2. We conjecture that, when pu = p*(H%, ), equation (7.1) has a unique
solution H such that Allcurl H|| () = 1/ 3+, and the maximum value of |curl H(z)|

is obtained only on 9€2. Thus, AlcurlH(z)| < /5 for all z € . If this is true, then

we can use the comparison in subdomains of 2 to prove the uniqueness of solutions
for ;o = p*. For a discussion on this point in the 2-dimensional case see [BBC].

Lemma 7.3. Let Q be a bounded and simply-connected domain with C* boundary,
and let HS € C*T(0Q, R3) satisfy the conditions of Theorem 5.1. Then

. ‘i e ) . _
limin " (5, 0) > 4/ (15l ovgon) ™ (7.7)
—0 18
In particular, if H® = h is a unit vector, then

- . 5
lu}r\n_}gf w(hy, A) > T (7.8)

Proof. We use a blow-up argument that was used in [PK] for the two dimensional

case, with a slight modification. Let us fix an arbitrary positive number My < \/2%.

Let {\,} be any sequence of positive numbers such that A\, — 0 as n — oco. From
Lemma 7.1 (i), (ii), for each n there exists pp, 0 < p,, < p* (A, H5), such that (1.3)
has a unique solution H,,, which satisfies

)\nHCUI'l Hun ||CO(Q) = M(). (79)

There exists z, € JQ such that |curlH,, (z,)| = [[carlH,,, ||co(q). Passing to a
subsequence we may assume that z,, — xg and u, — & as n — o0o. Let us define

rescaled fields 0
- —z,

Using (7.9) we can show that sup,, [Hy, ||z~ < oo. Then we can use the ar-
guments in the proofs of Theorems 4.1 and 5.1 to show that, for any fixed R > 0,
||ﬁun lc2te (Bar(0)n0,) < C(Mo, R). The proof is omitted here, as it is similar to the
proof of Lemma 8.1.

Therefore we can pass to a subsequence, still denoted by I:IM, such that I:Iun —H
in CEZT*(R3,R%) as n — oo, and H is a solution of (6.7) on the half-space, with

loc

boundary condition Hy = jihg, where hg = HS(z0) is tangential to OR3, and
chrIPNIHLo@(Ri) = |curlH(0)| = My. Since My > 0, we see that hg # 0. Write
fhy = p(cosf,sind,0), where p > 0. Then we use Proposition 6.2 and its proof
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to find My = chrlI:IHLoo(R:i) = M(p), where M (p) was defined in (6.9). M(p) is

5

strictly increasing on [0, /5], and hence has an inverse function p(M) defined for

0<M< @/237, and p(M) is strictly increasing. Thus there exists a unique g < ,/1%

such that p = p(Mp). Since the solution of the limiting equation (6.7) is unique, the
full sequence must converge. So lim,, . tn|HS(2,)| = filho| = p = p(My). Therefore

liwinf (M MG lcogony > Tim jun [ H5 ()] > p(Mo).

Now we let My approach /5. Noting that p(55) = 1/ <%, (7.7) is proved. O
From Theorems 4.1, 5.1, 5.2 and Lemma 7.3 we get the following

Theorem 7.4. Let Q be a bounded and simply-connected domain with C* boundary
and HS. satisfy (1.10). Then for all X > 0 small we have:
(i) Equation (1.3) has a unique solution H € C3(Q,R3) N C?T(Q,R3) satisfying
(1.4), and
[H[o24a () < C1E A, [HT o240 (00))- (7.10)

(ii) Equation (1.1) has a unique solution A € C3(Q,R3) N C?T(Q, R3) satisfying
(1.2), and
Al c2ra(q) < Ca(, A, [HT | c24e a0))- (7.11)

If 0 is of class C®, then A € C4(,R3) N C3+*(Q,R3) and

Al csra(q) < Cs(, A, [HT | c24e a0))-

§8. ASYMPTOTIC BEHAVIOR OF SOLUTIONS WITH SMALL A
We use the notation Q(0) = {z € Q: dist(x,0Q) > 0}.
Lemma 8.1. Let Q and HY. satisfy the conditions of Theorem 4.1. For each X small,

let H* be a weak solution of (1.3) satisfying (1.14), where M < /5 is independent

of A. Then we have:
(i) For any Ao > 0, there exists C(X\g) > 0 such that

IHY | L) < C(Xo),  for all 0 < X\ < . (8.1)
(ii) For any sequence {px} satisfying px < §, px — 00 as A — 0,

lim sup |H*z)|=0. (8.2)
A=0 2eQ(Mpa)
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Proof. Step 1. We first assume (8.1) is true and prove (8.2).

Let H® € H?(Q,R®) be the extension of H% as stated in Lemma 2.3 (i). From
(1.14) and Corollary 4.2, H* € C%(Q,R?) for any a € (0,1/2). Let 2> € Q(Apy) and
define

Q—z*

Hy(z) = H 2" + M), H§(z) = H(2* + ) z), 2€ Q)= X

(8.3)

Then H) is a weak solution of the equation
—cuwrl [F(jcurl Hy[*)cwrl Hy | = Hy  in Qy, H)r = HSp on 09y, (8.4)

and satisfies

4
lcurl Hy[| oo () < M < 4/ 77" (8.5)

Since py — oo as A — 0, and since dist(z*, Q) > Apy, for any R > 0, there exists
A(R) > 0 such that Bjgr C Q) for all 0 < A < A(R). Let nr be a cut-off function
supported in Bsg such that ng = 1 on Bg and |Vngr(z)| < C/R. Multiplying (8.4)
by n2;H, and integrating by parts, we get

{F(Jcurl H[?)|curl (narHA)|* 4 03 g [HA|? }da
Bsr

:/ F(leurl Hy ) [Vian x Hy[2dz.
Bsr
From this and using (8.1) and (2.1),
Bl (8, < Im2rHAlGn (5, < Cl(R)/B {lcwrl Hy|* + [H,|*}dz < Ca(R).
4R

Then we can apply the interior H? estimate (see step 1 of the proof of Theorem 4.1,
with A = 1) to Hy on Bsp, and find (see (4.8))

Bl 32 (5, < Cs(R, M)|[Ball31(5,,) < Ca(R, M). (8.6)

From (8.6), {H)}o<x<1 is bounded in HZ_(R? R?®). For any sequence \; — 0,

we can find a subsequence, still denoted by A;, such that H), — Hp weakly in
H (R?* R?) and strongly in H} (R?*R3). Thus, curlHy, — curlHy weakly in

loc loc

HL (R3,R3) and strongly in L2 _(R3). So |curlHy(x)| < M for a.e. x € R3. Since

loc loc

F(t) is continuous and bounded for ¢t € [0, M], from (8.5) and the Lebesgue domi-
nated convergence theorem, F(|curl Hy,[?)curlHy, — F(|curl Hg|?)curl Hy strongly
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in LP (R3,R?) for any 1 < p < oo. Therefore Hy is a weak solution of (6.2). From
Proposition 6.1 (ii) we see that Hy = 0. Thus Hy, — 0 weakly in HZ (R* R?) and
strongly in H_(R? R3) as j — oo. Since this is true for any sequences, we must
have, for any R > 0 fixed, ||Hx||g1(5,) — 0 as A — 0. Now we use the interior H?

estimate (8.6) and the Sobolev imbedding theorem to find that, as A — 0,
[Hxl|co(Br) < Cs(R)[HAlH2(8R) < Co(M, R)[|Hx |1 (B25) — 0

In particular, |[H*(z*)| = [HA(0)| < [[Hx||L(55) — 0. Thus (8.2) is true.

Step 2. Now we prove (8.1). Suppose (8.1) were not true. We can find A\; — 0,
2 € Q, such that m; = [HY (2V)] = [[HY|| () — oo. For simplicity we denote
A; by A. For this choice of 2* we define Hy as in (8.3) and set H, = ¢,H,, where
ex =1/m;. Then H, satisfies

—curl [F(\curlH\Q)curII:I,\] =H, inQ,, H\ = exHSp on 00y, (8.7)
and [H, (0)| = HI:IAHLoo(QU = 1. Asin step 1 above we can show that, for all A small,

IHA 21 (Bray) < Cr(R, M, [HS 7 | 5/2 (00, nBar))- (8-8)

In the following we shall show that {Hy} is bounded in H2 :

loc*

Il 2 (Brnos) < Cs(By M, [ HSll 52 00,3082))- (8.9)

The interior leoC estimate can be established as in step 1 of the proof of Theorem
4.1. Write

1
hy o (z) = ;[HA(@“ +oe) —Hx(z)],  Hxio(r) =Hx(z)+tohy o (z),
UNt,o = ‘Curl H)\,t,U’27 Uy = ’Clll"l H)\|2,
~ 1 - ~ ~ ~ ~
hy o (z) = ;[HA(SL‘ + oe) — Hy(z)], H) i o(7) = Hx(z) + tohy o (z).

Observe that

F(|curl Hy(z 4 0e)|?)curl Hy(z + 0e) — F(|curl Hy (x)[?)curl Hy (z)

1
= a/ {F(UA’t7U)Curl h, + 2F"(uyt o) (curlHy ¢, - curl hy ,)curl PAIA7t,U}dt
0

1
= o/ {F(uA7t70)curl h, + 2F'(uy ¢,)(curlHy ; , - curlhy , )curl H,\,t,a}dt
0

= oay(x)curlh, + 20Q, (z)curl hy,
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where

1
4o (z) = / Fluneo)dt, Qo) = (dous(@),
0
1
qmj(a:):/ F'(uAvt,U)(curlHA,t,U)i(curlHkytvg)jdt.
0

Hence for all B € H(Qy, R?) with compact support in Qy,
/ {aa(:n)curl h, - curl B + 2<Qa(m)curl flg, cur1B> +h, - B}dx = 0.
Qax

Then we can proceed as in step 1 of the proof of Theorem 4.1 to get the interior H120c
estimate.

To get the boundary H2_ estimate, we assume for simplicity that the T' = 9Q2, N/
is flat. Using the above observation, we proceed as in the step 2 of the proof of

Theorem 4.1 to get the boundary H{ . estimate for the tangential derivatives. To

estimate the normal derivatives, we compute as in the third step of the proof of
Theorem 4.1 and write (8.7) in the form

F(U)\)AI:I)\ — F’(u,\)(V|cur1 H, curlHA|2) x curl Hy = H,,

from which we can solve 933 H,, in terms of curl Hy and 6’Z-jﬁ,\ with (7, ) # (3,3), see
(4.15) and (4.18). Using (8.5) we get

1058 HAll L2 (Brnoy) < C( M, R{IHA 2By + D, 105 Al L2 (Bannan) }-
(4,9)#(3,3)

From this and the H?2 _ estimate for the tangential derivatives we derive (8.9).

From (8.9), we can find a subsequence, still denoted by PAI,\, such that Hy, — H
weakly in H2 _ and strongly in H{_ as A — 0, and H is a weak solution of the limiting
equations of (8.7). Moreover, Hy — H in C2_ for some o € (0,1/2). In particular
|H(0)| = 1. We only need to consider the following two cases.

Case 1. limy_o A~ 1dist(z*, Q) = co. Then the limiting equation of (8.7) is (6.2).
From Proposition 6.1 (i) we have H = 0, which is a contradiction.

Case 2. dist(2z*,09Q) < C. Then after a translation in the z3 direction, the limiting
equation of (8.7) is (6.7) with h = 0. From Proposition 6.2 (ii) we have H = 0, a
contradiction again. [J

Let 0Q(H%) and 0Q2(hr) be the sets defined in the introduction.
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Lemma 8.2. Let Q) and HS satisfy the conditions of Theorem 5.1. For each \ small,

let H* be a weak solution of (1.3) satisfying (1.14), where M < /5 is independent
of \.

(i) Let 2> be any point on Q) and assume z*

— 2% as A — 0. Then in local
coordinates near z°, the rescaled vector field Hy(y) converges in CIQC)JC““(R‘?’F,R‘g) to the
unique solution of the equation

—curl [F(Jcurl H]*)cuwrlH] = H  in R3, Hr =h on dR?, (8.10)

where h = HG (x).
(ii) Let M(p) be the function defined in (7.14). We have

lim max Alcurl HY(z)| = M (||H%||coo0))- (8.11)

(iii) Let P* be a mazimum point of |curl H(x)| and assume P — P for a sequence
An — 0. Then P € 0Q(HS).

Proof. Step 1. Proof of (i). We consider the rescaled vector field Hy(x) defined in
(8.3). Then H, satisfies (8.1) and (8.5). Hence we can apply the arguments in the
proofs of Theorems 4.1 and 5.1 (see step 2 in the proof of Lemma 8.1), and conclude
that, for any R > 0, there exists a constant C' depending on €, ||H%||c2+a(a0), M, R
and «, but independent of A, such that

HH}‘HC’2+°‘(BEOQ/\) <C. (8.12)

Now for each A, we adopt the local coordinates y introduced by straightening the
boundary in a neighborhood around z* such that y = 0 corresponds to z*, and the
inner normal vector of ) at x> points in the positive y3 direction (see Appendix
A.1). Let H(y) = H*(z). Then we define rescaled vector fields Hy(y) = H*(\y),
which are well-defined for y € B, where 7y — oo as A — 0. From (8.5),

lcurl Hy (y)| < M for all y € B} . (8.13)

From (8.12) we have )
||HA||C2+Q(B;) <C,

where C' depends on €, ||HS||c2te(90), M, R and «a, but is independent of X. Thus
for any sequence A\; — 0, we can choose a subsequence, still denoted by A;, such that,
for any 0 < 0 < a, Hy — Hy in CQ+6(R?’|_,R3).

loc
To find the limit Hy, we write equation (1.3) in the new coordinates to get a

quasilinear elliptic system for H A(y). Because H), € C’2+O‘(R1,R3), and because of

loc
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condition (8.13), we can write this system in the form of an elliptic linear system with
C1t coefficients. Then, as in the proof of Lemma 8.1, we can take the limit \; — 0

and find that Hj is a classical solution of (8.10). From the choice of y coordinates, h
is orthogonal to the y3 direction. Moreover, for a.e. y € Riv

lcurl Hy(y)| < M, forally e R2. (8.14)

From the proof of Proposition 6.2 we see that, if h =0 then Hy=0. Ifh £ 0, we
write h = |h|(cosf,sin6,0) to get

I:IO(y) = —f/(yg)(COS 97 Singa 0)7

where f is the solution of (6.12) with f’(0) = —p = —pu/h|. Since the solution to the
limiting equation is unique, we conclude that the full sequence H) must converge to
Hj in 02+‘5(R3 R3) as A — 0.

loc

Now we show that the convergence is in C7*(R3,R3). From (8.13) and (8.14) we
see that
0 < F'(Jeurl (tHo(y) + (1 — )Ha(y))*) < C,
0 < F"(Jeur] (tHo(y) + (1 —)H(y))*) < C forally e R3,0<t < 1.

From the equation for H, and the equation (8.10) for H, we derive an equation
for H,\ — HO, which can be written as a linear equation for H,\ — HO with ¢+«
coefficients. Then we can apply the Schauder estimates to derive an estimate of
IH, — I:IOHCQM(B;), and finally we find that

Hy, — Hy in CEL*(R3,R?) as A — 0. (8.15)

loc
Thus, conclusion (i) is proved.

Step 2. Proof of (ii) and (iii). Let P* € 99 be the maximum point of |curl H*(z)|.
Choose A\, — 0 such that P*» — P. Then conclusion (i) is valid. In particular (8.15)
holds. Let h(q) = H5%(g), and let H, be the solution of (8.10) with boundary data
H,r = h(q). From the proof of Propos.1t10n 6.2, ||curl HqHLm(Rg, = M(|h(q)|). The
function M (p) is strictly increasing when 0 < p < \/1—8. Thus

sup, leurl HlIZ o ) = max M(Jh(g)]) = max M(|[H7lcogon)),

which is achieved on 0Q(H%). From (8.15) we find
lim A, |curl H (P*)| = lim )\n||cur1H>‘"||C0(aQ) = lim [[curlHy,|coa0)

= Jim_[Jlenrl H, [lcogon, ) = llenrl Hp|[3 s ) = M(JR(P))).
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So we have

Jim A eurl Y (PA)] = e M(IB(P)]) = M(P | coom))-
This verifies (8.11) and proves conclusion (ii).
Conclusion (iii) follows from (8.11) and (8.15) immediately. O

Proof of Theorem 1.
Under condition (1.10), the existence and uniqueness of the solutions H* satisfying
(1.4) and their regularity have been proved in Theorem 7.4. So conclusion (i) is true.
From the second inequality in (1.10) and Lemma 7.3, we can choose ¢y > 1 and
small A* > 0 such that

p (H5A) >co>1 forall 0 <\ <A™ (8.16)
Now we claim that
4
sup  Allcurl HM|pe ) < 4/ 7= (8.17)
0<A<A* 27

Suppose (8.17) were false. Then there exists a sequence A, such that

[ 4
Anllcurl HA || oo (o) — 5 (8.18)

We may assume A\, — A\g. If Ao > 0, from Lemma 7.1 (iii) we have p*(H%, Ag) = 1,
which contradicts (8.16). Hence A\g = 0, and thus \,, — 0 as n — oo. Fix a positive

number M slightly less than |/ 5. From (8.16), (8.18) and the definition of p* (HS, A),

there exists N (M) > 0 such that, if n > N (M) then M < A, [lcurl H* || oo () < 1/ 55
Then from Lemma 7.1 (iii), we can choose a positive number u, < 1 such that for
A= A, and g = i, (7.1) has a solution Hy,, and A, |[carl H,, ||z~ o) = M. Now we
argue as in the proof of Lemma 7.3 and show that, after passing to a subsequence,
lim infy, oo tinl|HS[|coa0) = p(M), where p(M) is the inverse function of M (p). Since

fn < 1, we find ||HS||coan) = p(M). Now we let M approach 4/5- and conclude

that |HS||coan) > p(1/35) = 1/ 1%, contradicting (1.10). So (8.17) is true.

Using (8.17) and Lemma 8.1, we get Conclusion (ii). Using (8.17) and Lemma 8.2
(ii) and (iii), we get conclusions (iii) and (iv). Hence, Theorem 1 is proved. O
Proof of Theorem 1'.

In the proof of Theorem 5.2 (also see Theorem 7.4) we have shown that, if H €
C3(Q,R3)NC?* (0, R3) is a solution of (1.3) satisfying (1.4), then (1.1) has a solution
A =B-Vype C3(Q,R3)NC?*T(Q,R3). So Theorem 1’ follows from Theorem 1. [
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APPENDIX A. SOME TECHNICAL DETAILS

§A.1. Computations in local coordinates near boundary.

Let us briefly recall the local coordinates near boundary 02 determined by a dif-
feomorphism that straightens a piece of surface, see [P, section 3]. Let us fix a point
xo € 012, and introduce new variables y;, yo such that 92 can be represented (at least
near xg) by r = r(y1,¥2), and r(0,0) = zy. Here and henceforth we let y = (y1, y2)
and use the notation r;(y) = 9,,r(y), rij = Oy,y,r(y), etc. Let

_ri(y) x ra(y)
) = () < ra)]

We choose (y1,2) in such a way that n(y) is the inward normal of Jf2, and that the
y1- and yo-curves on 0f2 are the lines of principal curvature; thus, rq(y) and ra(y) are
orthogonal to each other. Let g;;(y) = ri(y) -1;(y), 9(y) = det(gi;(y)) = g11(y)g22(y)-
For scalar functions f, let f; denote the partial derivative with respect to y;. Let us
define a map F by x = F(y,2) = r(y1,y2) + zn(y1,y=2). F is a diffeomorphism from
a ball Br(0) onto a neighborhood U of the point zg, and it maps the half ball BE(O)
onto a subdomain ¢ N, and maps the disc {(y1,%2,0) : ¥3 +y3 < R?} onto a subset
of O0N. Let Gyj(y,2) = 0;F - 9;F and let G*(y, z) denote the elements of the inverse
of the matrix (G;(y, 2)). Then

Gy, z) = g5, — ks(v)2]?, GV =
Gio=G13=Go3=G? =G =G* =
Gy, z) = det(Gz‘j(% 2)) = G11(y, 2)G22(y, ).

1
e ) =1,2
G j )=

0, G33=G3=1

On U we have an orthogonal coordinate framework {E;, Eo, E3}, where

OF T o By, ) = 2L

: = o = ny).
0,7~ i 9,7~ W)

E;(y,2) =

Given a vector field B defined on 2, for any zo € 05, we can write B in a
neighborhood of xy in the new variables (y, z) € BE =F Y UNQ) as follows:

B(y,2) = B(F(y,2)) = Y G (y,2)b;(y, 2)0;F (y, 2
=1 J=1 (A.1)

bi(y,2) = B(F(y,2)) - 0,F(y,2),  Bj(y,2) = ¢<7>)

M“
Q

l\l
~
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We compute, at the point z = F(y, 2),

curl B(z) = Zéj(y,z)Ej(y,z), (A.2)
where
Ri(y,2) = m[az(ﬂ%v Gs3) — 03(Bay/Gaz)] = \/Cl}’_22[82b3 — O3ba],
Ry(y,z) = \/ﬁ[a?)(Bl VG11) — 01(B3/Gs3)] = \/(1;—11[33% — 01 b3),
- 1 - - 1
R3(y,z) = m[81(32\/ Ga2) — 02(B1V/G11)| = m[aﬁa — Ooby]

In the following, to save the notation, we shall write B also by B.

§A.2. Proof of (2.2).

Suppose (2.2) were false. Then there exists a sequence {B;} with ||B;| z2() = 1,
such that ||d1VBJ||L2(Q) — 0, ||Cu1‘1Bj||L2(Q) — O, and either ||V : BjHHl/Q(aQ) — 0
or [|v x By g1/2(a0) — 0. From (2.1), {B;} is bounded in H'(Q,R?). After passing
to a subsequence we may assume that B; — B weakly in H'(Q2,R?) and strongly
in L?(Q,R?). Then ||B|[2q) = 1, ||[divB|r2(0) = 0, ||curl B||p2(q) = 0, and either
[v - Bllg1/2090) = 0 or [[v x Bllgi/290) = 0. Since Q is simply connected and
curl B = 0, there exists ¢ € H?() such that B = V¢. Then A¢ = divB = 0.
Moreover, either % = 0 or (Vé)r = 0 on 99 in the sense of trace in H'/2(9€2). Then

¢ must be a constant on {2, and so B = V¢ = 0, which is impossible as we have
B2 =1. O

§A.3. Proof of Proposition 2.1.

We only prove (2.4) for k = 1. The general case can be proved by induction.

Step 1. Let us assume divB € C***(Q), curl B € C***(Q,R?), and either v - B
or v x B € C?T%(9Q,R3). We shall use (2.3) to derive (2.4). Note that, for bounded
and simply-connected domains, (2.3) can be written as

v-B

[Blcray < € a){IdivBlengay + leurd Bllongy + | V5

}. (A.3)

C1+2(09)
This is because

v-B

IBlleogy < C@,a){IVBlica@ + | 5

}. (A.4)

C(8Q)
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Step 2. We first derive an interior estimate of D?B. Let u= 9;B, j = 1,2,3. Let
Q' € Q be a subdomain of 2, and let  be a smooth cut-off function with compact
support in Q such that n = 1 on . Applying (2.3) to nu we have

IV(m)[|ce () < C(L a){[|div (nu)[|ce(q) + [lcurl (nu) || ca o) }
<C(Q, a){|ndivullgeq) + [[Vn-ulga@) + [ncurlullgaq) + [[Vn X ullca @)}
<C(, Y, a){[|divull ca(a) + [lcurlulce g + [[ullca )}
<C(Q, 2, a){[|divB||ci+a(q) + [lcurl Bl ci+a(g) + [VBllca(q)}-

Now we use (2.3) to control the term ||[VB||ca(q) in the right hand side, and get

v-B

HVBHC1+Q(Q/) S C(Q, Q/,Oé){HdiVBHC1+a(Q)—|—HCU.I‘1B”C1+Q(Q)—|— %< B

01+a(an)}
(A.5)
Step 3. Next we consider a subset D = QN Bg(xg) with zg € 0. As in §A.1,
we choose R > 0 small but independent of xy such that on Br(zg) there exists a
new coordinate system (y1,y2,2) which corresponds to an orthonormal framework
{E1, Eo, E5} such that, restricted to 92N Br(zp), E1, Es are tangential to 0f2, and
E3 = —VU.
We first consider “tangential” derivative u = d,,B, ¢ = 1,2. Let 1 be a smooth cut-
off function supported in Br(x¢) such that n = 1 on Bg/s(x¢). Write Qr = Br(x¢)NS2
and I'p = Br(zo) N 0. Applying (2.3) to nu we have

nv-u
nr X u

HVKnuNhqu>SCX§L00{Hdh%nuthqg)+¢kuﬂ(nuﬂkyqa)+'

)

O+ (9Q)
<C(, R, 04){||diVuHca(QR) + [leurluf| ca(q ) + [l caiay)

V-u

v +luflon g b

+

Cl+a(FR)

<C(L R, a){||diVB||01+a(QR) + [[eurl Bl[c14a(ag) + [Bllor+e@pg)
_I_

v-u }
VXu ’

Cl+a (FR)

(A.6)
where we have used the fact [|B[c1+o ) < [[Bllcita(qy)- As in step 2 we can control
the term ||Bl|c1+a(q,) by using (A.3). Note that v-u = 0y, (v B) — (9,,v) - B and
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vxu=0,y,(vxB)—(9,v)xB. So

3

[v -l crrary) <0y, (v - B)llcrva(rg) + [1(0y,v) - Bllcrea(ry)
<[[v - Bllcz+a(ry) + C(E R, a)|| Bl cr+o(ry),
[v X ullcite(ry) <[10y, (v x B)|crary) + [[(0y,v) x Bl[crva(ry)
<[[v x Bllg2tary) + C(Q2, R, )| Bl creary)-

Plugging these back into (A.6) and using ||Bl|ci+a(ry) < [|Bllgi+a(a,), We get
10y, Bllcr+a(ay,,,) < CE R, a){||diVB||01+a(QR) + [leurl B g1ta )
v-B }

vx B
Step 4. Now we consider the normal derivative. Let w = 0,B. Then w = —0,B
on I'g. For the cut-off function used above, we apply (2.3) to nw to get

(A7)
+ [|Bllcrte (g +

02+a(1“R)

IV(w)l|ca@) < C(Q, R, Oé){||diVB||01+a(QR) + [leurl B c1va ) + 1Blloive@n)

(A.8)
We claim that there exists C = C(Q, R, ) such that, for all B € C?T%(Q,R3),

V XW

VW Cl+o‘(FR)

HI/ X 8,,B|\01+Q(FR) < C{HV X CurlB”01+a(FR) + HI/ . BHC2+O¢(FR) + HBH01+D‘(FR)}7
[V - 8, Bllc1+arg) < CL|divB|cica(rg) + |V X Bllgzta(rg) + IBllci+e(rq) }-
(A.9)
We will prove (A.9) in step 5. From (A.8) and (A.9) (either all choose the first option
or all choose the second option), and using the obvious facts
||diVB||Cl+a(FR) S HdiVB||Cl+a(QR),
v x curl B|grea(r,) < C(Q,R, oz)chrlB||Cl+a(QR),

we get
VOBl ga(qy) < C(Q, R, CV){HdiVBHCHa(QR) + [[eurl Bl g1+ (ap)

v-B }

rx B

(A.10)

+ Bl crta(ay) +
CQ+0¢(FR)
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From (A.5), (A.7), (A.10) (either all choose the first option or all choose the second
option) we conclude that

[VB|lgitaq) < C(Qﬂ){HdiVBHCHa(Q) + [[ear] Bl gitaq) + 1 Bllci+a @)

Combing this with (A.3) we finally get (2.4).
Step 5. Proof of (A.9). In Qg we write B as in (A.1). Then on I'p we have

v-B

+ vrx B

C2+a(9Q)

3
Vv X 8VB = —&,E’lEg + 8VB2E1 + ZBjV X &,Ej.
j=1
Since
LI > /0, B 5
vxulB =3 0.5 - > (= 4 k(y)B; ) By
2 2%
2
- Oy (v -B) -
==Y aBE; +> (- 75 () B; ) By,
20082 (U
we have
2
_ - Oy (v-B) _
O, B1E1 + 0,BsEs = —v x curl B+ $ (22 m-(y)B-)E~,
;( T J J ) Ei

lv x 8,Bllci+erg) < C1{l|0, BiEs — 8, B2Ei||gi+ary) + [IBlleitery }
<Co{||0, B1E1 + 0, BoEs||crta(ry + |Bllor+ampm }
<C3{|[v x curl B||cr+a(rp) + |0y, (v - B)[[crearp) + |0y, (v - B)|lcriary)
+ IBllcrte g
<Cy{llv x curl Bl c1+a(ry) + |V Bllgz+ary) + 1Blloi+amq) b

where the C?s depend only on Q, R and . This verifies the first inequality in (A.9).

Since
2

>0, (VGB;) + 0.(VGBs)],

Jj=1

divB =

3~

we have

2
v-0,B=08,Bs =divB — 8, B; — 0,8, — %[Z B;0,,VG + B39,VG).
j=1
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From this and v x B = BoE; — BlEg, we find

I - 8,Bllcrseqrn) <IdivBlorra + 18, B + 8y, Ballorsarg + CsllBllcrtar
<Co{[ldivBllr+a(ry) + v X Bllcztar + [Bllorseqn )

where the C’s depend only on €2, R and a. The second inequality in (A.9) follows
from this inequality. [J

§A.4. Proof of Lemma 2.3.
Let us define

H (9, curl, div 0)

={H c L*(Q,R?) : curlH € L*(Q,R?), divH =0 in Q, Hy = H5 on 09},
Hio(Q, curl, div0) = {H € H;(Q, curl,div0) : Hy = 0 on 00},
HH(QRY) ={Bec HY(Q,R*) : By =0 on 0Q}.

Consider the following minimization problem:

' curl H||2 5 ).
HEHg(g,l(l:Erl,div()) leur ||L2(Q)

From (2.1) we see that a minimizing sequence is bounded in H'(Q,R?). Thus it
is easy to see that a minimizer exists. Let H be a minimizer. Then for all B €
Hio(£2, curl, div0) it holds that

/ curl H - curl Bdx = 0. (A.11)
Q

It was observed in [Mon, p.924] that curl Hyo(€, curl, div0) = curl Hj, (2, R3). Hence
(A.11) holds for all B € H}) (9, R3), that is, H is a weak solution of the equation

curl?’M=0 and divH=0 in Q, Hr =H% on 0.

Hence (2.7) follows from (2.4).
Now assume that (2.11) holds. Then J = curl H satisfies curlJ = 0 and divJ =0
in Q, and v-J = 0 on 092. Hence J = 0. Since € is simply-connected, there exists a

scalar function ¢ such that V¢ = H. The regularity of ¢ follows from the regularity
of H. O
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§A.5. Proof of Lemma 2.4 (i).
We keep the notation used in §A.1. Note that ¥ = —n. So on 9€2 we have
1

v-curl B(z) = — O1b2(y,0) — 02b1(y,0)].
1Bl) 911(9)922@)[ 72(6.0) w0

For z € 0f) near x(, we represent the tangential component By by

BT(yaO) = BT(f(y7())) — Z b](yao)

From these two equalities we see immediately that v - curl B is determined by Br.
Thus, conclusion (i) in Lemma 2.4 is true. [

Ej (yv 0)
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