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Abstract. We investigate the existence of a true invariant manifold given
an approximately invariant manifold for an infinite-dimensional dynamical
system. We prove that if the given manifold is approximately invariant and
approximately normally hyperbolic, then the dynamical system has a true
invariant manifold nearby. We apply this result to reveal the global dynamics
of boundary spike states for the generalized Allen—Cahn equation.

1. Introduction

The motivation for this work derives from many results associated with the
following generalization of the Allen—Cahn equation with small diffusion
parameter 0 < ¢ < 1

(1.1) {uz=82Au—u+f(u), xeQ

ou
av =0, x € 022.

We assume that €2 is a smoothly bounded domain in R”, and take N to be
the outward unit normal vector to 3$2. The nonlinearity f € C! and is such
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that there is a non-degenerate positive radially symmetric ground state of
the corresponding rescaled elliptic problem on R”".

Stationary solutions were investigated by Lin, Ni and Takagi in [LNT]
and Ni and Takagi in [NT1], [NT2], and [NT3], where the authors proved
the existence of solutions that are almost zero on most of the domain but
have a single sharp peak (spike) on the boundary. The approach was varia-
tional, using constrained optimization, then giving a refined analysis of the
critical point.

The profile of a peak solution was shown to be roughly given by a trans-
lation of the rescaled ground state w of the elliptic equation

Aw—w+ f(w) =0, yeR"
(1.2) w(0) = max w(y), w > 0,
w(y) — 0, y — 00.

In the third paper [NT3], the peak was shown to have its maximum
exactly on 92 and located close to where 92 had greatest mean curvature.
In heuristic terms, this is because the energy associated with this equation has
two parts, bulk and interfacial, both of which are minimized by having the
spike located at such a point. To explain further, in minimizing among non-
trivial states the bulk energy is almost zero due to the profile being almost
zero except for an e-small region where the spike occurs, and the interfacial
energy being roughly proportional to the surface area of the region in 2
on which the solution makes its excursion. Both of these remain essentially
unchanged as the center of the peak moves through the interior of the domain
with distance from the boundary O(1) but decrease to approximately one
half their former values as the center of the peak moves to the boundary.
They are further reduced by moving the center to a point on the boundary
to minimize the volume/area of that part of the e-sphere which lies in €2,
that is, the point on the boundary at the point where the mean curvature is
greatest.

The role of the mean curvature in localizing and determining the Morse
index of stationary boundary spike solutions was investigated further in
[BDS], [BS], and [We2].

In this paper, we go beyond that analysis, first building approximate
solutions out of modifications of rescaled and translated ground states cen-
tered at each point of the boundary, 0€2. This family of spikes then forms
a global manifold in function space that is diffeomorphic to 9€2 and which
we show is approximately invariant and approximately normally hyperbolic
relative to (1.1) in a sense made precise later. We then prove that, in a small
neighborhood of this approximately invariant manifold of spike states, there
is a true invariant manifold, being a smooth graph over the former manifold.
Furthermore, the space in which we work is continuously imbedded in the
space of continuous functions and the neighborhood so small that the true
invariant manifold consists of spike-like functions. Finally, we prove that
the dynamics of one of these spike states is governed by a vector field pro-
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portional to the gradient of the mean curvature of 92 and that the maximum
value of the solution is always on <2 during the flow.

The approach, involving the construction of an approximate invariant
manifold of states having a certain spatial structure, was pioneered more
than twenty years ago in papers of G. Fusco and J. Hale in [FH] and by J. Carr
and R. Pego in [CP1]. In those papers the authors were interested in the
slow dynamics of interfaces in solutions to the one-dimensional Allen—Cahn
equation. The same approach was also taken to obtain similar results for the
one-dimensional Cahn—Hilliard equation in [ABF] and [BX1], [BX2], and
to rigorously establish the slow motion of “bubble”-like solutions [AF] and
multipeaked stationary solutions to the Cahn—Hilliard equation [BFu] in
multi-dimensional domains. The approach was also used to produce spike-
like stationary solutions to the shadow Gierer—Meinhardt system of biologi-
cal pattern formation [Ko]. In most of these papers, the qualitative behavior
of solutions was the point of interest and so a true invariant manifold was
not shown to exist, although that was done in a subsequent paper by Carr
and Pego in [CP2] and also in [BX2]. Recently, Zelik and Mielke in [ZM]
studied the dynamics of multi-pulse solutions for parabolic dissipative sys-
tems in R” by using an invariant manifold approach with a nonautonomous
perturbation. We have also learned of results by Ackermann, Bartsch, and
Kaplicky [ABK] in which an invariant set of spike states is found for (1.1),
this set being topologically equivalent to 2. The approach is quite different
from ours, but starts by considering the boundary of the basin of attraction
of the zero solution of (1.1).

What has been lacking is a systematic way to deduce the existence of
a true invariant manifold in a small neighborhood of the approximately
invariant manifold constructed by hand, as described above. Here we give
a general result, simplifying some of the analysis needed in the applications
mentioned previously, and at the same time giving stronger conclusions. In
our example we give, to first order, the dynamical system that describes the
motion of spikes globally, not just in a neighborhood of stationary points
and more precisely than only giving the order of magnitude of the speed, as
is usually the case.

To state our result on the existence of a global invariant manifold of
boundary spike states and to give the dynamics of the spikes along the
boundary of €2, we need to use a scaled norm and metric.

Define, for any g € [1, 00), positive integer k, and smooth function
u: 2 — R,

ulyragy = D €71 ulL@ = Y 0% ulLi@.eran-

0<|a|<k 0<|a|<k
Note that | -

x € Q}.
Let (0€2, ;2 (-, -)) denote the Riemannian manifold 0€2 with the metric

scaled by ; We have the following theorem on existence of dynamic spike
solutions.

— 1. n _ [X—X0 .
|W§,q(Q) = | |Wk‘q(Q£_X0), where xp € R" and €2, ,, = {" [ :
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Theorem 1.1. Under assumptions (F1)—(F3) given in Sect. 7 with f € C™,

m > 1, for any sufficiently small ¢ > 0, there exists a mapping V., €
C"((0%2, L(-, ), W2*(Q)) such that

(1) For any g € [2, 00), there exists C > 0 independent of p € 92 and
sufficiently small ¢ > 0 such that

Ve — WS'CO((aQ,Sg<~,->),W3-2<sz>mvv3’“’<sz>) =Ce

(We — Wel g —0 ase— 0.

(2. 5 (). WA @nw ()
where W(p) = w("").

2
7 e then|We = Welci g, 1. w22@nw? @)

(2) M} = W.(0R) is a normally hyperbolic invariant manifold of the semi-
flow generated by (1.1).

(3) On the invariant manifold M}, (1.1) is conjugate through W, to the
ODE given by a vector field Y.(p) on 02 such that

< Ce.

1
lim sup { 3 |Y8(p) — C83V/<(p)|} =0
8—)017689 &

for some ¢ > 0 determined only by w, where k(p) = H(p) - N(p)
and H(p) is the mean curvature vector of 2. Moreover, if f € C'P
with B € (0, 1], then there exists C > 0 independent of p € 92 and
sufficiently small ¢ > 0 such that

|Y6(p) — 083VK(p)| < cg*tP,

@) If f € CYP with B € (0,1), then for each p € 0K, there exists
a unique p € 02 such that max g Ve (p)(x) = We(p)(p). Moreover
|p — p| < Ce? for some C > 0 independent of 0 < & < 1.

Remarks. As might be expected, since the flow is gradient and the en-
ergy derives mainly from the interface, the spike solutions move along the
boundary of the domain in a way that decreases the interface within 2.
Thus, they are driven by the mean curvature, and are stationary at a point in
an e-neighborhood of a non-degenerate critical point of the mean curvature.
This recovers results of others to which we alluded earlier, but we give the
global flow and the location of stationary points is just a corollary.

The main abstract results in this paper, used in establishing the above
theorem, provide for the existence of invariant manifolds and their invariant
foliations for infinite dimensional dynamical systems when such systems
have approximately invariant manifolds that are approximately normally
hyperbolic.
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The theory of invariant manifolds and foliations provides indispensable
tools for the study of dynamics of nonlinear systems in finite or infinite
dimensional space. As is the case here, invariant manifolds can be used
to capture complex dynamics and the long term behavior of solutions and
to reduce high dimensional problems to the analysis of lower dimensional
structures. Invariant manifolds with invariant foliations provide a coordin-
ate system in which systems of differential equations may be decoupled
and normal forms derived. These play an important role in the study of
structural stability of dynamical systems or, when a degeneracy occurs, in
understanding the nature of bifurcations.

The rich history of developments in the field dates back to work of
Hadamard, Perron, and Lyapunov, and includes notable advances due to
Androsov, Bogoliubov, Fenichel, Hale, Hartman, Henry, Hirsch-Pugh—
Shub, Krylov, Kurzweil, Levinson, Maii¢, Marsden, Pliss, Ruelle, Sacker,
Sell, and many others, too numerous to list here. Our abstract results provide
another step in the development by giving weaker conditions under which
invariant manifolds and foliations can be shown to exist, but conditions that
arise in the study of nonlinear partial differential equations.

When the invariant manifold is an isolated equilibrium point, this prob-
lem was studied by Newton and others. The problem can be formulated as:
Given that a differentiable function has an approximate zero, does it have
a true zero? Newton’s theorem says that if the approximation is a “good” one
and if a nondegeneracy condition holds, then there is a true zero nearby. Our
result can be seen as a generalization of this, giving a nondegeneracy con-
dition (approximate normal hyperbolicity) under which an approximately
invariant manifold gives rise to a true invariant manifold nearby. Just as
Newton’s theorem is related to the Implicit Function Theorem, which gives
persistence of zeros under perturbation, our result is related to the persist-
ence problem for invariant manifolds.

When the approximately invariant manifold of a dynamical system is
a true invariant manifold of another nearby dynamical system, one may
naturally think that existence of an invariant manifold for the original system
is a question of persistence under perturbation. That problem can be stated
as: Assuming that a dynamical system has an invariant manifold, does
a perturbation of this system also have an invariant manifold? Both local
theory (theory of stable, unstable, and center manifolds) and global theory
(theory of normally hyperbolic invariant manifolds) have been developed
to address this question.

But there is a subtle difference between the question of persistence
and the one we address here. We are not asking how close another dy-
namical system must be to one having a true invariant manifold in order
to also enjoy that property, and then hoping that our dynamical system
is that close. Instead, we look for a true invariant manifold for the given
system as a perturbation of the approximately invariant manifold we have
at hand. However, the persistence result is a special case of the results
in this paper, since an invariant manifold of a dynamical system is actu-
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ally an approximately invariant manifold of the perturbed dynamical sys-
tem.

Furthermore, in applications and numerical computations, the approxi-
mately invariant manifold one has may not be a true invariant manifold of
another system. In fact, the approximately invariant manifold that we con-
struct for (1.1) is not a true invariant manifold of any nearby system. The
abstract problem we consider here, therefore, is more general and can be
regarded as an extension of both Newton’s theorem and the classical theory
of perturbation of invariant manifolds.

We now give the general formulation of the problem we address. Before
we discuss results for continuous dynamics, we present the theory for maps.

Let X be a Banach space and let 7 be a C' map from X into X. We
do not assume invertibility in general and so the results will apply to semi-
dynamical systems. A typical example is the time-t map of the solution
operator for a nonlinear parabolic partial differential equation.

Suppose that there exists a smooth manifold, M, embedded in X, which
is approximately invariant with respect to T, that is, for some small § > 0

T(M) C B(M, §)
and
M C B(T(M), 5),

where B(M, §) = {x € X : dist(x, M) < 8} is a 8 neighborhood of M.

Our general results include the cases where the manifold is immersed,
rather than embedded in X but it is better to keep in mind the most straight-
forward situation at first.

The questions which are addressed here concern the existence of a true
invariant manifold for 7 and the qualitative behavior of the orbits near this
invariant manifold. In general there will be no true invariant manifold for T
even in finite dimensional space. One can easily construct examples that
violate the conditions of Newton’s theorem and have an approximate zero
but no true zero. In order to guarantee the existence of a true invariant mani-
fold, a nondegeneracy condition on the approximately invariant manifold
is necessary. This condition is approximate normal hyperbolicity. The con-
dition gives, for each m € M, a decomposition X = X; & X, & X,
with X¢ an approximation of the tangent space to M at m and such
that

(a) This splitting is approximately invariant under the linearized map, DT,

(b) DT(m)|xu expands and does so to a greater degree than does DT(m)|xc,
while DT(m)|ys, contracts and does so to a greater degree than does
DT(m)]

99 GG

The superscripts ¢, # and s stand for “center”, “unstable”, and “stable”,
respectively. The precise definition of approximate normal hyperbolicity is
given in Sect. 2, where we give notation and state the main results.
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Heuristically, our main results may be summarized by

Theorem 1.2. Suppose that M is a C' manifold which is approximately
invariant and approximately normally hyperbolic with respect to T, the
approximation being sufficiently good and the “twisting” of M being uni-
Sformly bounded, then

(1) Existence: T has a true C " normally hyperbolic invariant manifold M
near M.

2) Smolf)thness.' If T is C* and a “spectral gap” condition holds, then M
is C~.

(3) Stable and unstable manifolds: There is a stable manifold W*(M) and
an unstable manifold W* (M) of T at M.

(4) Invariant foliations: Both W*(M) and W" (M) are foliated by invariant
foliations:

Wiy = wy and WMy = Wi

meM meM

where leaves W* and W"* are C* submanifolds and are Hélder con-
tinuous in m.

(5) Characterization of foliations: For any x, x e W), |T"(X) —T"(x)| = 0
exponentially, asn — +oo; Foranyy,y € W', [T"(y) —T"(y)| — 0
exponentially, as n — —oc.

(6) Semiflow: If M is an approximately invariant manifold of time-ty map T™
of a semiflow at ty > 0, then the semiflow T' has a normally hyperbolic
invariant manifold.

Remarks. We do not assume that M is compact or finite dimensional. Also,
M is not necessarily an embedded manifold, but may be an immersed
manifold. We assume that the immersed manifold M does not twist very
much locally, and DT has a certain uniform continuity in a neighborhood
of M.

The above result can be viewed as an extension of [BLZ1] and [BLZ2]
where perturbations of semiflows are considered. Note that in Item 5, above,
it is part of the result that 7~! exists on the unstable manifold.

In the present paper, we also consider the more general case where the
manifold M has boundary and is approximately overflowing (intuitively,
“approximately negatively invariant and the semiflow crosses the bound-
ary transversally”) or approximately inflowing (intuitively, “approximately
positively invariant and the semiflow crosses the boundary transversally”).
In fact the theorem above is obtained by first finding overflowing and in-
flowing invariant manifolds and taking their intersection.

As an example, the local unstable manifold of a periodic orbit is an
overflowing invariant manifold and the local stable manifold is an inflowing
invariant manifold.
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For approximately overflowing manifolds and inflowing manifolds, our
results may be summarized as

Theorem 1.3. Given that the approximately overflowing invariant mani-
fold M is approximately normally hyperbolic, then

(i) Existence: T has a true C' center-unstable manifold W, which is an
overflowing invariant manifold.

(ii) Smoothness: If T is C* and a “spectral gap” condition holds, then
we is C.

(iii) Invariant foliation: W is foliated by an invariant foliation:

cu uu
wer =
meM

where each leaf W)" is a C* submanifold and the family is Holder
continuous in m.

(iv) Characterization of foliation: For any y, § € W', |T™(5) — T™(y)|
— 0 exponentially, as n — —o0;

(v) Semiflow: If M is an approximately overflowing invariant manifold
that is approximately normally hyperbolic for the time-ty map T of
a semiflow at ty > 0, then the semiflow T' has a true center-unstable
manifold W that has the same properties as maps.

(vi) Inflowing manifolds: Similar results hold for approximately inflowing
manifolds.

Remark. The perturbation theory for overflowing/inflowing invariant mani-
folds and their invariant foliations was developed in [BLZ2] and [BLZ3].
We reported on the basic results of this paper in [BLZ4] as well as at several
conferences in the intervening years.

We develop the abstract results first, giving a precise formulation for im-
mersed approximately inflowing manifolds in the next section. Coordinate
systems in a tubular neighborhood of the manifold are constructed in Sect. 3.
In Sect. 4 we prove the existence of a center-stable manifold, as a graph over
the stable bundle of the given approximately invariant inflowing manifold.
Section 5 provides an invariant foliation of the center-stable manifold with
stable fibers. Section 6 includes a discussion of the modifications needed for
the case of approximately overflowing invariant manifolds, smooth depend-
ence on parameters, results for semiflows as a consequence of the previously
obtained results for maps, and how perturbation theorems follow from the
present work. The application of our abstract results to the manifold of spike
states and their dynamics governed by (1.1) is provided in Sect. 7.

Acknowledgement. We thank the referee(s) for a careful reading of the paper and suggesting
ways in which our results could be clarified, especially in regard to the smoothness of the
nonlinearity in the problem of spike states.
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2. Main results for inflowing invariant manifolds

In this section, we first introduce basic notations, hypotheses, and results
for approximate inflowing invariant manifolds. Overflowing manifolds and
several other issues will be considered in Sect. 6. As mentioned in the
introduction, our results are for the general case of immersed manifolds.

Let X be a Banach space and T € C/(X, X), J > 1. Suppose that M is
a connected C' Banach manifold (with boundary removed for convenience)
and that ¢ : M — X is an immersion.

For a subset A C X, and a > 0, let

B(A,a) ={x e X :d(x, A) < a}.

For my € M, let B.(my,a) denote the connected component of the set
¥~ (B(¥/(myo), a)) containing my, this being the natural neighborhood of
mg in the model manifold, M.

Definition 2.1. /(M) is said to be approximately inflowing invariant if the
following conditions hold

(1) There exist n > 0 and u € C°(M, M), such that
[T(y(m)) — Y(u(m))| <n

forall m € M,
(2) There exists ry € (0, 1) such that y(B.(myg, ry)) is closed in X for any
mo € u(M).

Condition (1) means that {(M) is approximately invariant under T
and u is an approximation of 7 on y(M). Condition (2) essentially states
that the ‘distance’ between the projection of T(y/(M)) into ¥(M) and the
boundary of /(M) is bounded from below. Lemma 3.7 makes this more
precise.

For an example of an immersed, but not embedded invariant manifold,
see [BLZ2].

The inflowing manifolds we consider here have a certain “normal hyper-
bolicity” property, i.e., the linearization DT has different growth rates in
different directions. More precisely, conditions (H1)—(H3) hold:

(H1) For each m € M there is a decomposition
X=X,9X, &X,

of closed subspaces with associated projections IT¢, , IT% , and IT,.

(H2) For any m € M, II¢, is an isomorphism from Dy(m)T, M to X¢,.
Furthermore there exist constants B, L > 1, x € (0, ;), such that, for
any mog € M, my,my € B.(mg, rg), my # my, o =c, u,s,

Ime || < B, |my, — 12| < LIyen) — y(my))|

01— m) =T, (Y —pm)| - _
[W(mD) =y ma)| =X

2.1)
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Hypothesis (H2) means that T, is approximately the tangent space T, Y(M)
and ¥(M) does not twist too much, allowing us to construct a local tubular
neighborhood with a uniform diameter. We notice that if (H2) holds for r
then it also holds for any 0 < r < ry.
The following hypothesis is a weak normal hyperbolicity condition.
(H3) There exist o, A € (0, 1) such that, for any my € M, if m; = u(my),
and o € {c, s}, B € {c, s, u}, with o # g, then

2.2) |, DT(EZf(mo))|X%O | <o
(2.3) |15, DT(y(mq)) X,
(2.4) x| (M, DT(Y(mo))

| <A,

"}
Condition (2.2) represents the approximate invariance of X¢ and X* under
the linearization of the map 7. Note that we do not require X“ to be
approximately invariant. Different growth or decay properties of DT in the

unstable and center-stable directions are assumed in (2.3) and (2.4). Here,
(H3) implicitly assumes that, for any mo € M,

[0, DT(Y(mo)) : X, — X,

w,) | > max {1 | I, DTy (mo))

X%U

is an isomorphism. Though we do not assume DT contracts more strongly
in the direction of X* than it does in the direction of X¢ at this moment,
(H3) is sufficient in the proof of the existence of a unique inflowing invariant
manifold in the direction of X X*. Finally, we have the following technical
assumption on 7.

(H4) There exists By > 1 such that, forany 1 < j < J
| D/ T\ gcpmy.ny | < B

When j > 1, D/T is understood as a multilinear map. Hypothesis (H4)
holds automatically if (M) is precompact. When J = 1, we need the
following function

(2.5)
A(8) = sup{[| DT(x)) — DT(x2)| : x1, x2 € B(Y(M), 8), |x1 — xo| < 6}

Note that if DT is uniformly continuous, then inf A(5) = 0. In fact, we
will only require inf 4 () to be small, which is a weaker version of uniform
continuity. When J > 1, it is obvious that A(5) < B;§. Fora = c, u, s, let

X%(e) ={xe X2 :|x| <e} and X*(e) = {(m,x) :m € M,x € X2(s)}.
Theorem 2.2. Assume that (HI)-(H4) hold. Depending on ry, B, By, A, L,

when n, x, o, and inf A(8) are sufficiently small, there exists a C J positively
invariant manifold W, which is given as the image of a map

h: {(m,xs) meM,x’e an(éo)} — X,
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for some &y > 0. The mapping h also satisfies

h(m, x*) — (Y(m) 4+ x*) € X, (80).

Remark 2.3. a.) The important point is that the smallness of the constants
n, x, 0, and inf A(5) depend on M and T only through the parameters
ro, B, By, A, L. A more precise statement can be found in Theorem 4.2.

b.) From the proof, it holds that, for any m, € M, there exists h:X mo (80) ©
ano (80) — X, SO that

{h(m,xs) ‘m e Bc(mo’ }"O) N W_I(B (1/’(”10)’ if)),xs € X;(if)}

C Yomo) + graph (hly, (o)0, ()
C {h(m,x*) s m € Be(mo, ro) Ny~ (B(¥(mo). &), x° € X;,(80) }.
Moreover, there exists C > 0 depending on ry, B, By, A, L such that

|h |CJ(X510 (50)@)(5”0 (50)) < C.

In fact, Lip h can be rather small (see Theorem 4.2 for details).

This positively invariant manifold is called the center stable manifold
associated with ¥/(M) as it stretches in approximately the tangent direction
and the stable direction of ¥(M). In some cases, an embedded inflowing
invariant manifold, instead of an immersed manifold, is desired. To obtain
the existence of an embedded inflowing invariant manifold, we need not
only the original manifold to be embedded, but also the following condi-
tion

(H2") For my, my € ¥~ (B(¥(mo), ro)), (2.1) holds.

A natural question after the existence and uniqueness of the positively
invariant center-stable manifold W is if there exists a unique positively
invariant manifold close and homeomorphic to ¥(M). The answer is that
there generally exist such manifolds, but not uniquely, and its smoothness is
more delicate. To understand this, think of an ODE which has a hyperbolic
equilibrium with exactly two eigenvalues with negative real parts. If they
are both real but not equal, then the stable manifold, which corresponds
to our center-stable manifold here, and the strong stable manifold, which
corresponds to one of the stable fibers to be constructed in Sect. 5 both
uniquely exist. However, the weak stable manifold (in the direction of
the eigenvector of the weak negative eigenvalue), corresponding to the
center manifold here, exists, but not uniquely. The construction of such
positively invariant center manifolds or weakly stable manifolds is usually
done by first modifying the system outside a bounded set in the phase
space and then applying general theorems like the ones obtained in this

paper.
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If M is both inflowing and overflowing as described in Subsect. 6.2,
which usually implies that M is a closed manifold without boundary, then
there also exists an negatively invariant center unstable manifold. The inter-
section of the center stable and center unstable manifold is a normally
hyperbolic invariant manifold close to Y(M).

The following result concerns a stable foliation of the center-stable
manifold. In the construction we will need a further condition requiring
nondegeneracy in the ‘tangential’ direction:

(H3’) There exists a > 0 such that, for any m, € M, writing m; = u(my),
0, DT(Y(mo)) : X;,, — X,
is an isomorphism with
2.6) | (I15, DT(Y(mo))

2.7) |1, DTy (m))

—1y—1
xgno) | >a

xg, | < (T, DT (mo))

W)

As a convention, throughout the paper, a is taken to be 1 if (H3’) is not
assumed.

In order to avoid technical complications near the boundary of W<, we
will construct stable fibers with base points in an open subset, W which
is away from the boundary of W<, Let

~ . 9 8
e = {h(m,x‘) : W(Bo(m. &) is closed in X, x° € an( 5O>}

where 4 is the map in Theorem 2.2 representing W<,

Theorem 2.4. Assume that (H1)-(H4) and (H3’) hold. Depending on ro, B,
By, A, L, a, whenn, x, o, and inf A(8) are sufficiently small, forany y € W,
there exists a unique C’ submanifold y € W3 C W, such that

(1) T(W) C Wy,

(2) Fory,y € W, “y € W'” is an equivalence relation;,

3) forany y € W;'S, |T™ (j;) — T™W(y)| = 0 exponentially, as n — +00;
(4) Wi is Holder continuous in 'y and TyW ' is continuous in y.

Again the precise statement on the smallness of the quantities 7, x, o,
and inf A(J) is same as in the existence of the center stable manifold and
can be found in Theorem 4.2.

Infact, forany y = ¢(m)+x’+x" € W, the stable fiber W{* through y
can be written as the graph of a C’ map g, from an open set of X*, to X¢ & X"
and g, has small Lipschitz constant. Therefore, the stable fibers are roughly
in the stable directions. We also want to point out that the stable foliation
is constructed without using the existence of an invariant center manifold
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in W, Precise statements of the properties of the stable foliation can be
found in Sect. 5.

For applications, it is important to have some estimate on the quantities
such as Jy, the width of the center stable manifold in the stable direction,
etc. In general, when we are interested in the dynamics near (M), we
would like 8y be as large as possible to provide some characterization of
the dynamics in a large neighborhood of ¥/(M). Sometimes, it is possible
that the center stable manifold contains a center manifold and we may be
interested in the location of the center manifold. In this case, we would
like &y be as small as possible. Therefore, throughout this paper, we will
track these constants and their dependence on the given quantities. A precise
statement about these parameters can be found in Theorem 4.2. In the proofs,
the generic constants C = C(rlo, B, By, i, :l, L) and Cy = Cy(B, By, i, cll)
are increasing in their arguments but may change from line to line. In the
construction, the upper bound oy of o is always taken independent of L.
The independence of oy on L will be needed in one of the applications (see
Subsect. 6.4).

3. Preliminaries

In this section, we establish various local coordinate systems in neighbor-
hoods of (M) and study their relationships. We assume (H1) and (H2)
throughout this section, if not otherwise specified.

Since ¥ is not an embedding, care must be taken to construct the coordin-
ate systems in a tubular neighborhood of y(M). We proceed as in [BLZ2].
Since Y does not locally twist the manifold M very much (see (H2)), we are
able to establish local tubular neighborhoods around ¥ (B.(m, r)), for some
r > 0 and every m € M, and to obtain basic estimates. It may happen that
some points in these tubular neighborhoods do not have globally unique
representations, but this difficulty will be overcome.

Lemma 3.1. If two projections Py, P, on X satisfy
[P — Pl <1,
then P|p,(x) is an isomorphism from Py(X) to P»(X).
Proof. Note that
(Pi— P> =P+ P,— PP,— P,P,.

For any x € P;(X), we have

x — P Pyx = (P; — P))x,
which implies

(I — PiP)|px)ll < 1.
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Therefore, (P; P2)|p,(x) is an isomorphism. Similarly, (P> P;)|p,(x) is also
an isomorphism, which implies P,|p, (x) is an isomorphism. O

By the lemma and according to (H2), for any 0 < r < min{ry, i},
mo € M andm; € B.(mg, r), Hffu |X‘r’n0 is an isomorphism from X‘;‘m to X;l
for « = ¢, s, u. For any my € M and ¢ > 0, define

N(mg, r, &) = {W(m) +x"+x":m € B.(mg, 1), x* € X, |x¥| < 8}

which is the union of X} (&) @ X, (¢) attached to r(m) for allm € B.(my, r).
We shall prove that when r and ¢ are small, N(my, r, €) is a neighbor-
hood of ¥/(B.(mg, r)) in which every point has a unique representation as
given in the definition of N(my, r, ). First, we write points in N(my, r, €)
in different coordinate systems and study how they are related to each
other.

Let m; € B.(mg, ro) and x' € X;i fori = 1,2 and ¢ = u, s. We may
write ¥(m;) + x; + xj' fori =1, 2 as
3.D Y(m;) + x; + xi' = y(mg) + %7 + %] + X

= ¥(m;) + I, %] + I, X',

where X', Xi € X, . A basic comparison between X' and X' is given by
Lemma 3.2. If |X}| < e fori = 1,2, then
(3.2) [T = %5 — (W) = Y(my))|
< (X + 2BLe)[(m) — Y(my)|
+ BLIy(my) — y(mo)| (|7 - 5| + |7 - 53)
and, foroa = u, s,
(3.3) ¢ — 2 - (5 - )|
< (Bx + 2BLe)|[yy(my) — Y(my)|
+ BLIY(m;) — y(mo)| (|7 — B + |55 — 73).
Proof. From (3.1), we have
(3.4) X —x+x —%+x—%
= Y(my) — Y(my) + (H;“ = 1—[? ~v) + (I—Iu ~u I—Iu ~u)
Applying the projection IT;, to (3.4), we obtain
X0 — x5 =I5, (Y(my) — Y(ma)) + (T, — I, )T, (5] — 53)
+ I, (I, — II, )5 + (I, — IO5, )T, (%) — %5)
+ ano(nu _ Hu )~L1
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It follows from (H2) that
|7 — 25 — (Ymy) — Y(ma))|
< xIW¥(my) — Y(ma)| + BLIY(my) — w(mo)| (|7} — 5| + |74 — 7))

+ 2BLe|y(m;) — Y(ma)|
< (6 +2BLe)[y(m1) — Y(m)|

+ BLIY(m1) — Ymo)| (|7 — 55| + [ — %),
which is (3.2) for i = 1. The case for i = 2 can be obtained in the same
fashion.
Finally, applying IT;, to (3.4), we have
X = % = I, (W) — Y(my)) + I, T, (3] — 55)
+ 10, (T, — TT,,)% + I, (IT5, — T, ) (¥} — )
-+ 115, (T, — T ) X5
Hence, from (H2), we obtain (3.3) for the stable direction. Applying IT;,
yields the same estimate for the unstable direction. m|

Note that we did not require ¢ to be a small number. As a consequence,
we have the uniqueness of the local representation of points in N(my, r, &)
following a similar proof as in the paper [BLZ2] for overflowing invariant
manifolds.

Lemma 3.3. Ifm; € B.(mo, 1), x]' € Xy =12 and
(3.5) r<min{1,r0}, |x;’“<8§ ! ,
4L° 2 8BL

fora = u,s, then

Y(my) +xi +x] = ¥(my) + x5 + x;
ifand only if m; = m,, x| = x; and x{ = x3.
Proof. Since |y(m) — ¥(my)| < 2r, from (H2), we have

[(Malvg,) ™ 58] = (=200 7" |x] < 2],

foro = u, s. Since m, € B.(mg, r) C B.(my, ry), one can apply Lemma 3.2
to the points ¥(m) and (m,) + x5 + x4, with m replaced by m. Thus,
we have

[ (m1) — Y(ma)| < (x 4 4BLe)|[Y(my) — Y(ma)l,

where the assumption ¥ (m) + xj + x| = ¥(m,) + x5 + x3 is used. This
implies that m; = m,, and completes the proof. O
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Remark 3.4. If (H2’) is satisfied, one can obtain global uniqueness of repre-
sentation with this coordinate system in the tubular neighborhoods of y/(M).

In the rest of the paper, we always assume that r and e satisfy the
condition (3.5) in Lemma 3.3. Since each point in N(my, r, €) has a unique
representation, we call m the base point of {r(m)+x* +x* € N(my, r, €). Our
next step is to prove that N(my, r, €) is a neighborhood of (B.(my, r)).
Let P,, denote the map from X to X which is given by P, (x) =
I, (x — ¥ (mo)). Then, we have

Lemma 3.5. P, o ¥ is a diffeomorphism from B.(my, ry) to its image
which is an open subset of X;, .

The proof is exactly the same as that of Lemma 3.4 in [BLZ2] and so we
omit it. The next result states that any point in X close to ¥/(mg) + x5 + x;
can be written as ¥(m) + x* + x*.

Lemma 3.6. Let r and ¢ satisfy (3.5) and ry € (0, r] be a number such that

X;;’l() (7"1) C Pmo 1pl((l;c(’n()’ I")))

Then for any x5 € X3, (¢), ¢ = u, s, there exists 6 > 0 such that for any
x € X, satisfying

|x = (¥(mo) + x5+ x5)| <6,
there exist m € (P, W)’]X;m (r1) and x* € X, (¢), @ = u, s, such that
x = Y(m) + x* + x“.
Here 0 depends only on B, L, €, ry, and the norms |xg|, |x;|.

Proof. First note that, from Lemma 3.5, (P,,,%) ! is C! from X5, (r1) to
B.(mg, r). To show that x can be written as x = ¥(m)+x°+x*, we consider
amap f from X o (rn)to X Cmo, for some r, < rq, which is defined as follows.

For any x¢ € X¢, (r2), letm = (P, )~ 'x¢. Notice that m € B.(my, ). We
define

f&x) =I5, T (x — ¥(m)) + x“.
For xi € X, (r2),i = 1,2, letting m; = (PmOW)*le, we compute
£ (x5) = £ (x)1 = [TI5, IS, (my) — Y(mo)) + x5 — x§
+ Iy, (T15, — TI5, ) (x — 9r(my)|

= |8, (115, — 15, ) (¥(my) — Y(ms))
+ H;m(“fnz - anl)('x - 1//(’711))|
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< BL|Y(m>) — y(m))|(|1¥(m2) — Y(mo)| + 6 + | x|
+ x| + [w(my) — wmo)))
< 2BL(0 + |xg| + [xg] + 4r2)[x5 — xf].
Therefore, by choosing 6 and r, small enough such that
(3.6) 2BL(0 + |x3| + |x| +4r2) < 1,
we have that f is a contraction. When x¢ = 0, we have m = m and
| f(O)] = [T, Ty, (x — ¥(mo))| < BS.
This together with (3.6) implies that for a smaller 6 such that

B6 + ZBL(G + ‘xg‘ + |x6" + 4r2)r2 <,

we have f maps X, (r) into itself. Therefore, by the contraction mapping
theorem, there exists a unique x“ € X§, (r2) satisfying

f(x%) = x°.

This implies that for the fixed point x“ and m = (P, ¥)~!'x¢, we have that
IT5,(x — ¥ (m)) = 0. Denote x — ¥(m) = x* + x". We want to show that
|x*], |x*| < &. We note that

x| = |TI, (x — ¥(m))|
< BO + [T x5 | + | T, x8| + |TT5, (yr(m) — r(mo))|
< BO+ |xg| + |11, — T, || (|xa] + |x5] + [wom) — w(mo)l)
+ |11, (W(m) — Y(mg) — x°)|
< BO+ |x§| + 2Lra(|xg| + |xG| + 2r2) 4+ 2Bxr.

Thus, by choosing 6 and r, sufficiently small, we obtain |[x*| < &. The
estimate for x* is similar. This completes the proof of the lemma. O

As a consequence of this lemma, N(my, r, €) is an open set containing
V(B (mo, r)).

In our hypothesis, M is a manifold without boundary. However, M is
only a model of (M) which is our real interest and it is possible that (M)
has boundary in X. To see this, we endow M with the Finsler structure
induced by the immersion i and derive a metric on M. However, M may
not be a complete metric space. Next, we state a lemma that can be used to
show that points in u(M) are away from the boundary. The proof is exactly
same as that of Lemma 3.6 in [BLZ2] and so we omit it.

Lemma 3.7. Forry <randmy € M, if y(B.(mg, 1)) is closed in X, then
Xy (L= X)r1) C Py (Y(Bc(mo, 11))).
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4. Center-stable manifolds

The main result of this section is that, under assumptions (H1)—(H4) with 7,
X, 0, and inf A (S) sufficiently small, T has a positively invariant manifold
W< close to (M) and roughly in the direction of X¢ and X*. Our main
tool is the graph transform.

Throughout this section, we fix i > 0 such that

(1 — A) min{1, a}

41 0 ,
“.1) =Ht=" s00BB,

where a is taken to be 1 if (H3’) is not assumed. How small 5, x, and o
have to be is determined by .
For$ > 0and o = u, s, ¢ let

X8 ={(m,x):me M, x € X2}

Fixing r satisfying (3.5) and » > §y > ¢ > 0, consider amap 4 : X*(§y) —
X, satisfying

(4.2) h(m, x*) — (Y(m) + x*) € X% (¢),

for all (m, x*) € X*(8p). We say h has Lipschitz constant w if for any
mg € M, m; € B.(myg, 8), and x; € X5, (80), 1 = 1,2, one has

@3) |13, (. 53) — i ma. )| < (|18 (h e 53) — o 53)
#1115 (. 53) — oo ).

Definition 4.1. Define I' = I'(¢, u, 8y) to be the collection of all maps &
from X*(8y) to X with Lipschitz constant u. That is, 4 € I' if and only
if (4.2) and (4.3) hold.

Theorem 4.2. Fix j satisfying (4.1). There exist constants ¥, 0g, /o > 0,
determined (decreasingly) only by B, B, cll LA Ii , such that, if

inf A(8) < Ag and x € (0, xo), then there exists a constant 6; > 0,

determined (decreasingly) by rlo, B, Bi,a, A, L, sup{¢Al<¢A0}’ ,lp )l( such that,
when

8oph 1—A
c<on S8 T<c ©e(0 HU-Y
e s \1—2x" 10BB,

for some Cy depending only on B, By, a, A, there exists a unique h € T" so
that T(h(X*(80))) C h(X*(80)). Moreover, the image of h is a C’ manifold.

The proof of this theorem is accomplished through a sequence of lem-
mas.
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Define vy : X*(89) — X by
Yo(m, x*) = Y(m) + x°.
Using (3.2) and (3.3), one may verify that 1/ has Lipschitz constant

Bx 4+ BL§y + 4BLe
1 — 2By —2BLS, — 8BLe"

Therefore, if x, u, &, and & satisfy

5 %
< 80, & <
X=gp = 20BL
we have vy € I'. Therefore, I is not empty. Define a metric on I" by
Iy — holl = sup {| 71 (m, x*) — ho(m, x*)| - (m, x*) € X°(8)},

which makes I" a complete metric space.
We first give local representations of Lipschitz maps & € I'. For any
(mo, x3) € X*(8p), let § > 0 be such that

4.4) § <8 —|xy| and Y(B.(mo,9)) is closed in X,

which roughly means that § is less than the distance from (m, x;) to
the boundary of X*(8y). For any &2 € I', a local representation will be
constructed in a pd-neighborhood of (my, x;), where p € (0, 1) is needed
in the coordinate transformations.

Lemma 4.3. There exist a constant Cy > 0 depending only on B and

a constant C > 0 depending only on B, L, ry such that, for any p € [g, 190]

and x € (0, ;) satisfying Céy + Cox < 1, any 69 = 2¢ and § > 0
satisfying (4.4), and any h € T, there exists a map

£+ X5, (08) ® X, (08) — X,
such that
{W(mo) + x§ +x°+ X" + f(x°, x") 1 x° € X¢, (0), x° € X3, (pd)}
C {h(m,x*) : m € B.(¥(mo), ), x* € X3,(80)}.
Furthermore, for any m € B.(mg, p*8), and x* € Xono (0°8), we have
h(m, T, (x5 4 x°)) = ¥(mo) + x5 + 3 + & + f(&¢, 2°),
for some X* € X0 (p8), a = c,s.

From the definition of I', f has Lipschitz constant n. That is, for any
xP e Xy x| < pé, fori =1,2,and o = s, c, one has

mgo?
[ (65 x3) = f @ )] = el = ¥+ [xg = ).
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Proof. Let

h(mo, x3) = ¥(mo) + x4 + x§.-
For m € B.(mg, p*8), xy € X5, (p8), since

T3, (x5 4+ x*) | < (1 + L8)(8g — 8 + p°8) < o
we write
h(m, IT;, (x§ + x*)) = ¥(m) + I, (x§ + x°) + I}, (x§ + x*)
= Y(mo) + x° +x* + 1",

where x" € Xomo and x* € X, From (3.2) and (3.3), we obtain

Xl = (1 + x 4+ Cd) [y (m) — Y(mo)| < pé,
and  |2° — xj| < (Bx + Cd0)|y(m) — Y(mo)| + |x°| < pd.

In order to finish the proof, we first show that for any x“ € Xj, (pd) and
x' e X, (pd), there exists a unique x* € X o (80)s such that

Y(mo) + x5+ x° + x° 4+ x"

is in the image of A.

For any point in the above form, we would like to find m € M such that
it is in Y(m) + X}, @ X;,. Lemma 3.6 does not apply directly. However,
for small T € [0, 1], it follows from Lemma 3.6 that there exist unique
m; € B.(my, 8) and £} € X}, (&) such that

Yimo) + xp + T(x" + 2" +x) = Ym) + I, £ + T, &y
where, from Lemma 3.3,

~ 1
&= .
8BL

From Lemma 3.2, we have
[W(mo) — Y(mo)| < (1 — (x + 2BLE) ™' |tx‘| < Cod
and  [£2] < &)+ Cod
for @ = u, s. Therefore, using (3.2) and (3.3) again, we obtain
(4.5) [Y(me) — Y(mo)| < (1 — (x + Cp)) ™' |tx‘] < 8.
Furthermore, we have,

| — x§ — ©*| < (Bx + C8o)[¥(mo) — ¥(mo)l,
and | & — wx"| < (Bx + C80) | (my) — ¥(mo)|.
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Thus,
@4.6)  |Im, &,

£ <8, and [£¢] <80+ (Bx + Cdp)s.

From a continuation argument, there exist unique m € B,.(my, §) and X* €
X}, such that

Y(mo) + x5+ x° +x" +x° = yY(m) + IT; X° + IT), 2
and m, x¢ satisfy (4.5) and (4.6).
Thus, we can define the map from X mo (80) to X7,
E(x") = Ty, (h(m, IT},2%) — ¥(my)).

We shall show that E is a contraction on X me (80). For xi' € XU (3), let £¢
be defined as above fori = 1, 2, and o = u, s. From (4.5), (3.2), and (3.3),
it follows that

[Y(my) — Y(my)| < (x + Céo)|Y(ma) — Y(my)]
+ OB (| — &) + |85 &

%5 — £5| < (Bx + C80)[¥(ma) — Y(my)|
+ Co(|& - £+ |8 — 21)),
and |85 — RY| < (Bx + C8)|[¥(m2) — Yr(my)|

),

+ C(|8 — 27| + |85 - £]) + x5 — ],
which imply that
W(ma) — ymp)| + | — 2| < €8xt — x|
and |24 —&Y| < (14 CO)|xk — x¥].

Write h(m;, aniff) fori =1, 2, as
h(m;, T, %) = ¥(m;) + IT), £ 4 Ty, &' = ¥(mo) + X + X} + &',
where X7, Xi' € X7, . From (3.2) and (3.3), we obtain
|7 — x| + % — | = Ca(|% — | + x5 — xf]).
Therefore,

B — | < (1 + CO)|7 — &| + Co|xl

which implies
‘fg —fﬂ + ‘xz xl‘ < C(S("” —)E’l‘| + ‘xé’ —xﬁ‘|).
Since 4 is Lipschitz, we have,

|2 — 2] < (|5 — x|+ |5 - 8]) < Cusly — ]
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This shows that E is a contraction with Lipschitz constant Cu$. On the
other hand, from (3.3), (4.5), and the definition of I,

|2 < |%] + (Bx + C80)8 < (1 — L&) 'e + (Bx + C8)8 < .

Therefore, E maps X}, (o) to itself. The contraction mapping principle
implies that there exists a unique fixed point x*.

By the construction of E and (4.5), there exists a unique m € B.(my, §)
and k¢ € X;O,)ES,)ES € X, and X", ¥" € Xonos such that |IT; %] < 8o,

Y(mo) + x5+ x° + x" 4 x° = Y(m) + T3, & + 142,
and  h(m, T, %) = y(m) + I, + I, & = Y(mo) + & + 2 +x".

Inequalities (3.2), (3.3), and (4.5) immediately imply that x* = . By
defining f(x¢, x*) = x*, we complete the proof. |

Our next step is to construct a transformation & on the space I'" of
pu-Lipschitz maps. The basic idea is that, for any & € T,

Fh) (X (30)) € T (h(X*(80))).

i.e., the image of #(h) is contained in the preimage of the image of 4 under
the map 7. As T is not assumed to be a homeomorphism, the preimage
of this Lipschitz section might be rather wild. However, the approximate
hyperbolicity condition (H3) guarantees that such a transformation ¥ can
be defined.

Recall that the parameter n > 0 is from Definition 2.1 of approximate
inflowing manifolds. In this and the following sections, several lemmas will
have the same preamble as that of Theorem 4.2 and so we single it out and
refer to it as

(S) “Fix p satisfying (4.1). There exist constants xo, 0y, 49 > 0, deter-
mined (decreasingly) only by B, By, clu A, ,lp such that, if inf A(5) < Ao
and x € (0, xo), then there exists a constant §; > 0, determined (de-

creasingly) by rlo, B, B, a, A, L, SHPMLAO}, llw )1(, such that, when

n € 8apr u(l —A)

4.7 . 80 <&, Co, € ,
@D o<on d=dh <G o (1—x 10BB,

for some Cj depending only on B, By, a, \”.

When (H3’) is not assumed, a is understood to be 1.
Lemma 4.4. With preamble (S), for any (m, x*) € X*(8y), and x" € X" (¢),
there exist unique m; € B.(u(m), r), x| € anl(lerASO), and x| € X,‘;”(‘SZU)
such that

d
T(p(m) +x° +x*) = Y(my) + x] +x{ and |Y(u(m)) — Y(m)| < 20
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Proof. Let m = u(m). We have

[Y(m) — T(Y(m) + x* + x|
= Wm) — T(p(m)| + [T(Y(m) + x* + x") — T((m))|
<n+ Bi(6 + ¢).

According to Lemmas 3.6 and 3.7, there exist m; € B.(m,r), x| € anl,
and x| € X,‘;,l, such that

X

u u b 1_
T(Y(m) + x* + x") = Y(my) + x] +x{ with |x‘]"| < 0BL"

In order to complete the proof, we only need to estimate |xj[, |x{|, and

[Y(m) — Yy(my)|. Write
Y(my) +xi +xf = Pmy) + IO, & + 10, ¥ = ¢(m) + 3+ X° 4 1,
where x%, x* € X%l. For t € [0, 1], let
X; = Y(m) + t(x* 4+ x").
We have

1
= / DT(x)(x° + x")dt + T (T((m)) — y(im)).
0

Therefore,
|2 — I DT(W(m))(x* + x)| < Bn+ BAQ8) (Ix"| + |x°]).
From condition (H3), we have

(4.8)  [X"], |X°] < Bn+ (BB1 + BA(250))[x"| + (0 + BA(280))|x°|,
|X°| < Bn+ (BB) + BA(280)) x| + (A + BA(280))x*|.

Therefore, the desired estimate follows immediately from (3.2) and (3.3)
and the uniqueness follows from Lemma 3.3. O

In the following lemma, for my € M, we denote m; = u(mg). Since M
is approximately invariant, ¥r(m) is an approximation of 7(ir(m)).

Lemma 4.5. With preamble (S), for any h € T and (my, x;) € X*(5o),

there exists a unique x5 € X o (&), such that T(Yr(mo) + x; + x;) lies in the
image of h.

Proof. From Lemma 4.4, we can write

T(¥(mo) + x3) = ¥(m,) + x5 + x4 = ¥(my) + 35 + x4 + X,
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where m, € B.(m,r), x$ € D G and x¢ € X;l with
W) — pm)l < 280 ] < Loo x| < T
* 1 o) 0> % o) 0> % o) 0-
From (3.2), (3.3), (4.7), and (4.8), we have
4.9)  |x*] < (14 C8o)(|%4| + (Bx + C8o)(1 — x — C8p)"[<))
S 1—2a
<2Bn+ (2o +2BA(S)) & < 5 &
&

Let§ = ];X 8o. For h € I', Definition 2.1 and Lemma 4.3 imply that there
exists a Lipschitz representation f : X¢, (3) x X3, (5) — X% of h near
(my, x3). For any x* € Xj;lo(s), let

T(Y(mo) + x4 x*) = m, + x + x4 + X + 3 + &',
with x* € X7 . Then we have, from (H3) and (4.7), for« = s, c,
2| = |15, (T (¥(mo) + x5+ x") = T (¥(mo) + x;))| < BBie < 2
Define
E(x") = x" + (I}, DT(¥(mo))

xg,) T (G, 2) = 3 = x2).

We shall prove that E is a contraction on X, (©). In fact, for any x; €
X;’m (e),i=1,2letxy Xf,‘1* be defined as above. Then
(4.10) |%§ — & — 1% DT(Y(mo)) (x5 — x{)|
< |H;* (T(W(mo) + x) + xg) — T(lﬁ(mo) + x) + x’{))
— M4, DT(Y(mo)) (x5 — x1)]
< (C8o + BA(28)))|x5 — x{|,
for = ¢, s, u. Since f has Lipschitz constant u, from (H3), we obtain
|E(e5) - E(xt)| = | (3, DTOwmop |, )™
x Iy [—(%5 — &) 4+ Ty, DT(Y(mo)) (x5 — x?)
+ (8. 8) = £(E. 7))
< (C8o + CoA(280))| x4 — x|
+ (1 + Csp) A (|55 — x| + |75 — %))
(C8o + CoA(280) 4 3BB )| xy — xf|
11—
10

IA

u u
|x2 — X

IA

’
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where (4.1), (4.10), and (4.7) were used. Recall that Cy depends only
on B, Bj, and A. Finally, when x* = 0, we have x* = 0 for « = ¢, s, u.
Consequently, from (4.9)

|EQ)] = | (T4, DTG mo))|,, )~ (£(0,0) — x4)]

X%lo
2A+1
< (1+ Co)r(s + |x%) < ;&
Therefore, E is a contraction on X, (e). Let x; € X, (¢) be the unique
fixed point, then clearly it satisfies the requirement in the lemma. m|

3

< 190], Lemma4.5 allows us to define a map X5 — X

Fixing p € [
by

fz(mo, xf)) = Y(mo) + x5 + X,
where x5 € X, (¢) and it satisfies
T (h(X*(80))) C h(X(80)).
The next lemma states that & has Lipschitz constant p and thus & € T.

Lemma 4.6. With preamble (S), for any h € T, h defined above has Lip-
schitz constant L.

Proof. Taking any mg € M, m; € B.(my, 8), and x; € X5, o)1 = 1,2,
let

@11 h(mg, x3) = Ym) +x) +xf = Y(my) + T, x7* 4 T2, xi*

= Y(my) —|—)Eic —i—)fis + i,
where xi' € X} (¢) and X xt e X3, According to (4.3), we need to prove
(4.12) |7y — & | < p(]xs — x|+ |5 — =)

From the definition of 7, for i = 1,2, there exist (/i;, Xj) € X*(do),
xi' € Xj,.(¢), such that

4.1
(T(;z)(m,-,xf)) = h(i, &) = YR, + T+ 5= YOR) + 5+ £ + 8L
where i1 = u(my), X7 € X3 ,i =1,2,and a = c, 5, u. Since
| < (1= L8y 8. || < (1= L) e,
(4.11) and inequalities (3.2) and (3.3) imply

%] < (14 x + C80)80, || < (14 By + C8p)0,
and |)El“‘ < e+ (Bx + Cdy)dp.
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In order to prove (4.12), we only need to consider the case when
(4.14) w(|35 — x5| + | % — %]|) < 2e+ @By + C80)do.
Using (4.13), we have, fori =1, 2,

1Y Giy) — Wy < |&5| + 2] + [T (h(mi, x5)) — T mo))| + 1
< n+ Coe + Codp < Codp.

From Lemma 4.4, m; € B.(%, r). For T € [0, 1], let
xr = Y(mo) + (1 — D5 4 155 + (1 — OF + 55 + (1 — DIV + 8.
Write
(i, 35) — h(iy, %) = T(h(ma, x5)) — T (h(my, x}))
= /01 DT(x;)dr (%5 — X{ + X5 — & + &5 — X}).

We obtain, from (4.14) and (4.7), fora = ¢, s, u,

1
|2y — 2 :‘n;;/ DT(xt)()Eg—)Ef—I-)E;—)Ef—i-fg—i’{)dr‘
0

< ;(43318 + Coxdo + C8g) < 520
From inequality (3.2),
[ (m2) — Y(my)| < do.
Let
h(ima, 33) = Y(imo) + X5 + 5 = YOmy) + X5 + %, + X5
Since h € T', we have
(4.15) [ — x| < p(|x| + |7 — &)

On the other hand, for ¢ = ¢, s, u,
1
X —x =13 fo DT(x,) (x5 — X§ + X5 — & + &5 — &{)dz.
We have

|4 — X — IS DT(Y(mo)) (x5 — 5§ + 55 — &} + 35 — i)

x

< (C8y + BABS) (| X5 — x| + % — x| + |75 — x{])
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where X{ is understood as 0. This implies

—1=1) - —u
xgno) ” xz_x1|

— (0 + C8y + BAB3S8) (|55 — x| + |75 — x| + |75 — &)

% — | = (11, DT (mo))

and
% — &+ %

< A|% — & + | 105, DT(W(my))

o 185 — ] + 288, |5t — 5
+ (0 4 C8o + BA3S) (| x5 — x| + |55 — x}| + |75 — &1 ]).
Therefore, from (4.15) and (H3), we obtain
% — %
- A+ 20 4+ Céy + 2BA(3d0) )
1 —2BBiAp — 2h0 — Cy — 2BA(38))
which, along with condition (4.1) on u, implies (4.12). |

(1% = %[+ & - &

From Lemmas 4.5 and 4.6, we can define a transform ¥ on the space I
as

F(h) = h.
Since / is the unique map in I such that
T(h(X°(50))) C h(X*(50)),

amap h € I' is a fixed point of ¥ if and only if £ (X*(8p)) is positively
invariant under 7. We shall prove that £ is a contraction on I", the essential
step being the following lemma.

Leth € T, (mg, x5) € X*(80), and

h(mo, x3) = Y(mo) + x5 + .
For any x{ € X, (2¢), from Lemma 4.4 applied for a slightly different
& > 0, we can write
T (Y(mo) + x3 + x{) = Y(my) + & + x{
)

with |¥}] < 1—‘2_A80 and [%}| <

Let h(my, x}) = ¥(m) + X] + X, under the conditions in Lemmas 4.5
and 4.6, we have

Lemma 4.7. There exists Ay € (A, 1), independent of h, mg, xy, x;, x{,
such that

~u

u u U
‘xl —x0| §k1|x1 — X |-
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Proof. Let my = u(mg) and
T (h(mo, x})) = h(ino, X)) = Y(ing) + X + Xy = w(m) + £5+ £ + £,

where X € X;"hl and xj € X%O (8p). From Lemma 4.4,

[ (mo) — w(mo)l, [¥(ing) — Y(m)| < 820.
Foro = c¢, s, u, write
xX{ =X = H%l fol DT(w(mo) +xy+ (1 — x5 + rxﬁ‘)(x’{ — xg)dr
and we have
|¥§ — £ — 1% DT(Y(mo)) (x} — x§)| < (C8o + BA280)) |x| — x§|,
where it is understood that x{ = 0. Therefore, from (H3), we obtain
|%6] + [£) — %| < 2BB; + C8) + BA(280))|x{ — x§|
|26 — x| = (A" = C8 — BAQSy)) |t — x|
On the other hand, since 4 has Lipschitz constant pu,
< u( ) < 1(2BBy + C8) + BA230)|x{ — x|

The lemma immediately follows from these inequalities and (4.1). O

~u au

~C =5 ~S
Xo| + |x1 — X

Corollary 4.8. F is a contraction on T, with Lipschitz constant A;.

To prove the corollary, taking any 4, h; € I" and (mo, x;), one obtains
the estimate of

|F (hy)(mo, x3) — F(h)(mo. x3)|

from Lemma 4.7 by letting x{ = F(h;)(mo, x3) — ¥(mo) — x;.
Thus, there exists a unique fixed point 4y € I of ¥ and

WCS = ho(XS (50))

is positively invariant under 7. We call it the center-stable manifold around
v(M).
Remark 4.9. When (H2’) holds, A is an embedding.

The higher order smoothness of W follows from Theorem B and The-
orem 7.3 in [BLZ2] and so the proof of Theorem 4.2 is complete.

To end this section, we present the following characterization of W*.
Let U be the tubular neighborhood of y(M),

U= {ym)+x +x":x° € X} (), x" € X},(2¢)}.
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Proposition 4.10. For any xo € U, xo € W if and only if T™ (xo) € U
foralln=1,2,....

Proof. Since W is positively invariant, it is clear that if x, € W<, then
T (xy) € W C U for all n > 0. On the other hand, if 7" (x,) € U for
alln > 0, let

Xy =T (x0) =m, + x5 + x4, x)€X, (), xi € X%, (8), n > 0.
From Lemma 4.7, we have
|xg — ho(mo,x3)| < A7|x;’l — ho(m,,,xj;)| <3Ale >0, asn— oo.

Therefore, xo € W<. O

5. Stable foliations

In this section, under the assumptions (H1)—-(H4) and (H3’), we shall con-
struct stable fibers inside the positively invariant center-stable manifold. In
this construction, please note that no invariant center-manifold is assumed
to exist in the center-stable manifold. Recall, from the notations used in
Sect. 4, that W = hy(X*(8p)) where hy € I'. Therefore, (m, x*) can be
used as a coordinate system on W<. Let

W = {ho(m, x%) s Y(Be(m, 8)) is closed in X, x* € xm(if’>}
We prove that, under the condition of Theorem 2.4 and for possibly smaller
80, each point in W< belongs to a stable fiber. The stable fibers form a con-
tinuous family of C/ submanifolds which are roughly in the stable direction.
They are either identical or disjoint. Furthermore, 7 maps each fiber en-
tirely into another one and is contractive. The reason that we introduce
the open subset W in W is to avoid technical complications near its
boundary.

In [BLZ3], stable (unstable) foliations inside the center-stable (center-
unstable) manifold of a compact normally hyperbolic invariant manifold
(without boundary) are constructed by a graph transform method. The same
method also works here but instead, we use a Lyapunov—Perron type method
based on series. Note that our normal hyperbolicity assumption is only
pointwise.

For any yo = ho(mo, xp) € W and n > 0, from Definition 2.1,
Lemma 4.4, and the invariance of W, there exists y, = ho(m,, x,) € wes
such that

S Tw-1) = yo = ¥(my) +x, +x,, my € Be(u(my—1), 7).
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Fix

and let
Fu't X5, (08) @ X3, (98) — X0,

be the map defined in Lemma 4.3 at y,. Since W is C”, f, is a C’ map.
From the invariance of W, for any n > 0, T induces a map S,, such that

(5.2) T(W(mn) +x x4 fu(x€, xs))
= 1ﬁ(’nn—&-l) + xf,+1 + Sn(xc, xs) + fn+1(Sn (XC, XS)).

The domain of S, is at least a neighborhood of 0 in X5, (p8) & X5, (p8) and
S, 1s as smooth as 7T'. It is clear that S,,(0) = 0. Let fora = ¢, s,

S/ =10, S A7=DSI0), .

Ry = (R}, R)) = (S, — A}, 5, — 4,),

where we slightly abused the notation by also using Aj to represent its 0
extension to X;, @ X;, . For DS, and related linear operators, we use the
operator norm

I DS, || = sup {| DS (%, £)| + | DS, (x¢, ¥) | : || + |&°] = 1}.
LetA = ]?. We have the following technical lemma.

Lemma 5.1. With preamble (S), the domain of S, contains X¢, (2331) @®
X3 n(,oS) and for2 <k < J,

|DSy| <2BBy, |A}| < Xmin {1,

()17 S = ™

DRY| <o + C8y + 3BB ju + 3BA(28,), |D'RY| < C.
| DR | D'R;

Remark 5.2. In this section, the conditions on parameter are always proved
to be independent of the specific orbit {y,} unless otherwise specified.

Proof. From (5.2), we have, for @ = ¢, s,

(5.3) DS*(x%, x*)
=M% DT (Y(m,) +x) +x° +x° + f,(x°,x%)) o (I + Df,,(x, x"))

My

where I represents the identity operator on X; @ X, . The conclusion
concerning the domain of S, and the estimate on DSY follow immediately
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from (5.3). Since |Y(m, 1) — Y(u(my))| < 82" by Lemma 4.4, substituting
x¢ =0and x°* = 0 into (5.3), we obtain

|A% — 112, | DT(y(m,))

xs, | < BB+ C8y + BA(S),

which, along with (H3’), implies the estimates on Aj. The estimate on
IDRY|| follows similarly. From Theorem 7.3 in [BLZ2], D¥f, is bounded
with an upper bound independent of the orbit {y,}. Differentiating (5.3)
multiple times, we obtain the estimate on || DkRg Il |

Suppose

(54) (x5, %) € X¢ o ® X5, (p8) :n>0
. X, X, m\ 2B, m, (PO) 11 =

is an orbit of {S, : n > 0}, i.e.,
(5.5) (X5, 1. %00) = Sa(%5, %)), n>0.
Then, forx = ¢, s, and n, > n; > 0,
—a _AQ = —c
A2 ]xnz ]+Rn2 l(nz ]’ n2 1)
_A(:llz lAaz 2)?n2 2+An2 lez 2( np—2° nz 2)+Rn2 l( 22 1 _:lz l)

=( T a)m+ > ( TII A?‘)R“(xi,fi)

ny<k<np—1 ni<k<ny—1 k+1<il<np—1

Therefore, for ny > n > 0,

o wm=( T Mu+ X ( [T 4)rRE=)

0<k<n-—1 0<k<n—1 k+I1<l<n—1
—1 —1
=C __ c =C c C [ =C =S5
67 i _( I1 Ak) -0 ( I1 A,) R (x5, £5).
n<k<ng—1 n<k<no—1 n<I<k

If we also assume this orbit satisfies
-1
li ( c) o _
nognoo l_[ Ak xno 0
0<k<ngp—1
then we have
-1
(5.8) g=- Y ( I1 A,C) R (%, 7).
n<k<4oo n<I<k

Therefore, such orbits are solutions to systems of equations (5.6) and (5.8).
We will use the contraction mapping principle to find such orbits.
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Fix y € (é + 231’ § + ’;).Forany

(5.9) = (“' “')eX ) B X (p8):n>0
. = (x5, x c : s ‘n
¢ men " 2BB1 " ’

let

G100 el = swpy (T 1)) (] + 5

n=0,n=j=0

Jj<k<n-—1
Define
o ==l exe (2 Yox, o :n=ol:
Yy 1= X Xp my 2BB] mn’o -nz :

lzll, < 00}»
Iy ={zeQ):zl, < ps}.

It is easy to see that €2, is a Banach space and I} is a closed subset in €2},
For any x* € ano(‘gz") and any sequence z = {(x{,X)) : n > 0} € F]‘j, for
n>0let

i m=( [T a)r+ X ( IT 4)r@E=)

0<k<n—1 0<k<n—1 k+l<i<n—I

5.12) F=- Y (]_[A?)ilRi(fi,fi)

n<k<+4oo n<I<k

(5.13) F(' ) =F={(¥ &) :n>0).

We shall prove that, for any x* € ano (520), F ¥ (x*, ) is a contraction on F;.
Since {R}} has a uniform Lipschitz constant according to Lemma 5.1, it is
easy to verify that z € I’} is an orbit of {S,} if and only if it is a fixed point
of F*(x;, - ) where X is the 0-th stable component of z.

Lemma 5.3. With preamble (S), for any x° € X;m(‘;o), FE(x*, -) maps F;
to itself and has a Lipschitz constant bounded by

(0 + C8y + 3BB 11 + 3BA(25))).
a(l — 1)

Note that, from the proof, the conditions on the parameters are independ-
ent of y.
Proof. Let z; = {(x¢ i;n)} € F; and 7; = {(&¢ ff’n)} be defined as

nn’ in’

in (5.11)—(5.13) fori = 1, 2. From (5.11) and Lemma 5.1, we have, for any
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n>00<j<n,

(T 10 ), -

j<k<n-—1
<y 3 BT A ™ ) IR B.0) — RiEs 0 50|
0<k<n-—1 J=<I<k
2V n—k—1
<7 ( ) | DR 122 = 211l
0<k<n-—1
- 12(c 4+ Cé¢ + 3BB; it + 3BA(26))) Iz — 21|
= a(l — 1) 2o

For n = 0, it is clear that X = X5 = x*. On the other hand, for n > 0,
0 < j < n, we also have

o (CTT 1) ), — 7

j<k<n—1

<y Z (l_[ H(Af)_l||)|Ri(f§,kvf§,k) RE(X5 1 %1 1)

n<k<+4oo j<I<k

2
o2 YRz~

=
n<k<+oo
12(0 + Céy + 3BB 1 + 3BA(26)))
< lz2 — z1lly-
a(l — )

Finally, using Lemma 5.1, it is easy to show that ||F*(x*, 0)|, <
Therefore, one finds that ¥*(x*, -) maps F; to itself and is a contraction
on F;. m|

o
5 -

Lemma 5.3 implies that, for any x* € ano(‘sz(’), there exists a unique
g(x*) € I') such that 7 (x", g(x*)) = g(x*). Let g(x*) = {(x, x;)}. In the
following, we will investigate the dependence of g(x*) on x*. Firstly, ¥° is
linear in x* and

(5.14) DuF* = {(0, I1 Ai)} € L(X3,. Q).

0<k<n-—1

In addition, we have

Lemma 54. F*(x*,-)eC’/~" l(I’ ). Furthermore, for any y, € (J/, + ’;),
FHS, ) € O/ T).

Recall that T is assumed to be a C’/ map on X. We also notice that
D C I wheny >y.
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Proof. Let z = {(x;,x,)} € T} and Z; = {(],, %] )} € @ fori =
1,2,...,K < J.Let

(5.15)

Yoo( T 4P R [ b © - © (Fe £50)]
0<k<n—1 k+Il<i<n—1
and
(5.16)
== Y (T14) PR D6 ) ® - ® (fe i)
n<k<+oo n<iI<k

Then, formally, we have

(5.17) DEF (x*, )1, ... 2x) =2 ={(&. %))}

n

We first show that DK ¥ is a well-defined bounded multilinear operator for
1 < K < J.Thus, ¥ = is C/~"!. From (5.15) and Lemma 5.1, we have, for
anyn >0and 0 < j <n,

y (T 1))

Jj<k<n—1
-n yn—k—1 -\ —1 ~c ~s
<oy 30 BT A ™) (5l + £1.40)
0<k<n—1 J<I<k
k(K—=1)) 2 A
< Y ED N2y, - 2kl
—nyn—k—1_, Kk 2 A C A A
<C D TR a0 ladly o k-
0<k<n—1 Yy —A

On the other hand, we have

(T 1))l

Jj<k<n—1

=y 3 (TTHAD T (5l + 51Dy S il - 1kl

n<k<4oo j<I<k
=< Zilly -+ 12k lly-
| yII lly - lzglly
These estimates imply that DKJ‘T % is a bounded K-linear operator for 1 <

K < J and thus % is C’/~'in z.
We next prove the continuity of DXF* in z when considered as a K-lin-

ear map from QY to QV for y; € (y, + ) For z; = {(x{,, X} )} € [,
i=1,2,let

Df?s(xs,zi)(fl, LK) =34 = {(ilcn’f:n)}’
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defined as in (5.15) and (5.16). Much as in the above estimates, for any
n>0and 0 < j <n, one has

18y (CTT 1™ )%, — 2

j<k<n-—1

_ 21 e |IZK
Y1 y 4

an

X " =C =S S(=C =5
<X (5) 1o - D)

0<k<n—1 Y

19 (T 1™ )%, — %5

Jj<k<n—1

2 y)"
< NZ1lly - 12kl
a()/] y y

< D DR 8 ) — DRRU(E 7).

n<k<oo

Note that the right sides of the above two inequalities are both bounded by

n
A A 14
Clizully -~ lzx I ( ) :
Y "\ y,

Therefore, for fixed z; and any @ > 0, there exists N > 0 such that
Jj<k<n—1
<ollZilly - Nzkll,

when n > N. For n < N, from the dominant convergence theorem, the
above inequality still holds when |zo — z;||, is sufficiently small. This
proves that ¥ is C” from T to I}, . O

Itis clear from Lemma 5.4 that the fixed point g(x*) of £ (x*, - )is C/ 1!
in x*. A less obvious consequence of Lemma 5.4 is
Lemma 5.5. Foranyy € (} +%.,2+ %), g € C/(X3, (%), T%).
Proof. We shall only prove this for the case for J = 1; the higher order
smoothness follows similarly. Fix yy € (; + 231, ). Note, from Lemma 5.4,

[1 - D7 (¢ g)] ' = D.F (. g(x))
k=0

e c(x(5 ) ptmm) na(x ()23
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for any y; € (y, § + é). Therefore,

Z() = [1 = DF O, g(x)] D F*

1) 1
0 0 0
eC (ano(z )’ L(Xfﬂo’ F}?)) N Loo(ano(z )’ L(Xfﬂo’ F;0)>

~ 5
For any x*, X' € X, (7)),

g(E) = g(r') = F' (¥, (&) — F' (&', g(x"))
= DuF (F —x) + DF (", gx" ) (g(F) — g(x")
+F g — FU, g()
— D.F (Y, g ((F) — g ().

Note that Lemma 5.4 implies that g is Lipschitz, but we also obtain, for any
Y1 > Yo,

I8 (¥) — 8(x) = ZG)(X =)y,

- 0 asx®— x’,
[# = x)

which means that Z(x*) is the derivative of g(x*). O

Recall the above construction is based on the orbit {y,} starting at yy =
ho(myg, x;). For any x* € ano(‘szo), let

8y, (x*) = xq,

where xg is the 0-th center component of g(x*). From Lemma 5.5, g, €
CJ(X‘;,O(‘SZO), X,,)- In fact, it is clear that g, (0) = 0 and, from Lemma 5.3
and (5.14),

24(0c 4+ Cép + 3BB 0 + 3BA(260))

5.20 Dsg,. <
(5:20) v = a(l =)

L.
Let

1)
W, = {W’"@ £ B, () fol8y, (), 47) 15" € X‘Zm< ) )}

W3, is called the stable fiber passing through yo and itis a C " submanifold.
The point y, is said to be a representative or a base point of the fiber.
Furthermore, we have

Lemma 5.6. (1) Lety, = ho(my, x}) be defined as in (5.1) for yo, then we
have T(W') C W

(2) Fory,j € W, “§ e W3 is an equivalence relation.
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The idea of the proof is that y € W{* implies the orbits of y and y
exponentially converge to each other at a certain rate. We omit the details
of the proof. It follows from the lemma that W can be foliated into this
invariant family of stable fibers.

Next, we prove that the fibers are locally Holder with respect to the
base points. For any base point y, € W*, we still use the above notations,
Yo = ho(myu, x;,), fa, Su, etc. For any (X%, x%) € X (pd) & X, (0),
let

gn(iC’ .fS’ .) . XS

C
my an

be the local representation of the stable fiber through y, = ¥(m,) + x; +
T4 T+ [, (X6, 7, ie., g, (X, %, 0) = x° and

Y(my) + X, + 8, (X, X%, x°) + 5" +x° + f,(8, (X, X°, x°), ¥* +x°) € W

From (5.20), the domain of g, (x, x°, -) is a subset of X;, (pd) containing
at least a neighborhood of 0 in X7, .

Lemma 5.7. (1) There exist B > 0 and Cy > 0 depending only on B, By,
A, a, and yy, and wy > 0 independent of y, such that

|g0(F, &, x*) — £0(0, 0, x*)| < Co(J%°| + |X°])”

whenever |x¢| + |X°| < wy and |x°] < j.
(2) Dysgo(x€, x°,0) is continuous in X and x°.

This lemma means that stable fibers are locally Holder continuous in the
base point and the tangent spaces of the fibers vary continuously.

Proof. From (5.20), when @y is small enough, the domain of g, (x¢, X°, -)
contains ano(i). Since W¢ and the family of stable fibers are invariant

under the map T, we may define x; € X], ,X,, X, € X; inductively so
that

Su(gn(¥5- %5 1) 55+ 53) = ot (T 10 Fppr For) + 50 + 50

8&n (iga )E:l’ i:,) — &n (07 Oa f:l)v

where Xy = x°, Xy = x*. These quantities are well defined as long as
Xy, Xp + % € X5, (pd) and xp, gr(Xy, X, ) € Xi, (pd) fork=1,2,...,n.

It may happen that they leave the coordinate charts X3, (pd) ® X;, (pd) and
stop being well defined for large n. From Lemma 5.1, we have

5 + || = 2BBy (|5, ] + [5]) = @BB)" (1] + 12°D.
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On the other hand, from Lemma 5.1 and (5.20),
[t | = 185 (80 (55, 55 53). 55 + 5,) = S,(%5. %))
=A% + R, (8 (%, %, 53), By + %) — Ry (5, )|
< | A5 [z + [ DR (%3] + [8a (55, % %5) — %5 )

<[ TAl+ 2| DRy [)1xI.
k=0

Therefore,

(5.21)

|gn (55, %5, 83)| < BB (1] + |¥']) + 2 H | Akl + 2| DR [)1x"1.
k=0

Let £, | satisfy
8n+1 (0’ 0, £;+1) + X\;’Vl-f—l = Sn (gn (0, 0, f:l), .f;;)
Then we have
[ = B | = |8 + IS5 5, ), 5 + 5)
~53(5(0.0.%). %)
<20@2BB)"' (|| + 1)) + | DR} ||| 5]
Therefore,
[Eoii] = |8 (ga (55, 50, 50), %+ 50) — S5(24(0,0, %), %) |
- ﬂ'ﬁwl - ffwl |
> [1(as) """ = 2] DRy ] 155] - 32BBY" (%] + 1),

which implies
551 = TTOIA) | — 2R ] - 3mac2B 5+ 12,
k=0

From the definition of X_ and using (5.21) and the estimate on X3, we obtain

" =C =S 1+)_\' " N
(5.22) |% |<( >(|x|+|x|)+2( 5 >|x|.
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Let

2 . e
log s _(B—Dlog(I¥| + [¥'])

= nyp =
log lJZFX 4 log 10BB; 10BB;

. log .
1
as B
wy =
200BB;

and take n; be the integer in [ng, no + 1), then one can verify that X, X7,
and x_ are well defined for all n < n,. Substituting n; into (5.22), we
immediately obtain

20BB,

a

|80 (X, 2, x°) — £0(0,0,x")| = |%5| < (F T+ 12 D7,

which gives the Holder continuity of the fibers in the base point.
In order to prove conclusion (2), we only need to consider the continuity
of D,sgo(x, x°,0) at (x°, x*) = (0,0). Fork > n > 0, let

LY =D(Siei 00 8) (¥, 55), L) = D(Si_0---085,)%0,0)
and
Gn :Dxfgn(i;,f,sp 0)’ G,EO) :Dxfgn(O, 0’ 0)’

for o = ¢, s, where X7 is defined as in the first part of the proof. From the
invariance of the family of fibers, one can calculate that

(5.23) (Ly , — GkL), )Gy = (GkL) . — L ;)

X3o

The same equation also holds if x; and X}’ are replaced by 0. Though these
operators may not be defined for all n and k, the smaller |x;| 4 |X]] is,
the larger n and k can be taken so that G and L are well defined. Since
|G, |l < i by (5.20), identity (5.23) implies

(152 - GPLi3) (60 = ) = (61 ~ G L, + Go + o,

where o(1) term converges to 0 as |xg| + |Xj| — O for any fixed k > 0.
Therefore, from Lemma 5.1 and (5.20), we obtain

14 2\*
||GO—G(§°>||53,1( er ) +o(1).

For any w > 0, fix k so large that the first term is less than %. Then, when
|x6| + x5 is sufficiently small, the left side is bounded by . This estimate
proves the continuity of D,sgo(x¢, x°, 0) in X and X*. O
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6. Extensions

In the previous sections, we studied approximate inflowing manifolds for
a C! map T defined on a Banach space. We now extend these results in
several directions.

6.1. Semiflows. Let T € C°([0, +00) x X, X) be a C’ semiflow on X for
some J > 1,1i.e.,

T'eCl(X,X), T°=1 T =ToT* forallts>D0.

Suppose there exist y, > 0, a Banach manifold M, and an immersion
¥ : M — X such that conditions (H1)-(H4) are satisfied for y/(M) and T7.
In that case we say that ¥/(M) is an approximate inflowing manifold for
the semiflow 7. Under the conditions of Theorem 2.2, there exists a C’
immersed inflowing invariant submanifold W for the map 7", which is
also the unique center stable manifold of the map 7" for any integer n > 0.
In order to prove that W is positively invariant under the semiflow 7", we
further assume

(H5) There exists an integer k > 0, such that for any & > 0, there exists
¢ > 0, such that for any x € B(y/(M),r) and t € [kty, kty + ¢], we
have

IT"(x) — T"x| < &.

With this weak uniform continuity condition in time, from Lemma 4.4 and
Proposition 4.10 we obtain the local positive invariance of W under the
semiflow.

Theorem 6.1. Assume (HS) holds. For any x € W we have

o T"0(x) € W for any integer n > 0 and
o T'(x) € WS forallt € [0,t;]1if T"(x) € U forallt € [0, 1], where U
is the neighborhood defined in Proposition 4.10.

The next issue is, under hypothesis (H3’), the invariance of the family
of stable fibers under the semiflow. For any two points x, ¥ € W<, from
the construction of the stable fibers, it is clear that ¥ € W} if and only if
[T (x) — T"0(X)| satisfies the decay condition required in the definition

of the set F)‘j, defined based on {T"(x)}, for some y € (é + 2?, § + ’;).
On the other hand, if this decay condition holds for an orbit for some y in

that interval, then it holds for all y in that range. Using these properties, one

can prove that, for any X, x € We if § € W, then T'(X) € Wi ) for all

t = nty with integern > 0 and ¢ € [0, #;] where ¢, satisfying that 7' (x) € U
forall ¢ € [0, #;].
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6.2. Overflowing manifolds. In this subsection, we shall consider nor-
mally hyperbolic approximately overflowing invariant manifolds. The re-
sults are basically parallel to the case of approximate inflowing invariant
manifolds.

Definition 6.2. An immersed manifold {»(M) C X is said to be approxi-
mately overflowing invariant if the following hold

1. There exist an open subset M; C M, a homeomorphism v : M — M|,
and n > 0 such that, for allm € M

I T(Y(v(m))) — Y(m)| < n;

2. There exists ro € (0, 1) such that {(B.(my, ry)) is closed in X for any
moy € u(M).

Condition (1) means that the image of ¥(M;) under T almost covers (M)
and v is approximately 7! on ¥(M). In particular, (2) means ¥(M;) is
“strictly smaller” than y(M). Note here that v is assumed to be invertible.

In addition to (H1) and (H2), instead of (H3), we assume the following
normal hyperbolicity condition

(C3) There exists a € (0, 1), A € (0, 1) and positive integer J such that,
for any my € M, mg = v(my), o« € {c,u}, B € {c, s, u}, @ # B,

||l'[§”DT(¢f(mo))|X% | <o, ||(TT5, DT(W(m)) X%)—l I >
)‘H (HZIDT(W(mo)) x%)_lﬂ_l > 1,
15, DT omo) |, || < %min {1, (115, DTG, )™}

Note (C3) implicitly assumes that, for any m € M, my = v(my),
I, DT(Y(mo)) : X‘,"no — X5,
is an isomorphism for o = ¢, u.

Theorem 6.3. Assume that (H1), (H2), (C3), and (H4) hold. Depending
onry, B, By, A, L, when n, x, o, and inf A(8) are sufficiently small, there
exists a C’ negatively invariant manifold W, which is given as the image
of a map

h:{(m,x"):meMx" e X))} — X.
Moreover h satisfies

h(m, x") — (Y (m) + x*) € X;,(8o).
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When we say that W< is negatively invariant we mean that it satisfies
Definition 6.2 for n = 0. W is called the center unstable manifold associ-
ated with ¥/(M). In this way, T : W — T(W*) is a homeomorphism and
T~! can be uniquely defined on W, A precise statement on the smallness
of the parameters 7, x, o, and inf A(5) can be found in Theorem 4.2.

Remark 6.4. When (H?2') holds for M, then W is an embedded submani-
fold which also satisfies (H?2').

In order to construct unstable fibers in the center unstable manifold,
which extend in the unstable diretion, we will further need

(C3’) Forany m; € M, writing mo = v(m,),

M (I, DTWma [, )| > T, DT mo)

ano

Let W< be an open subset of W away from its boundary:

) b
Vren — {h(m,x”) s Y(B.(m, &y)) is closed in X, x* € Xf,l( 50)},

where 4 is the map in Theorem 6.3 representing W<,

Theorem 6.5. Assume that (H1), (H2), (C3), (H4), and (C3’) hold. De-
pending on ro, B, By, A, L, when n, x, o, and inf A(S) are sufficiently
small, for any y € W, there exists a unique C’ submanifold containing v,
Wit C W, such that

(1) T : T_l(W;(’fv)) N W;” — W%,) is a diffeomorphism;
(2) Fory,j € W “5 e WE*™ is an equivalence relation;
(3) for any 5 € Wi, T () — T (y)| — 0 exponentially, as n —

+O<>;
(4) Wi is Holder continuous in'y and TyW " is continuous in y.

Remark 6.6. Finally, if an approximately normally hyperbolic invariant
manifold M is both inflowing and overflowing, then the intersection of
its center stable and center unstable manifolds gives a true C’ normally
hyperbolic invariant manifold M close to M. Moreover, if the dynamics is
defined by a semiflow, then Theorem 6.1 implies M is invariant.

In fact, if an approximately normally hyperbolic invariant manifold is
both inflowing and overflowing, in the spirit of Lemma 3.7, it has be a closed
manifold without boundary.

6.3. Smoothness in external parameters. In practical applications of in-
variant manifold theory, it is often the case that the map T depends on
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an external parameter. It is important to determine the smoothness of the
invariant objects with respect to this parameter.

Let X and Y be Banach spaces and T : X x ¥ — X. Suppose that
T € C/(X x Y, X) and that /(M) is an approximately inflowing invariant
manifold for 7(-, 0). Assume conditions (H1)-(H3) hold for 7(-, 0) and
(H4) for T in both x and y in a neighborhood of (M) x {0} in X x Y.
Under these assumptions, (M) is actually an approximately inflowing
invariant manifold for 7( -, y) for all small y € Y. Therefore, there exists
a positively invariant center stable manifold given by amap A ( -, y) for each
small y. One would like to know how smoothly does /# depend on y.

If T and D, T are only continuous in y € Y, we refer to Theorem A and
Theorem 6.2 in [BLZ2]. Basically, the result is, under certain conditions,
if T is continuous from Y to C’(X, X), then h(y, -) and its derivatives up
to the J-th derivatives are uniformly continuous in y.

The idea to prove the smoothness of % in y is to extend the phase space
of the dynamical system to X x Y.

We need a technical assumption: The norm |- | on the Banach space Y
is a C” function away from O.

Let¢ : R — [0, 1] be a C* cut-off function,

o(s) =1, fors € [£, &, ¢'(s) <O, fors > &,

for some & > 0. Extend T as

T(x,y) = (T(x, y), p(lyDy).

It is easy to see that, when £ is sufficiently small, ¥(M) x By(0, 2§) is
an approximately normally hyperbolic inflowing invariant manifold for 7.
Therefore, there exists a C’/ map ﬁ(m, x*,y) such that its image is the
positively invariant center stable manifold near /(M) x By(0, 2£). On the
other hand, for any fixed y € By(0, &), the image of fz(- , ¥) obviously is
the center stable manifold for 7( -, y). Therefore, the center stable manifold
is C” in y. In addition, the stable fibers are Holder continuous in y. Under
additional spectral gap conditions, with some more effort which is not
included in this paper, it is sometimes possible to prove that the stable fibers
are C’/~! with respect to the base points (see for example, [CL]). The case
of an approximately overflowing invariant manifold is similar.

This discussion is actually relevant to the fundamental issue of the
smoothness of stable or unstable manifolds with respect to parameters even
for a finite-dimensional ODE,

= f(x,y), xeR", fecC’, f0,y)=0

near the fixed point x = 0. From the above argument, we obtain that the
center stable and center unstable manifolds of x = 0 are C* in y. Thus,
if x = 0 is hyperbolic, its stable and unstable manifolds are also C* in y.
However, if x = 0 has center directions for y = 0, we could not obtain
the C* smoothness of its stable and unstable manifolds, as they can only
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be treated as stable and unstable fibers in the augmented system with y
included. From the following example, one sees that this actually is not just
a technical problem of our approach. Consider

(6.1) X1 =x1, X =g(x1,y)

where g € C' and g(0, y) = 0. The unstable manifold of this system is
explicitly given by

1
1
X2 = / g(xys, y)ds
o S
whose right side may not be C! in y if g is only C'.

6.4. Persistence of C'! normally hyperbolic invariant manifolds. Finally,
we consider persistence of an invariant manifold for a dynamical system
under small perturbations and relax the C? requirement for the result
in [BLZ1].

Let X be a Banach space and let T € C’(X, X). Suppose M C X is
a C’ embedded invariant submanifold under T, i.e., M = T(M). One of
the important questions is: When 7' is slightly perturbed to T in the C top-
ology, does an invariant manifold M of T exists near M? It has been shown
(see [F1], [F2], [F3], [HPS] [KB], [Ku]) that in finite dimensions, a nearby
invariant manifold M of T exists if M is a closed submanifold without
boundary and it is normally hyperbolic. The problem in infinite dimen-
sions has been studied in [He], etc. For the general problem of persistence
of invariant manifolds, the dynamics near the boundary is subtle. Over-
flowing and inflowing are two robust situations for backward and forward
semidynamics, respectively. In order to obtain a manifold invariant for
both forward and backward directions, the unperturbed manifold should be
both inflowing and overflowing, and thus without boundary. It is proved
in [BLZ1] that if

(A1) X is a Banach space and T € C'(X, X), M C X is a connected
compact C? submanifold and T(M) =

(A2) For any m € M, there exist projections IT¢, IT} , and IT;, C Uin m,
such that, for o« = c, u, s,

g, + 10, + 11, =1, X, =T,M, DI(m)(X;) C X%,
where X7 = I1% X. Furthermore, for o = ¢, u, DT(m) : X, — X7,
is an isomorphism;

(A3) There exists A € (0, 1) such that, for any m € M,

Al (H?(m)DT(m”x%)_l ”_l

|3

> max {1, e |-
{1, ] (ms ) 1k

then a compact C' submanifold M exists for any small C' perturbation T
to T. Furthermore,

T(m)
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e Mis C! close to M;

e There exist projections l'IC v, and l'Iv for any m € M, satisfying the
above properties except they are C% in m; B

e Center stable and center unstable manifolds of M are constructed. In-
variant foliations in these two manifolds are constructed in [BLZ3].

One sees that the persistent manifold M is also normally hyperbolic, but
does not satisfy all the conditions on M. Naturally, it is not ideal that only
a C! invariant manifold M persists near the C> manifold M. The reason
that M was assumed to be C* was that we needed I1% to be C! or Lipschitz,
while the smoothness of X{, = I1¢ X = T, M is one order lower than M.
We shall use the results proved in this paper to obtain

Theorem 6.7. Suppose that M is a connected C' compact submanifold in X
which satisfies the above conditions (A1)—(A3), except the projections IT,
are only assumed to be C° in m. Then a compact C ! submanifold persists
for any sufficiently small C' perturbation T to T and M satisfies exactly the
same properties as M.

Remark 6.8. If T is C’, J > 1, then M is also C’ if conditions (H3)
and (C3) hold. See Theorems 6.1 and 7.3 in [BLZ2].

It is clear that M is approximately invariant under 7', both inflowing and
overflowing since M does not have boundary. Furthermore, the compactness
of M implies that (H4) is satisfied and

0 < a < | (11, DT(Y(mo))

—1y—1
xs,) |

holds for some a > 0 as needed in (H3), (H3’), and (C3). In order to apply
Theorems 2.2 and 6.3, the major difficulty is that IT¢ is not Lipschitz in m
as required in (H2). Note that M is finite dimensional since it is compact.
Our idea is to approximate ITj, by projections Lipschitz in m. We need

Theorem 6.9. Let M be an n-dimensional C" manifold with countable
topological basis and let N be a C" Banach manifold with a metric d which
induces an equivalent topology on N. Then for any f € C%(M, N), there
exists f € C"(M x (0, 1], N) such that

° d(fg, er) — O uniformly on M as ¢ — & € (0, 1].
o d(f,, f) <econ M.
o fo— fo locallyin C" as e — gy € (0, 1].

We will give the proof of the theorem later and first provide the proof of
Theorem 6.7. Let

N ={(P, P", P') € L(X)’: P+ P" + P* = I, (P")" = P*,
PaPﬁ:O,a,ﬁ:C’u’s’a #ﬂ}’
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i.e., N is the collection of all projection triples corresponding to trichotomies
of X into closed subspaces. One can verify that N is a Banach manifold.
Therefore, we have a C° map from M into N given by

M(m) = (Mg, I, T13,).

Note that, considering M as an approximately normally hyperbolic invariant
manifold for any T so that || T — T'||c1 g, 1S sufficiently small for some
r > 0, the constant oy and 4 in Theorems 2.2 and 6.3 are determined only
by

, 42 1
B' =2||co, By =2[DTlcoppspy. * = 5 2 A=,

Applying Theorem 6.9, there exists a [T € C'(M, N) such that (H2), (H3),
(H3’), (C3) and (C3’) are satisfied for the following constants when ITand T
are substituted in,

1 1 4 .
B// — Bl, o_// = 0y, )\.N — 4 , a// — a/’ L = IITT .
300 31 3 3 [Tl
Therefore, when |7 — T|l¢c1(Bm.ry 1s sufficiently small and T and IT are

used, then Definition 2.1, Definition 6.2, and hypotheses (H1)—-(H4), (H3"),
(C3) and (C3’) are satisfied with A’, B’, B, L, a’ and

~ GO

n=IIT—Tllcomy, o= 5

Let A7 (5) be defined for T as in (2.5) then A7 (8) — 0 as § — 0 since M
is compact. Moreover,

|A7(8) — AT < 21T — Tllersamr)-

Therefore, when ||T — Tllevea.ry 1s sufficiently small, Theorems 2.2
and 6.3 imply that, for T, there exist C' center stable manifold W¢ and
center unstable manifold W<, whose common “width” 8 is uniform in 7. It
is clear that M = W N W is a C' invariant manifold diffeomorphic to M.
The corresponding invariant subspaces are given by the tangent spaces of
the stable and unstable fibers, which are C° in the base point /i € M.

Finally, we prove Theorem 6.9. The notation used below is completely
independent of other parts of the paper.

Proof. The idea is fairly straightforward, even if the details are cumber-
some: Use mollifiers and a partition of unity on subsets that form a locally
finite cover. First, we construct a countable collection of coordinate charts
covering M. Let A = {W; : i = 1,2,...} be a topological base of M.
For any m € M, since M is n-dimensional and thus locally compact, there
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exists a neighborhood W of m such that W is compact, and an element
W,, € A such that m € W,, C W. Therefore, W,, is compact. It is clear
that A} = {W,, : m € M} C A is a countable collection. We may label the
elements of A as Wl.(l), i=1,2,....0bviously M = U,. Wl.(l).
Next, we inductively define a class of open sets {K; : i = 1,2, ...} such

that

U Wj(l) C K;, K;CK;;;, and K;iscompact

j=1

fori=1,2,....Let K, = W1(])- Suppose that we have defined K1, ..., K;
such that the above conditions hold. Let K = K; U Wi(+l)1’ then K \ K is
compact and can be covered by the union of some finitely many elements
Wj(ll), cee Wj(ll) in Aj. Let

1
1 1
K=K uwi |Jw.
k=1

It is clear that this construction gives sets satisfying our requirements. Let
Ko=K_; =40.

For each i > 0, find finitely many coordinate charts (U, ;, ¢; ), ] =
1,2,...,1;, where ¢ ; : U;; — B,(0,3) C R", such that U; ; C K4 \
Ki_», f(U;;) is within a coordinate neighborhood in N for each j, and
Ki\ Kiot € UL 67 (B.(0.1)). Let {(Up ¢) | ¢ = Ui — B,(0.3),
i = 1,2,...} be the collection of all the above coordinate charts. Let Y
be the model Banach space of N and, for each i, let ¢; : O; — By(0, 1)
be a coordinate chart in N such that f(U;) C O; and ¥;( f(¢;, L)) = 0.
Let V; = d)i_l(Bn(O, 1)). From the above construction, it is clear that
U; Vi = M, V; is precompact, and {j : U; N U; # ¢} is finite for any
i>0.

With the above preliminaries, we start to construct a sequence of ap-
proximations

{fox € COM,N) :e€[0,11,k=1,2,...}

such that

e Foreachk > Oand ¢ € [0, 1], f.x is C" on Ule Viand foxi1 = fex
except on Uy, and f ((U;) C O, forall ¢, k, i.
o d(fek> feoox) = 0ase — g forgg € [0, 1];

o d(fes, fexr1) <27 Veand for = f, fro = f.
Let 0 € C3°(B,(0, ;), [0, +00)) satisfy fw o = 1 and define o5(x) =

8*”0(;“). Let y € C5°(B,(0, g), [0, 1]) satisfy y|p,0.1) = 1. Let fo0 = f
and assume f; o, ... , fex have been defined. For any m € ¢>kj:] (B,(0, 2)),
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let x = ¢r1(m) and, for (¢, 6) € [0, 1] x (0, 1], define,
8e.0m) = Vi [Vt (feaom)
+ V(X)[/ o5 Vi1 (Fer(Dil & + )))dy
Bu(0,1)
— Y (ferm)) |}

Let gc 5(m) = fex(m) form ¢ ¢! (B,(0,2)) and g0 = fi -

Clearly, g.s € C%(M, N) and is C” on V. We will first prove, for
fixed (g9, 80) € [0, 1] x [0, 1], d(ge.s» &eo.50) —> 0 as (&,8) — (&o, So)-
On B, (0, 2), let

ge,s = K[/k+1 0ges0 (pkj:], fe = wk+l o fe,k o (pkj:]’
Si={z=fi0) 1x € B,(0,3),e [0, 11}.

By the induction assumption (2), S; is compact. Therefore,
S=conv(S;) C By(0,1) CY

is also compact. This implies that, for any n > 0, there exists £ > 0 such
that iz — zilly < 1 whenever 25,21 € S, d(¥}! (22), ¥y (21) < &
By the definition, g, s — &, 5, also uniformly on B, (0, ;), which implies
that, restricted on ¢, (B,(0, 3)), d(g:.s, 8e0.50) — 0 as (g, 8) — (g0, ).

Since g. s = f:.r €xcept on ¢>kj:] (B, (0, g)), therefore, d(g; s, 8¢.5,) — 0 as
(¢, 8) — (&0, do)-

Let
—1 3
D; = U fer( D1 (Ba (0, 3)) N U; ),
e€l0,1]
for i = 1,2,.... From the induction assumption, D; is compact and

d(D;, O7) > 0. The construction of U; implies that there are only finitely
many nonempty D;. Therefore, there exists n > 0 such that d(D;, Of) > n
for all i. Let

d
]’l(S, 5) _ (ge,Sv fe,k)
e
for (g, 8) € (0, 1] x [0, 1]. Obviously, % is continuous and 4 (e, 0) = 0. By
the continuity of /4, there exists a smooth function é(¢) > 0, for ¢ € (0, 1]
such that

h(e, 8(¢)) < min {2(k+1>’ ’7}
&
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and §(¢) — 0T as ¢ — O7T. In fact, 8(¢) can be set to be a constant on
[0, 1] for any gy € (0, 1]. Let f; k+1 = &e.5(¢)- One can verify the induction
assumptions easily.

Let f, = lim_ o fex. Because, for any i > 0, there are only finitely
many j’s satisfying U; N U; # ¢, f.is C". Clearly, all the conditions on f,
hold. O

7. Dynamical spike solutions for a singular parabolic equation

We seek a manifold of evolving spike solutions of the semilinear parabolic
equation

=&*Au — Q R"
7.1 {ut &Au—u+ flu), x € QCC

ou __
o, x €09

Here 0 < ¢ « 1, Q2 is asmooth bounded domain in R”, and N is the outward
unit normal vector field of 9€2. The nonlinearity f is smooth and assumed
to satisfy conditions (F1)—(F3) below, which guarantee certain properties of
the ground states of the corresponding rescaled elliptic problem on R”.

In this section, the abstract theorems established in the previous sections
will be applied to the nonlinear parabolic equation (7.1). We will prove that,
under certain conditions on f, there exists a normally hyperbolic invariant
manifold in the phase space W?4(Q2) of (7.1), which is diffeomorphic to L.
Moreover, this invariant manifold consists entirely of single-boundary-peak
states. By a single-boundary-peak state, we mean a function u : Qc-_> R
which achieves its maximum at some p € 92 and decays like O(e™ e ).
Moreover, the speed of the peak as it moves along 9S2 is of order O(e?). The
analysis could be extended to any fixed number of peaks moving on 0€2,
so long as the peaks remain separated by a distance of order O(e?) with
y < 1, but that, being merely a technical exercise, will not be pursued
here.

Background on stationary peak solutions. The stationary problem for
(7.1) has been studied by many authors, especially for the case where flu) =
u? with superlinear but subcritical growth. In [NT1], the Gierer—Meinhardt
system was investigated in the asymptotic limit as the diffusivity of the
inhibitor becomes unbounded. In that limit, one is lead to (7.1), referred
to as the ‘shadow equation’. It was observed that no positive stationary
solutions exist when ¢ is large. In [LNT] the system and the single equation
were again studied. For (7.1) it was shown that positive solutions must
have peaks with exponentially decaying tails as ¢ | 0. The paper [NT2]
studies (7.1) with f(#) = u”. Using a mountain pass argument, the authors
obtain a positive solution that has a single peak, the so-called least energy
solution. They show that this peak must actually lie on 0<2 and the profile
of the solution is a modification of the ground state on R”, translated and
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rescaled by e. Z-Q. Wang, in [WZ1], gave a topological lower bound on
the number of such solutions. In further work W.-M. Ni and I. Takagi,
in [NT3], proved that the peak location tended, as ¢ — 0, to the point of 92
where the mean curvature achieved is maximum. The analysis involved
an asymptotic expansion of the energy, in terms of &, about that modified
ground state discussed above. The modification to which we refer, involved
smoothly mapping a neighborhood of the half plane, centered at the peak of
the ground state, to a neighborhood of a point of dQ lying within Q, and it
is this mapping that introduces the mean curvature when one computes the
expansion of the energy. Other papers followed, providing for solutions with
spikes at any collection of nondegenerate (in some cases only topologically
nontrivial) critical points of the mean curvature, and even multiple spikes
accumulating at local minimal points of the mean curvature, or solutions
to the Cahn-Hilliard and other singularly perturbed equations and systems
(see, e.g., [FW], [Wax], [Wel], [DFW], [O1], [O2], [Li], [BDS], [DY1],
[BSh], [GWW], and [WW?2]).

There are a number of related works which give multi-peaked stationary
solutions to (7.1) and to related equations, with the peaks interior to €2 or
with some peaks interior and some on the boundary (see, e.g., [BFi], [WW1],
[BFu], and [GW2]).

Likewise, the Dirichlet problem has also attracted some attention, with
results providing detailed information about the existence and location of
a stationary peak (see, e.g., [J], [NW], and [D]).

The case of critical growth is quite different, due to a scale invariance and
related lack of compactness. Still there are some results and the interested
reader is referred to [WZ2], [WZ3], [APY1], [AMY], and [APY2], for
example.

All of the papers cited above concerned stationary solutions and most of
the techniques are designed for that situation, i.e, static rather than dynamic.
Our aim in this paper is to describe, in some precision, the dynamics of peaks
as they move along 02, including the location of stationary points. That
viewpoint was espoused in [FH] and [CP1], where the motion of interfaces
for the one-dimensional Allen—Cahn equation (a bistable version of (7.1))
was shown to be exponentially slow. Later, in [CP2], an invariant manifold
of layered states was shown to exist, on which this slow motion evolved.
Extensions of this approach to the one-dimensional Cahn—Hilliard equation
were given in [ABF], [BX1], and [BX2]. Related equations and systems
on higher dimensional domains were analyzed from this dynamic point of
view in [BFu], [AF], and [Ko]. Furthermore, when one studies the Morse
index of the stationary spike states, one is actually studying loc al dynamics
in a neighborhood of the critical point, and so the dynamical point of view
is actually contained in the work of [WW3] and [BSh], for instance. In all
these cases, a (local) approximately invariant manifold is constructed which
is shown to be approximately normally hyperbolic, although not necessarily
using that terminology. The ‘normal hyperbolicity’ allows for a reduction to
a finite-dimensional manifold upon which the dynamics is estimated and the
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stationary state examined for stability. This reduction is sometimes referred
to as a Lyapunov—Schmidt or saddle-point reduction, depending upon the
point of view or techniques employed by the authors. We believe that this
dynamical systems approach in a tubular neighborhood of the approximate
invariant manifold unifies, clarifies, and extends the previous results.

7.1. Existence of a normally hyperbolic invariant manifold consisting
of spike profiles. The profile of the peak solutions are roughly given by
translations of the rescaled solution w of following elliptic equation

Aw—w+ flw)=0, yeR"
(7.2) w(0) = max w(y), w > 0,
w(y) — 0, y — 00.

It is easy to see that w is the ground state of the rescaled (x = ¢y) stationary
equation of (7.1) considered on R".
LetLo=A— 14+ f'(w) : H*(R") — L*(R"). Assume

(F1) f e C"(R,R),m > 1, with f(0) = f/(0) = 0.
(F2) Equation (7.2) has a radially symmetric solution w € C"*2(R") such
that, for each integer 0 < k < m + 2,

fw(y| < Ce, yeR",

for some C, u > 0, where 9, is differentiation in the radial direction.

(F3) For some b € (0, 1), assume o(Lg) N [—b, 0) = {A, 0}, where
o(Ly) is the spectrum of Ly, and A; > 0 is the (simple) principle
eigenvalue with a radially symmetric eigenfunction vy € C"*!1(R")
which satisfies the same decaying property for 0 < k < m + 1 as
in (F2). Moreover, assume the eigenspace of 0 is spanned by

{Bw :j=1,2,...,n}.
8yj

Remark 7.1. Even though f is only assumed to be C™, instead of C"# with
B > 0, since w and v are radially symmetric, one may actually prove that
w € C"T2(R™) and vy € C"*'(R") from the ODEs they satisfy.

The necessary smoothness of d€2 is not the main thrust of this paper
and so we do not provide details of a careful analysis along these lines.
Certainly, it is sufficient for 9 to be of class C"*+3.

Under assumptions (F1)—(F3), the proof of the main result (Theorem 1.1)
will be given in the rest of this section.

Preparations. Define, for any ¢ € [1, 00), positive integer k, and u :
Q — R,

ulyroy = D, €010 ey = Y 0%l La@ e napn-

0<|a|<k O0<|o|<k
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In particular, | - |W£,q @ = | - |za(@,e—ndp)- Itis clear that the norm | - |W6k
| - |Wk‘q(Q£_XO) where xo € R" and Q, ,, = {"[° : x € Q}.

In order to obtain estimates uniform in sufficiently small ¢ > 0, we first
introduce some local coordinate systems near d€2 and prove a lemma on the
extension to R" of functions defined on .

Define @ : 02 x R — R” by

Q) =

®(p,d) = p+dN(p), pei.

Since Q2 is compact with smooth boundary, there exists §y > 0 such that ®
is a diffeomorphism on 92 x [—8y, §p]. By the compactness of d2 again,
for some C > 0 and small enough 6; > 0 and any p € 02, there exists
¢ € C° (1,092, R) such that

xeQ:ilx—pl =38} C{p+y+dN(p) :yeT,002, d<o(y)},
{xedQ:|x—pl =35} C{p+y+dN(p) :yeT,0R, d=¢O),

and

IVé(y)| = Cminfly|, 8,}.

This induces a local coordinate diffeomorphism near p,
(7.3) D(y,d) = ®(p+y+oN(p),d), yeT,d%,

where 9 is given by ®(y, 0) locally and 9,®(y, 0) = N(P(y, 0)). In this
local coordinate system, the Laplacian can be written in terms of y and
d=y,as

. 1 .
(7.4) A=gld; + Gai(g’J\/G)Bj

v

where (g7),x, is the inverse of the matrix (g;),x, With g;j = 8, ® - 8,,®
and G = det(g;;). From the construction, one finds that, for |d|, |y| < 24,

(7.5)
VG —1]co+ |87 — 8|0 < C(yl +1d) and |Dg¥|cx + |DG|ex < C.

With the help of this local coordinate system, one can prove the following
extension lemma.

Lemma 7.2. For any 6 > 0 there exists a linear extension operator E
satisfying

|E| C, k=0,1

L(WE (@), WE Rny) =

for any q € (1, 00) and some C > 0 independent of ¢ and
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(1) for any u € W>4(Q) with g;\’lbg = 0, one has Eu € W>4(R") and

2 2
|E(e”Au) — ¢ AEulwg,q(W) < 8|ulwg,q(9>;

(2) for any p € 3Q and any function y, € W>>(R", R), even about the

_ I
hyperplane T,0Q2 and satisfying D'y, (%)| < Coe 0 forl = 0,1,2,
one has

ol )ee- (7))
& & Wf’q(R")
and
‘/ ye(x _p>(Eu)(x)8”dx —2f ye<x _p>u(x)8”dx
n & Q 3

S C8|M|W§,q(9), k = 0, 1,

for some C > 0 depending only on q and Cy. For a function vy, :
R" — R, odd about the hyperplane T,0Q2 and satisfying the same
decay property, one has

f yo(x —F )(Eu)(x)s"dx
R® £

Proof. We give a sketch of the proof, which follows from the standard
construction of extension operators, while the ¢ scaling yields most of the
estimates. Let n € C*(R, R) be a cut-off function satisfying n|_; 1} = 1,
Nr\—2,21 = 0, and [|co < 2. For §; € (0, §50], define the extension in
terms of the local coordinate map ®

< C8|M|W3q(9).

d
(Eu)(p,d) = n< l)I,t(p, —d), d=>0.

8

When considered as an operator from Wé‘*q () toitself, k = 0, 1, it is easy
to verify that £ has a bound C > 0 independent of ¢ € (0, 1].

In the coordinate system given by ®, near any p € 92, (Eu)(®(y, d)) =
(Eu)(®(y, —d)), d € [0,8,], and then it is clear that Eu € W>9(R")
if u e W»9(Q) and g;fllag = (. The estimate for the commutator of E
and A follows from (7.4) and (7.5) by taking sufficiently small §; and
a partition of unity.

For the given function y,, even about the hyperplane 7,02, let y.(y, d) =
V(L (@(y, d) — p)). We have

J_/e(y’ d) - J_/e(y’ _d)

1 - 1 -
= Ve(S(CD(y, d) — p)) - Ve(S(CD(y, d)—p— 2a)>,
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where
dVe(y)
o=¢(N(p) — , = OUylyl+1d])).
V14 1Ve()
The desired inequalities for E, which show that Eu is almost even about 0€2,
follow from a rescaling and this symmetry-breaking estimate. m|

From the extension lemma and rescaling, we find that there exists a uni-
form C > 0, independent of sufficiently small & > 0, such that

ng <
(7.6) |”|Wgn_’q @ = Clulyrog)

if g < n and
(77) |u|C0(Q) = Clulwgl’q(g)’ |M1M2|W£1"I(Q) = C|u1|W€1,q(Q)|M2|W€1,q(Q)

if g > n.

In order to produce the manifold of spike-like solutions with the peak
moving on 952, we will also need to discuss the calculus for maps defined
on 9€2. Thus, the covariant derivative £ along 92 and the second funda-
mental form IT getinvolved naturally. For any v defined on d€2 and tangential
vector fields X, Y, Z, ... along d$2, we use the notation

Du(X) = Dxv = Vyv, D*v(X,Y) = DxDyv — Do, yv,
DX, Y, Z)=...

and the higher order derivatives, as multilinear forms (maps) ateach p € 9€2,
are calculated similarly. Occasionally, & will appear with a subscript T from
the tangent space, indicating the directional derivative in that direction. At
other times O, is used to emphasize that the derivative is with respect to
p € 092. Define

- n—l1 . . .
|u|W§’q(GQ) = Z 8l q |°7)1M|Lq(39) = Z 8l|£lu|l‘q(39’gl—ndﬂ).

0<i<k 0<i<k

The Sobolev space W 4(02) can be defined by interpolation for non-in-
teger s. From elliptic estimates, the norm | - |W§,q (9 Can also be defined by
the Beltrami-Laplacian Ay on 9€2. By a localization argument as in the
proof of Lemma 7.2, the trace estimates with constants uniform in ¢ hold
as well.

Let L, = ¢>A — 1 with the domain

DL = {u e W) 88;‘](;() —0.x o) c L@,

Elliptic estimates on L_ ' uniform in ¢ follow directly from the estimate
given in Lemma 7.2 on the commutator of &?A and E. Clearly, L, is
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dissipative and for 1 < g < oo

(7.8)

tLe —t tLe _1 —t
e Loy € 1€ [ woagy wiagy) = CA+172)e fort >0

for some C > 0 independent of ¢ and ¢. In order to guarantee that the
composition with f defines a smooth mapping in the phase space, we fix
qo > n and take the phase space of (7.1) as
(7.9 X = Wh(Q) = whe@)n whi(Q)

withnorm |- |y = |- |W;.q0(9) + 1 lyi2q)

Note that the embedding constant from Wsl’q" (2) to W;’Z(Q) depends on ¢
and thus | - |W$‘2(9) can not be omitted in | - | x.

In order to apply our general theorem, we modify f so that the evolution
defines a semiflow globally in time. Thus, we consider

(7.10) u, = Au—u+ f(u), where f(u) = n(u) f(u).
Here, n(s) > 01is a C* cut-off function satisfying

n(s) =1, [s| <1+2s; n(s) =0, |s| =2+ 4so,
where 5y = IIngXIw(x)l.

Note that | f |cnr) < 0. By composition, f induces a mapping (with
a slight abuse of notation) f : X — W%4(Q), g € [2, qo], with

(7.11) | Fleme woaiay < €0 4 € 12,40
for some C > 0 independent of &. Moreover, since the scalar function f is
compactly supported and X < L, we have

° D”‘f X —> L(®"X, Wg’q(Q)) is uniformly continuous.

From (7.8), the initial value problem of (7.10) with Neumann boundary
condition is well-posed globally in time in X and it generates a semiflow 7}
on X. Moreover, for any time 7 > 0, there exists B; > 0 independent of
sufficiently small ¢ > 0 such that

(7.12) |T! B, forallt € [0, Tyl

| <
cmx.x) —
and D™ T/ is uniformly continuous:

e for any & > 0, there exists ¢ > 0 such that
| D" T/ (u1) = D" T} 2)|} gy xy = &

for any r € [0, Tp] and uy, u, € X with |u; — uz|x < ¢.
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Construction of the approximate invariant manifold. For any p € 0€2,

let
- X—=Pp
we,p(x):w( e ),

where w is the ground state given by (7.2). We first modify W, , so that it
satisfies the boundary condition. Given any v : 92 — R, let h = H(v) :
Q2 — R be the solution of

oh
(7.13) L.h =0in Q, = von JQ.
oN
For any p € 092, let
8 W,
(7.14) W, , = W, — J€< 81;”).

Clearly, W, , € D(L,). Define the map . and the approximate invariant
manifold M, as

(715) 1//5(17) e P and M, = 11/5(39)

It is important to obtaln estimates for the correction term F¢(
will start with ° a

b
e v ) and we

N
Lemma 7.3. Letu be a C’ radially symmetric function defined on R" which
satisfies the decaying property in (F2) for 0 < k < J. Let [, k > 0 be in-

tegers with | + k < J — 1. Then there exists C > 0 independent of ¢ > 0,
p eI andr,..., 7 € 1,08, such that

1 e, p
(@p) aN (T] S ey ‘L'l)

xp)

T] T
<C , g e€[l,o00)
&

Wwh4 (99) €

where u, ,(x) = u(

Proof. Since u is radially symmetric, write u(x) = 6(]x|). Clearly, 6(p) is
even, smooth, and its derivatives up to the J-th order decay as O(e™"*). We
have

(7.16) ”’()_ ('x ')x_p . N(x), forallx € Q.
€ lx — pl
From
TP ONw| < Clx—p| forx o,
lx — pl
we obtain
Qte.p <C.
IN w20
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e, p

Therefore, the lemma holds for / = 0 and k& = 0. To estimate D N o

take an arbitrary tangential vector field t(x) on €2 and compute

Vgr(aus,p) _ 9,,<|x - PI) (x = p)-N(x) (x = p) - 7(x)

we

oN £ glx — p| |x — pl
+9/(|x - p|)((x - P) : V‘L’(X)N(x)
e lx — pl
_(x=p)-Nx)(x—=p)- f(X)>
lx — pl? x—pl )

Applying the same estimate to (x — p) - N and noting |V, N| < C|t| with
C being an upper bound of the second fundamental form of <2, we derive
the estimate for / = 0 and k = 1. A similar calculation further shows that
for any integer i > O with 2i +1 < J,

2D e y(N, .., N)| oy < C.
Using this estimate and the identity
Agag(x) = Ag(x) — H(x) - Vg(x) — D’g(x)(N(x), N(x)) forx € 9%,

where A;q is the Beltrami-Laplacian on 02 and H(x) is the mean curvature
vector of 9€2, we obtain the estimate

ou 0Au
SZABQ &P < C(] 4 82 & D )
N lwbiae) N lw0)
Since &2 Bdusp _ A(Buep and Au is radially symmetric and satisfies the
N T N y 8y

same decay property for derivatives up to the (J —2)-th order, the W>7(3<2)
estimate of ag;’,” follows immediately. The estimate of | ai;j\‘,”
k > 0 follows in a similar manner inductively.

The estimate of (ﬂ)p)’ (BZ;’/’) can be derived in the same fashion. As an
illustration for [ = 1, we obtain from differentiating (7.16)

D g p
- p( ON )(sn)(X)
:0,,(Ix—p|)(x—p)'N(X)(x—p)-n

| ko With general

& elx — pl lx — pl
,<|x—p|)<n-N(x) (x—p)~N(X)(x—p)-n)
+6 —
£ lx — pl lx — pl? [x — pl

for any x € 9€2. Since
IT1 - N&x¥)| = Clrl [x — p

Oue, p

the estimate of |D, (", (T 04 09 follows immediately. The estimates
for the higher order Sobolev norms are obtained in a similar manner. O
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Combining this lemma with the elliptic estimates, we obtain that, for
q € (1, 00) and any integers k, [ > Owith k +1 <m + 2,

1
(717) ‘(Sg)p) I/IE|L(®I(TPBQ),W§JI(Q))

o)

In particular, for / <m + 1

<C.

1
_|_ —
€ L(®!(Ty92), Wi ()

(7.18)

<C

1
(eD )lw (T, + =
| P 8|L(® (T,09),X) ' ¢ L& (T,09).%)

o)

and thus ¢, : 92 — Wé"q(Q), for k <m+1and g > 1, is a smooth
imbedding. Moreover, ¥, : 32 — M, C W% almost preserves the metric
up to a scaling of ¢. In fact, for any p € Q2 and 7 € T,,0€2,

- . X—p
Isi),wg,,,lwsq(m = |Vw . . T

W (@)
1
=[Vw - tlyraq,,) = (2 4|0y, W g wny + 0(8))|T|,
where Q. , = {*.” : x € Q}. The last step, obtaining |3y, w|ykagrn), is
based on the radial symmetry of w and a localization argument as in the
proof of Lemma 7.2. Along with Lemma 7.3, this implies

1
(7.19)  [leDrve(P)yyta gy — 27418, wlywraqen]Tl] < Celtl,
O0<k<m+1, qge(,00).

M, is approximately stationary. From the construction of W, , = ¥.(p),
the flow there is expected to be almost stationary. In fact, we have

Lemma 7.4. There exists C > 0 such that, for any sufficiently small ¢ > 0
and p € 0, the solutionu(t, x) of (7.10) withinitial datau(0, x) = W, ,(x)
satisfies

|u(t, 2) = We,p|X =< CSeCt‘

Proof. Let v(t, x) = u(t, x) — W, ,(x). Clearly, v(0, -) = 0 and
(7.20)
v = Lov+ f(ibe, = 2 ("5 ) + ) = Fl@np) = Lo+ g),

z?/l\}/|asz =0, (% 0)=0,
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where we recall L, = €A — 1. For ¢ > 1, Lemma 7.3 implies
|g(v)|qu(Q) S C(E,‘ + |U|W£=‘I(Q))'
The desired estimate on v = u — W, , follows from (7.8). m|

Remark 7.5. Assumption (2) in Definition 2.1 of approximate invariant
manifolds is satisfied automatically due to the fact that M, is compact.

Splitting along the manifold M. Let vy(x), with |vg|.2gn = 1, be the
first eigenfunction (corresponding to the eigenvalue A;) of the linearized
operator L, defined prior to the Assumptions (F1)—(F3). It is well known
that vy is also radially symmetric and decays exponentially in x much as w
in (F2). By our assumption that the unstable subspace of L is span{vo}
and the center subspace of L is span{d,, w, ..., 9y, w}, we will use vy and
Ty. (M, ~ span{d,w}, where T € T,0€2, to construct the unstable and
center subspaces along M., respectively.
For any p € 99, let

- xX—p _ N 00,
ve,p(x):vo< . ) and ve,pzve,p—e}(< 816\/p>'

For any t € 7,02, let

az (1) = | vy *—p Vw TP, e "dx.
Q & &

Since fxn>0 voaxjwdx =0,1 < j < n—1, we obtain from a rescaling
argument that |a, ,(7)| < Ce. Here a, , can be viewed as a linear functional
on 7,0€2. Moreover, it is not hard to see that

|(8°(Op)las,p‘ <Ce 0O0<l<m+1.

In fact, for any 7, € 7,0%2,

(D = | rl-v{vo(x"’>Vw(x"’> .f}glndx
Q € 3
=—/ {vo<x_p)Vw(x_p)-t}N~rlel_"dS
a0 € 5

and then the desired inequality for m = 1 follows from N - t; =
O(|x — p||t1]). Simply repeating this process yields the inequality for
general m.

From Lemma 7.3, the correction term # (8
satisfies

av
D l,}f &p
(eDp) ( ON )

Ve, p

v ) 1s smooth in p and

<Ce O0<k+l<m+1,g>1,
L(®" (T,d%), WE1 ()
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which along with the estimate for a, , implies that v, , is smooth in p and
almost perpendicular to Ty, ,M.. Let V; , be the normalization of the part
of v, , orthogonal (in the sense of WO 2(Q)to Tw, ,M:,ie., |V, =1
and for some scalar b, ,,

17|WS2

Ve.p = be pVe p € Tw, ,Me, /Q Ve pDerYe(p)e"dx = 0,
for all T € 7,012.
From the above property of a; ,, it is clear that
bep=2+0@), [eD)'b.,|<Ce, 0<I<m+]1.
Therefore, for ¢ > 1 and integers k +1 <m + 1,

(7.21) |(eD,)'V, C and

€ P)|L(®’(T,,asz) wha (@) =
|(8°7)]7) (Vs,p - vg*p)|L(®I(T],GQ),W§’L](Q)) =< Ce
Define
XZ’p = span{V; ,}, Xg’p = Tw, , M. = DY.(p)T,02, and

X;pz{veX:/Qvf)dx:0,forallﬁeX;p®XZ’p}.

LetIT7 . o = u, s, ¢, be the projections associated with this splitting. Since
X”; are finite dimensional with bases consisting of functions in WO 4(R2)
for any ¢ > 1, these projections can be extended to W4 (Q) for any g > 1.
These are orthogonal projections on Wf 2(Q) = LZ(Q e "dw). From the
smoothness of ¥, and V, , in p, itis clear that there exists B > 0 independent
of sufficiently small ¢ > 0 such that

(722) |TI¢ |1 B,

slenoa, viyeony  Teplonn(ea, 4 ).avay) <

a=u,s,c,

where (02, 2( )) denotes the Riemannian manifold €2 with the inner
product scaled by ! 2

M, is approximately normally hyperbolic. In order to prove that the

above splitting along M, is approximately normally hyperbolic, we start

with the estimate of the linearization of (7.10). Fix p € 92 and let u(t, x)

be the solution of (7.10) with initial value u(0, -) = ¥.(p) = W, ,. Let
w(t, x) be the solution of the linearized equation

(7.23) w, = L.w+ f'(u(t,-))w withw(0,-) € X.
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It follows from (7.8) and (7.11) that
(7.24)  |w(t,)|x < Ce“'|w(0, -)lx,

W, < CeIW(0, )y

-‘I(Q)a
Let
Lep=L.+ f(h,) =L+ f'(0e,) and w(t,-) = eLorw(0, ).

By writing w using the variation of constants formula

w(t, ) =w(t,-) +/0 e (1 (us, ) — f (e, ) W(s, - ds

and applying Lemmas 7.3 and 7.4, we obtain a refined estimate for g €
(1, 00)

(7.25) lw() —w(r)|x < Ceec’|w(0)|wgq(m, ifm > 1.

If m = 1, then for any & > 0, there exists &g > 0 such that

(726) W) — DOlx = CEe WO yaiq, Ve < eo.

To study the behavior of w(z, -) in each of the three directions, we first
consider the action of L, , in these directions. Firstly, for any T € 7,02,
since Jdw is in the kernel of L, we have

I.,D 5 = — (i, yge( .. Per
e,p ‘/le(p)(gf)—_f (U)g,p) ( o7 aN )

From Lemma 7.3, we obtain
(7.27) |Z48’pi)1ﬂ8(p)(8%)|wgq(g> < Ce|t| forallg > 1.

Secondly, from inequality (7.21) and the fact that v, is an eigenvector of L
with the eigenvalue A; > 0, we have

(7.28) |(Le., — M) Ve, <Ce forallg > 1.

plwtag
Finally, for any w* € Xj’p N D(L,), taking the L?(2, e"du) inner product
of l_le, pyw’ with V. , and Dy, (p)(et) and using the orthogonzllity of the
decomposition, inequalities (7.27) and (7.28), and the fact that L, , is self-
adjoint in L?(2, e"d1), we obtain for any g > 1

(7.29) T, Le pw’ |y + [ TIE , Le pw' |y < Celw|yoa .

Note that here we use the finite-dimensionality of the center and unstable
subspaces, where all norms are equivalent.
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Coming back to w(z, - ), we look at its decomposition

(7.30) w(t, ) = at)Ve,, + DYe(p)(et(®) + w'(2).
From the uniform bound on I p O =U,C8, and inequality (7.8), we have

(7.31)  |a(], |(0)], |wS(t)|W£,q(Q> < CeCt|w(O)|W£,q(Q) forallg > 1
and

(7.32) [w* (1) x < Ce“'Iw(0)]x.

Taking the L?(Q2, e "du) inner product of (7.30) with I:g,,,JDwg (p) (et (1))
and L e,p Ve, p and using inequalities (7.27), (7.28), and (7.31), and the facts
that L, , is self-adjoint and L. ,i = @,, we obtain for any g > 1

(7.33) la;, — ha) + |t < CeC’8|w(O)|W£,‘, @

Finally, we estimate the evolution of w*(¢), the stable component of w ().
Since we only made assumptions on the spectrum of the operator

Lo=A—1+ f'(w) onR",

our strategy is to extend the domain of w*(?) to R" in an appropriate way
and to estimate its evolution. For ¢ > 1, let IT* be the spectral projection
operator to the eigenspace X* C L9(R") of L, corresponding to the subset
o(Lo) \ {A1, 0} C (—o00, —b). Let S be the operator defined by (S¢)(X) =
¢(p + €X) and define the modified ‘extension’ operator

Ap=TISE: X} , — X*
where E is defined in Lemma 7.2 for a § > 0 to be determined and

X5, ={y e W) : / yvdx =0, forallv e X¢ & X }.
Q

Obviously Ag can not be an isomorphism. However, we will define a left
inverse of Ag, i.e., a modified ‘restriction’ operator Ag. Since, for any
y:Q2—>R,

¥ lwoaqy < ISEY[La@n) < Cly |04,

SE(f(‘;p) is a closed subspace of L?(R"). For y € )2;,]7’ write

SEy = y* 4+ y™  where y* = l:ISSEy.

By taking the inner product of SEy with vy and d; w and using Lemmas 7.2
and 7.3, we obtain

|ycu|wk.q(Rn) §C8|V|WS*‘/(Q)’ O§k§m+1
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Therefore,
1 N
2|SEV|L‘I(R”) < [I'SEY|rarry < 2|SEY|Larm)

and

A TPSEXS ) — X = (I — [P)LY(R"), as A(y’) =y
is a bounded operator with Al s ggzs ,xay = Ce. By the Hahn—Banach
theorem, A can be extended to an operator on X* with the same bound.
From the construction, A satisfies that, if y* = [I'SEy with y € X; ,, then
(I+A)y' =SEy.Let Ag: X* — f(z’p be given by

Agy* = (ST + A)y)le.

Clearly, ARAE = I and |AR|L(XS,W3q(Q))’ |AE|L(}2§_p,Lq(R”))’ and

: 5 -1
inf {|Agylragn : v € X 0 [yl yoaq = 1}

are bounded uniformly in sufficiently small ¢ > 0.
Let

w'(t) = Agw’(f) = AEI'Ii’pﬂ)(t).

w*

sy = 0and w' = Apw*, we have

ow* ad
C=wf - H = Agd®* — H Ar@') ).
v (azv) o (aN( Rw))

From the definition of w*(¢) and w*(¢), we have

Since

~ ) s 7 ~ 5 9 =
w; = Low’ + (AEH:e,pL&P — L()AE) (ARU) — J‘f(aN (ARU) )))
+ ApIT) L, p(0 — w'),

where # is defined in (7.13). On the one hand, due to inequalities (7.27),
(7.28), and (7.31),

|AETT, Le p(0 — w*) |04 gy < CEEIWO)] o g -
On the other hand, for any y € W>9(2) with 3,)(, lag =0,

LoAgy — AgL, ,y = e’ TI'S(AEy — EAy)
+ I S(f(ie, p) Ey — E(f(ie, ) 7).

Therefore, Lemma 7.2 and the above estimates on Ag and A g imply

|LoAgy — AE[:e,pV|L"(R") = C8|V|WZ"I(Q)’
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for some C > 0 independent of ¢ and 8. Since Az’ — H (a?v (ARD%))
satisfies the boundary condition of L, if @* € W24 (R"), we have

T°(LoAr — ApITS L AgW® — H 9 AR’
(o E— fpllg ), S,p) RW — 8N( Rw)

L4(Rm)
< C8|ARW*| g o) < COIB' lw2acam-
By our Assumption (F3) on the spectrum of L, standard perturbation theory
of operators, and the above estimates, we obtain
(7.34)
[w'(0)|x < C(|1I;S(z)|wl,q0(R,,) + |ﬁ)s(t)|W1’2(]R"))
< Ce"w'(0)]x + Cee™ (IWO0) | yp2.qy + [W(O) 00, ).

The combination of inequalities (7.25)—(7.29), (7.33), and (7.34) implies

(7.35)
lat) — ¢"a(0)] + [T(H)] < Cee™ (Wl yn2g) + Wl 0 g) ifm > 1.

As a consequence, for @« = u, s, c and w € X with H‘;‘pw = 0, we have

(7.36)
T2, DT (Y (p))W|, < Cee™ (|W] o2, + Wly0a0q,)  ifm > 1.

If m = 1, then for any & > 0, there exists &y > 0 such that

(7.37) la(r) — €'a(0)] + 12|, |1g , DT (Y(p))W|,

Ci
< Cée t(|W|Wg-2(Q) + |W|W£=‘IO(Q))’ Ve < &.

Therefore, the splitting X = X , & X; , ® X; , is approximately invariant
and approximately hyperbolic for the time-fy map 7° of the semiflow de-
fined by the parabolic equation (7.10) for some #, > 1 chosen large enough
but independent of sufficiently small &.

Dynamical peak solutions of (7.1). We use the above construction of the
approximately normally hyperbolic invariant manifold M., the splitting
X =W NwhAQ) =X, & X, o X]

&,p’

and their related estimates. Apply Theorems 2.2, 2.4, 4.2, 6.3, and 6.5, for
sufficiently small ¢ > 0, to the time-fop map T/ of the semiflow defined
by the parabolic equation (7.10) for some 7y > 1 chosen large enough but
independent of sufficiently small . They imply the following

e For the map 7/°, there exists a unique C™ normally hyperbolic invari-
ant manifold M} = W,(02) C X, where ¥, € C" (92, X) satisfies

\Ije(p) - 1//5(17) € Xg,p D X;p
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e There exist unique C™ invariant center unstable manifold W** and
center stable manifold W** of M.

o There exists invariant foliations on W** and W:** by C™ unstable and
stable fibers, respectively.

e M isindependent of go > n due to the uniqueness of the invariant mani-
folds characterized by statements such as Proposition 4.10. Moreover,
since the backward flow is well-defined on W**, for any u € W**, we
have u € W>4(Q) for all ¢ > 2, and gj'f, lso = 0.

e From Theorem 4.2 and its parallel version for the center unstable mani-
fold, there exist § > 0 and C > 0 independent of ¢ > 0 such that at
any p € 9€2, in the frame given by X; , & X , @ X; ,, the manifolds
M}, W, and WS** can be written as graphs of appropriate C" map-
pings whose C™ norms are bounded by C and whose domains contain
balls of radius §. In particular W, satisfies |V, — ¥;|copq.x) < Ce.
Moreover, by choosing  in Theorem 4.2 sufficiently small, we obtain
W, — w‘glcl((ag’;«’_))’x) — 0 as ¢ — 0, where (022, 812(', -)) indicates
that the metric on 92 should be scaled by i .

In order to demonstrate that M is invariant under the semiflow T
generated by (7.10), we have to verify the type of weak uniform continuity
condition required in (H5) given in Subsect. 6.1. This will be done for k = 1
in (HS). In fact, we will prove that

e for any sufficiently small ¢ > 0 and a bounded set ' C X, given
any & > 0, there exists ¢ > 0 so that |T/(u) — T/(u)|x < & for any
telty,toy+¢landu €I

It is important to notice that ¢ > 0 does not have to be independent of ¢.
In order to prove this statement, one first notices from the cut-off on f
given in (7.10), the variation of constants formula, and the smoothing effect

of e, that (—Lg)i T(T') C X is bounded. For ¢ € [1y, tp + ¢], from

t

Tet(u) _ Tel()(u) — / [e(tfs)LgLeTsl()(u) 4 e(tfs)Lef‘(TES(u))]ds

]

and the same smoothing effect of e’*s again, the above statement follows im-
mediately. Therefore, from Theorem 6.1 and Remark 6.6, the manifold M}
and its center unstable manifold, center stable manifold, unstable foliations,
and stable foliations are all locally invariant under (7.10). Moreover, since
M7 is in an O(¢g) neighborhood of M, in W;’QU(Q) with g9 > n, (7.10) is
equivalent to the original equation (7.1) in this region. Therefore, these struc-
tures are locally invariant under (7.1) in the sense of Theorem 6.1 as well.

Qualitatively, M} consists of functions each of which achieves its max-
imum close to d€2 (in the last subsection we show that the peak actually lies
on 0€2) and decays exponentially in x. Dynamically, M} is almost stationary
for the evolution governed by (7.1). Therefore, the manifold M represents
a collection of special solutions each with a single spike on d€2 which moves
slowly along 02 for all € R.
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7.2. Dynamics on M. Due to the invariance of M under (7.1), this
parabolic equation defines a tangent vector field on the (n — 1)-dimensional
manifold M?. For any p € 0€2, there exists 7.(p) € T,0€2 such that

(7.33) DY (p)(et:(p)) = 7AW, (p) — ¥e(p) + f(¥e(p)).
Let
Ve(p) = We(p) — Ye(p) € XY, & X,
which satisfies
(7.39) Velcoax) < Ce. lim Yl ciqoa, 1., y).x) = 0.
Since
e* A, , — W, + f(ie. ) =0,

(7.38) can be rewritten as

o i,
(740)  DW(P)En(p) = Lo lie(p) — FGiD ) 3 ( ng) e

where

oW, -
g= f<wa,p - ﬂ’( ’B”N’”) + %(p))

~ ! (o~ 7 BNE,
— f(e,) — f (we,p>(we(p) - Je( g)N" ))

The remainder term g can be estimated by using Lemma 7.3 and (7.39) for
q > 2, giving

(7.41) lglyoa gy < Ce? ifm>1

and if m = 1, then for any & > 0, there exists &g > 0 such that

(7.42) |g|W,?"’(sz) < Cé Ve < gy.
Moreover, if f € C"# with B € (0, 1], then
1

The estimate on 7, will be based on (7.40).
To derive an equation for ¥ not involving t, let

(X29)" = {w e W9 (Q) : / wudx = 0 Vv € X¢ .
Q

Consider the decomposition WX 4(Q2) = (X&) @ DW.(p)(T,02). One
may verify that the projection from W24(2) to (X{,)* associated to this
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decomposition is given by
c = —1
(7.44) Y =1 — DV.(p)(DYe(p) + TS, DVe(p))  TIE

= (I -1,)(I — DU(p)(DYe(p) + I, DY (p) " TIE)

which is well-defined and bounded uniformly in p € 92 and ¢ K 1
due to (7.39). Moreover, since DV, (p)(7,02) = Ty, ,M; is close to
X: , = Ty.(» M., it is clear that there exists C > 0 independent of p and ¢
such that

(7.45) \(n;‘{pi C.

en) |L((X"°)i W2 @ND(Le) =
Applying l'IM to (7.40) and using (7.28), (7.29), and the fact that ¥, (p) €

» @ XE » we have

T T - /o~ 811)8,
(7.46) Y.(p) = (prLs,pkxg:;)J lnfp(f (ws,p)}f( 3Np) - g)-

Approximation of 1/, and the scale of the motion on M x

Lemma 7.6. Ifm = 1, then for any & > 0 there exists gy uniform in p such
that for any ¢ < gy and g > 2

e(p) = ((1 = Hg,p)]:w|(xg;;y)_l(1 - T,)
< Cée.

RIiR
x | f'(w,, )J€< ”))
( i IN ) )|y2a

If m > 1, then there exists C > 0 uniform in ¢ < 1 and p such that for
q > 2 we have

|°7)l;8(p)(r)|wgz’4(g) S C8|T|, T € TPBQ,

ve(p) = ((1 = Hg,p)ie,p|(xg;;y)_l(’ -1 ,)

/o~ aNE,
x (f (wg,p)e%( S)N”))

Proof. The proof for the case m = 1 is straightforward based on (7.39),
(7.42), (7.44), and (7.46). If m > 2 then we have |w8|C2((3Q ) S C.
The definition of g and H ,» and direct computation show that, for some C
uniform in € and p,

< Ce’.

w4 ()

|<D8‘L'g| OQ(Q)’ |<>7)8‘[H CT VT (S T,,BQ

€ p|L(W° Q) =

Therefore the estimate on D, follows immediately from (7.46) and
Lemma 7.3 which in turn implies the remaining inequality. O



P.W. Bates et al.

As ¢ — 0, the scale of |et.| gives the scale of the velocity field on M.

Lemma 7.7. There exists C > 0 independent of sufficiently small ¢ > 0
such that for any q > 2,

|t€|7

ve(p) = (1 = Hg,p)iap|(xg;;y)_l(’ - 10,)

! (o~ a~€,
(o)

Proof. Inorder to estimate 7., we consider the L*(2, e""d) inner products
of the terms on the right side of (7.40) with

2
< C(e% + gl yaq)-
W24 ()

xX—=p

— Dy Wy, = Vw( .

) T = Vgl

for T € T,0Q2. Recall that O is with respect to p and V is with respect to x.
The following equations will be used frequently

N
and (£2A — 1+ f’(wg,,,))<w(x ; p) : f) —0.

Firstly, using the above equations and repeated integration by parts, we
compute

(7.48)

b, .
/Qf’(wg,,,)ye< ;UN”’)<VU)<X . ”) .‘[)S_ndx
0 _
_ f J(’( w”’)(ng—l)g)g,we,ps " dx
Q

D, dib, o (o, R
:/ s ) o, e — (0 3V )) Dy, Fe2 S,
. oN on ~ \an""\ oN

We will first focus on the second term on the right side of the above equation.
In fact, from (7.47) and repeated integration by parts again,

o [(ou oii
f (aN J(’( g)N” )) Dyr s pe>"dS = / g)N” Derile > "dS
Q2 QR

& 1 _ - _
= D, ( ) |Vwe,p|2 + 2w§’p — F(we,p))s "dx
Q

= —/ e(x_p>N-ts]”dS
RIe) &

(7.47) (2A — 1);((85)6’”) =0
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where F(0) = 0, F' = f, and e is radially symmetric and is actually the
scaled energy density of this parabolic system at w:

—1|V |2+1 > — F(w)
—2 w 2w w).

Therefore,
(7.49)

f f/(we,p)f}e(ag);;p> (VU)(x ; p) . T)Endx
Q

— ou ou
:f TP N~r81”dS+f s ) o, O g2 gs,
a0 & a0 oN oN

We also obtain from integrating by parts twice,
(7.50)

- ~ — ~ 0 Ne, —n
/QLa,p%(P)<Vw(x ¢ p) : T>8ndx :f Ve (p) Dy S)Npé‘z ds.

The term f 90 e(x PYN - e'="dS will be computed in the next lemma and
thus it follows from Lemma 7.3 and estimates (7.19), (7.39), (7.41), (7.49),
and (7.50) that

|Te - 7| < C‘ /Q Der e p (DY (P)(£Te) + DYe(p)(eTe))e " dx

S C'(S2 + |g|W£,q(Q))|f|

and the estimate on t, follows.
To complete the proof of the lemma, we apply I — II; , to (7.40).
From (7.45), (7.28), and (7.29), we obtain for any g > 2,

Ve(p) = (1 =115 ) Lep| aey) (1= TIE )

dw,
(roon(5)

where o(1) — 0 as ¢ — 0O uniformly in p. This, along with the estimate
on 7., yields the desired estimate. O

E Clglwgq(g) + 0(1)|T£|’

W29(Q)

Lemma 7.8. There exists C > 0 uniform in ¢ < 1 and p € 02 such that
/ e<x B p)N cte!T"dS — 1°Vi(p) - T
aQ €

1 . o0
¢ = e(®)|52ds = 2 f " IVw(r) Pdr > 0,
2(n — 1) Jpa-i nz—1J

with s,_, being the surface area of the unit sphere of dimension n — 2.

< Ce’|t|

where
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Here the definition of the mean curvature « is taken as the trace of
the second fundamental form determined by N, not divided by n — 1, i.e.,
k(p) = H(p) - N, where H(p) is the mean curvature vector.

Proof. Without loss of generality, we may assume p = 0, 7,02 =
{x, = 0}, Tt = e, where (ey,...,e,) is the standard basis. Locally €2
is given by x, > ¢(X), X = (xq, ..., x,_1) with |¥| < §. Clearly, ¢(0) = 0,
V¢(0) = 0 and it is standard that Vk(p) = VA¢(0). Due to the exponential
decay of w and its derivatives, we only need to compute this integral in
a §-neighborhood

_ 1
/ €(x p)N . ‘Esl_ndS — / 6()_7 —+ ¢(857)€n)¢x1 (Sy)d)_)
9QN(|%|<5) € 151<¢ ¢

Since e is radially symmetric and decays exponentially and ¢(x) = O(|x|?)
for |x| <6,

1
€<)7 + 8¢(85’)en) - e()_’)‘

1
= /
0

< CjPe 2, for |j] <
£

S p(ey)?

‘ ds
IR+ L)
5

a,e(y + Z¢(sy>en)

Therefore,

[ mtras= [ e
e N -te'7"dS — e(y) by, (ey)dy
Blo) 3 I51<?

The second integral in the above can be computed by using the Taylor
expansion of ¢, the fact that Vi (p) = VA@(0), the radial symmetry, and the
exponential decay of e and the desired inequality follows. Finally, since w is
radially symmetric, it satisfies

< Ce’.

—1
ow+ " dw—w fw) =0.
r

Multiplying this equation by 7**! 9, w and integrating on [0, oo) immediately
lead to the second integral form of c;. |

Leading order approximation of z.. In order to derive a refined estimate
on 7., we need to consider & £ J((af;]f,‘p ) and v/ more carefully in the local
coordinate system ®(y, d), (y,d) € T,0Q2 x R, given by (7.3). The key is
that their principle parts are symmetric in y.

We start with a weighted norm estimate of / by considering L.((*_”)*h)
and ;]’\, ((*,")*h) where a = (a1, . . . , ) is a multi-index. For |a| = 1, we
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have from Lemma 7.3

(27 ))

and from the exponential decay of w

()

These inequalities imply that [(* ")/t n+1.4 (@ = Ce.Inductively in || and

in a similar fashion, we obtain for any index «,

(7.51) ‘(x;p> D'h

for some C > 0 independent of p and ¢ < 1.
Let n € C*°(R, R) be a smooth cut-off function satistying n|_; ;; = 1,
77|R\[_;,§] = 0, and |n|c0 < 3. For §; > 0 satisfying the requirement (7.3)

in the definition of ®, let

. = |28Vh|w§”ﬂ(s‘2) S C8
W (@)

Ly ¥~ PO <cC.
& & 8N W;n+l’q(8§2)

witla )

<Ce [=0,1,...,m+2,
w(Q)

\/|y|2+d2)‘

ho=mnsh and hy = (1 —ns)h where n; (y,d) = n< 5
1

For any orthogonal reflection R on 7,,0€2, let
ho(y, d) = ho(®(y, d)) — ho(P(Ry, d)).

Lemma 7.9. There exists C > 0 independent of p € 02 and sufficiently
small ¢ > 0 such that

|Ile|W5m+l‘2((R”)+)’ |hl|W&{”+2’2(Q) = ng,
where (R")" = {(y,d) : d > O}.

Proof. From its definition, h satisfies L,h = (?A — )h = 0and ! |sq =
dibe.p By considering L. A and %’1’\} lsq, the estimate on A follows directly
from (7.17), the ¢ scaling in the problem, the exponential decay of w, and
standard elliptic estimates.

From the form (7.4) of the Laplacian in (y, d) coordinates, A is sup-
ported in {|y| < 2§;} and satisfies

Leho = 5.0:(87V/Gojho) — ho = 5.0i(87v/Ghyms,) + £20ims, 70k
. e, p
dahola=o = s, 5"

where y, is understood as d. We also used that locally {d = 0} = 0€2,

o, = a?v’ and d;’]f,‘ (y,0) = 0. We compute the boundary term using the
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notation in the construction of @,
W, L (vl y ¢
N8, (Y, 0) p(<I>(y, 0) = n( 5 )wr(g + N(p)
y+oMN(p)  N(p) = V()
VIYE+19MP V1+1VeM)I?
From the definition of ¢ and the above identity, it is easy to verify that on
{d =0},

|adho|wmz )

= [ns, (- 0) EP(CD( ,0)) — s, (R~ 0) ”’@(R ,0)) @1y
< Ce.
From Lemma 7.3, one can obtain that the right side of L A is bounded

by Ce? in the norm | - | yym+12((gny+)- Thus it is easy to verify

Lcho = *(87(Ry, d) — g7 (y, d))3;;ho(P(y, d)) + O(&?).

The desired estimate on /4 follows immediately from the weighted norm
estimate (7.51). O

From Lemma 7.7, the almost symmetry of Jt’(Bws »

almost symmetry of /. (p). In fact, let

Veo(p) = ns,¥e(p) and P 1(p) = (1 = 03 ) e (p).
For any orthogonal reflection R on 7,,0€2, let

Ve o(p, . d) = Ve o(p, @y, d)) — Ve o(p, D(Ry, d)).

) in turn implies the

Lemma 7.10. For any & > 0, there exists ey > 0 such that
|l[;6,0(p)|wgv2((]gn)+)’ |¢76,](p)|wg-2(g) <&, Ve<egg

where (R")* = {(v,d) : d > 0}. Moreover, if f € C"P with B € (0, 1],
then there exists C > 0 independent of p € 02 and sufficiently small ¢ > 0
so that

|¢8,0(p)|wgz-2((Rn)+), |1Zl£,l(p)|w‘€2=2(g) < C81+ﬂ-

Proof. First, we notice that deﬂg,l( p)(y,0) = 0. For any t € 7,092, since
the function D, W, , decays exponentially, it is easy to verify that

‘f Ve (P) Der e pe "dx| < Ce'lz|, 1=1,2,...
Q
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which along with the fact that T, pgffe (p) = 0 implies that

T !
Hg,pl//E,O(p)‘WEk-q(Q) S CS ’

k<m+1,1=1,2,...,q¢=2.

(7.52) [T, ¥e1 ()] yra g

Therefore, from (7.27), (7.39), (7.40), Lemma 7.7, and the decay of w,

HZs,l(p)le’z(Q) <Cel+|(1 - Hg,p)lﬂs,l(l’”w}z(sz)
< Ce' + C|Le (I = 105 ) e (P)] 02
< Ce' + CILe (1 = 1) V(P o2
< C(82 + |g|Wg"’(Q))'

The desired estimates on 1/75,1 follows from (7.42) or (7.43). B

The estimate for 1&8,0( p) is obtained in a similar fashion to that for A
which also begins with a weighted norm estimate. From (7.40), (7.39),
Lemma 7.3, the exponential decay of w, and the fact that *” < Ce™' on €,
we have

Lg(x j P «ﬁg(pxx))

w2 (Q)

— 2eVi () + P (DW(p)(en) — g + £ (D) (h — P (p)
¢ A()
<Ce+ 8_1|g|W2’2(Q)
and
d (x—p - 1.
‘ < 1ﬂa(p)(X)) = ‘ Ve(p)(x)N <C.
oN & W§-2(39) &€ ng‘z(BQ)

Therefore, the elliptic estimate implies

—1
w22 <Ce+e |g|W£’2(Q)'

X—p -
(7.53) ‘ o VP

Since w is radially symmetric and decays exponentially, in the (y, d)
coordinates it is easy to verify that, for any v € 7,0€2,

(7.54)  |We p(+, ) — We p(R-, ) lymag),
|°(Dsrﬁ)a,p(R' s ) - <i)aRrﬁ)s,p(' , ')lwg"’q(g) =< C8|T|, q = 2,

which along with (7.52) implies

(7.55) TS e 0(P)| yho gy < C% k<m+ 1.
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Equation (7.40) implies that &e,o(p) satisfies 8d(¢~/6,0(p))(y, 0) =0 and

82

VG
52 .. - .
= /6" (8" GUe(p)djns,) + *9ims, 87 9,9 (p)
+ 15, (DWe(p)(eTe) — g + f (e, p)h).
From Lemmas 7.7 and 7.9
(756) |(l_46,pl/~/e,0(p))( ) — (l_le,pv;a()(p))(R N )|W€2‘2(Q)
< C(e2 + 18lyo2ggy + &l £ e p (. )) = f/ @ p(R- )] yo20)-

Therefore, from (7.55), (7.56), and (7.53),

[:e,p‘[’e,O(p) = ai (gij“/Gajll;e,O(p)) =+ (_1 =+ f/(we,p))‘[’e,O(p)

Ve 0(P) 220
< C(&° + ILe.p¥e.o(P) | yo2 ()
< C(6° + 18lyo2qy + el /e p () = /@y (R D)o g
+ 187 () = (R )E 0y Teo(p)] o2 )
and (7.42) and (7.43) yield the desired inequality. O
These two lemmas imply that Jf(a?;") and 1&8 (p) are almost radially

symmetric in the directions of 7,0€2. Moreover (7.54) also implies that

D, u;)‘;\;’ is almost odd in the 7 direction for any v € 7,0€2. This symmetry

property allows us to refine the estimates on 7.
Proposition 7.11. For any & > 0, there exists &y > 0 such that
|r€ — C282VK(p)| < Cész, Ve < g.

Moreover; if f € C“P with B € (0, 1], then there exists C > 0 independent
of p € a2 and sufficiently small ¢ > 0 so that

|r8 — CzSZVK(p)‘ < Ce*P,
where ¢, > 0 is a constant determined only by w.

Proof. For any t € T,0%2, take the L?(¢™"dx) inner product of (7.40)
and O, W, ,. From (7.49), (7.50), (7.42), (7.43), (7.54), and Lemmas 7.9,
7.10, and 7.8, we obtain

2 ; 1
~ ) 5 Ee”, lff eC
‘/Qi)arg\ps(P)i)mws,pg dx — & Vk(p) - 7| = {CSZ-HS, if feClP,
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The conclusion of the proposition follows from estimate (7.19) and
Lemmas 7.3 and 7.7, taking ¢, = 21 > 0. O

= 10y w12 gy

Locations of the peaks. Fix p € 02, consider the locations of the peaks
of W.(p), ie., the set {x : W,(p)(x) = maxg V:(p)}.

Proposition 7.12. Assume f € C'“f with B € (0, 1]. For each p € 0Q and
& K 1, there exists a unique p = p(p, &) € 0 such that it is a unique

nondegenerate global max of ¥, (p)(x) on Q and |p — p| < Ce?.
Proof. For this purpose, it is easier to work with the variable

X—=p
z= € Q. p.
&

Using the definition of g, (7.39), (7.40), Lemmas 7.3 and 7.7, and stand-
ard elliptic estimates one may show that there exists C > 0 independent
of p and & such that [/,(p)lc26(q, ) < Ce. This along with Lemma 7.3
implies

We(p) — wlc2pq, ) < Ce.

Since w achieves its unique maximum at the non-degenerate critical point
0 € 92, ), the max of W,(p)(z) has to be achieved in a neighborhood of 0

B(Ce2) = {z: |z] < Ce2).

Moreover, the C*# estimate also implies that W, (p)(z) is concave in z and
for some a, C > 0, the Hessian as a quadratic form satisfies

D*W,(p)(z) < —a, Vze B(Ce?).

We claim W.(p)(z) achieves its max at a unique point. To see this,
. 1 .
we notice that B(Ce2) N 982, , is almost flat, and thus, for any z;,2z, €
1 . . 1 .
B(Ce2)NE2, ,, there exists a curve in B(Ce2)NE2, , with curvature bounded

by Ce? joining z; and z,. The above uniform concavity implies that, along
such a curve W, (p)(z) achieves its max only once. Therefore, there exists
Z¢ € B(Csi) N Q2 , such that W, (p) achieves its max only at z,.

From the Neumann boundary condition, it is clear that z, is a critical
pointof W, (p)(z) no matter whetheritis on d€2 ,. Moreover, since W, (p)(z)
is C%# close to w and 0 is a nondegenerate critical point of w, z, is also
a nondegenerate critical point of W,(p)(z) and

|ze] < Ce.

Finally, we show z, € d€2; ,. Otherwise, there exists a unique Z € 992, ,
such that

|ze — f| =d = d(z¢, 9Q¢.,) < Ce andalso z, — 7 L T2, .
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The boundary condition gives

0

_ 0V (p)

1
A 2 o Y2 R
ON (2) —fo D™ (p)((1 = $)ze + 52)(Z — 26, N2)ds

1
< / D2w((1 — )20 + $8) (2 — 20, No)ds + Cel2 — 2.,
0

Since Z—z. = —bN; forsome 0 < b < Ce and, for all z satisfying |z| < Ce,
we have
Dzw(x) < —

the above inequality immediately implies that z, = Z € 32, p. i
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