Math 461 Homework 7 Solutions 10/23/2020

Exercises:
§19, 20

1. Let (an)nen, (bn)en € RY with a,, > 0 for all n € N. Define a map h: RN — RY by

h((xn)neN) = (anxn + bn)n€N~

(a) Show that h is a bijection.

(b) Show that if RY is given the product topology, then A is a homeomorphism.

(c) Prove whether or not h is a homeomorphism when RY is given the box topology.
2. For x = (z1,...,2,),y = (Y1,-..,Yyn) € R", define

n

di(x,y) =Y |z —yjl-

Jj=1

(a) Show that dy is a metric on R™.
(b) Show that the topology induced by d; equals the product topology on R™.
(c) For n =2 and 0 = (0,0) € R2, draw a picture of By, (0,1).

3. Let X be a metric space with metric d. For x € X and e > 0, show that {y € X | d(z,y) < €} is a
closed set.

4. Let X be a metric space with metric d. Show that d: X x X — R is continuous.

5. For x = (z1,...,2,),y = (Y1,-..,Yn) € R” and ¢ € R define
X+y:=(T1+y1,. ., Tn +Yn),
ex = (Cx1,...,CT,),
X y:=21y1+ -+ TnlYn,
|| == (&F + - - + 23) /2.

(a) For x,y,z € R" and a,b € R, prove the following formulas

I]|* = x - x
(ax) - (by) = (ab)(x-y)
X'y=y-x

(b) Show that |x-y| < ||x|||lyll. [Hint: for x,y # 0 let a = % and b = = and use the fact that

[ Iyl
lax + by||? > 0.]
(c) Show that [|x +y|| < x|/ + [ly]].
(d) Prove that the euclidean metric d(x,y) := ||x — y|| is indeed a metric.
6*. For x = (x1,...,2,) € R" and 1 < p < o0, define
[lp == ([a]” + - - + Ja )7,
and for p = oo define
I%|loo := max{|z1|,...,|za]}

In this exercise you will show dj(x,y) := ||[x — y||,, defines a metric for each 1 < p < co. Observe that

p = 1,2, 00 yield the metric from Exercise 2, the euclidean metric, and the square metric, respectively.
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For 1 < p < oo, show that if ¢ > 0 satisfies % + % =1 then 1 < ¢ < co. We call ¢ the conjugate
exponent to p.

For a,b >0 and 0 < A < 1, show that a*b'~* < Xa + (1 — A\)b.
Prove Hélder’s Inequality: for 1 < p < oo with conjugate exponent ¢ and x,y € R"™ show that

[ziya| + -+ [yl < %l llq-
Prove Minkowski’s Inequality: for 1 < p < co and x,y € R" show that

1%+ yllp < lIxllp + Iyl

[Hint: use |z; +y;[” < (J2;] + [y;])|z; +y;/P~ 1]
Show that d, is a metric for 1 < p < oco.

Show that the topology induced by d, equals the product topology on R™ for 1 < p < 0o, where
R has the standard topology. [Hint: show that ||x|lec < ||x||, < [|x]]1.]

Solutions:

1. (a)

Define ¢g: RY — RN by
1 bn,

9((Tn)nen) = (axn - a)neNa

which is well-defined since a,, > 0. Observe that

1 b
an(—xp — =) + by =2, — by + by = 24
Gn Gn
and . ) .
7(anxn + bn) - == Ty + - - = Tn-
n (07% an an,

Thus goh((zn)nen) = ho g((n)nen) = (n)nen. Thus g = h~! and in particular h is a bijection.
O

Let [],,en Un be a basis set for the product topology: U, C R is open for all n € N and U, = R
for all but finitely many n € N. Then

) -+(me)- 1

neN neN neN

where
Vi i={anz+b, |2 €Uy}

We claim that V,, is open in R. Indeed, given for y = a,x + b, € V,,, there exists € > 0 so that
(x — e,z +¢€) C Uy, since U, is open. We claim that

(y — an€,y + ane) C Vp,

which implies V,, is open. Indeed, for z in the above interval we have

1 by, 1 by 1 b 1 1
|| —2z2—— | —z|=||—2—— )| —y——]|=—|z—y| < —ane=c¢
an an Qn Qn Qn Qn an an

Thus a%z— Z—Z € U,, and therefore V,, 3 an(ainz — Z—Z) +0b, = z. We also note that if U,, = R, then

V,, = R since for any y € R we have y = a,,,(iy — Zﬁ) +b,,. Thus [],,cy Vi is open in the product

topology and therefore ¢ is continuous. The same argument where a,, and b,, are swapped with
by

ai and — = shows that h is continuous. Thus h is a homeomorphism. O
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2.

()

(a)

(c)

When RY has the box topology A is still a homeomorphism. The exact same proof as in the
previous part works with U, no longer required to be equal to R for all but finitely many n € N.[J

Clearly dq(x,y) > 0, and if we have equality then since each |z; — y;| is non-negative this must

mean we have |z; — y;| = 0 for each j = 1,...,n and therefore z; = y;. Hence x = y. The
symmetry di(x,y) = di(y,x) follows from |z; —y;| = | — (z; —y;)| = | — z; + y;| = |ly; — z;|.
Finally, for the triangle inequality we have
n n n
di(x,2) =Y |wj— 2| =D |o; —yi+yi— 5 <Dl —yil + s — 2] = di(x,y) + di(y, 2).
j=1 j=1 j=1
Thus d; is a metric on R". O

Let U := (a1,b1) X - - - X (an, by) be a product of open intervals, which is a basis set for the product
topology. For x € U, define

e:=min{zy —ai,by —x1,...,Tn — An, by — Ty} > 0.
Observe that
Vi=(r—er1+€) X (xy — €z, +€) CU.
We claim that By, (x,€) CC U. Indeed, for y € By, (x,€) we have for each j =1,...,n that

n
s =yl <z -yl <e
j=1

Thus y; € (x; —€,z; +€), so that y € V' C U. Since these e-balls form a basis for the topology
induced by dy, we see by a lemma from §13 that this topology is finer than the product topology.

Conversely, given € > 0 and x € R™ we have
€ € € €
(x1 — E’lerﬁ) X oo (@ — ﬁ’xn+ﬁ) C By, (x,¢€).

Indeed, for y in the former set we have

n n
€
di(x,y) = Z\xj -yl < Zﬁ =€
j=1 j=1

Thus y € By, (x,€). By the same lemma in §13, we see that the product topology is finer than

the topology induced by d;, and so these topologies are in fact equal. (Il
Bd1 (0, 1)2
_1‘\\ ,/,1
71\3_

3. Denote C :={y € X | d(z,y) < €}. If y & C, then necessarily d(z,y) > €. Set § := d(z,y) —e > 0. We

claim that By(y,d) € X \ C. Indeed, suppose, towards a contradiction, that z € Bg(y,d) N C. Then
using the triangle inequality we have

d(z,y) <d(z,2) +d(z,y) <e+6=e+d(z,y) —e=dz,y),

a contradiction. Thus By(y,d) NC = () and therefore By(y,d) C X \ C. Since y € X \ C was arbitrary,
we see that X \ C is open and therefore C' is closed. g
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4.

5.

Let (a,b) C R be an open interval. Then
d*((a,b)) = {(z,y) € X x X | a < d(x,y) < b}.

Fix (z0,y0) € d~'((a, b)), and set € := min{d(zo, yo) —a,b—d(xo, yo)} > 0. Note that U := Bg(zo, §) x
Ba(yo, §) is a neighborhood of (2o, 40) in the product topology, and we further claim that it is contained
in d~'((a,b)). Indeed, if (z,y) € U then we have d(z,z9) < § and d(y,y0) < § and consequently by
applying the triangle inequality twice we have

€ €
d(l’,y) < d(x,xo) =+ d('rovyo) + d(y()vy) < 5 + d(l‘o, yO) + 5

= e+ d(zo,y0) < (b —d(wo,y0)) + d(wo,y0) = b.

Thus d(x,y) < b. Next, note that d(zg,y) < d(xo, z) +d(x,y) implies d(z,y) > d(zo,y) — d(xo, z), and
d(x0,y0) < d(xo,y) + d(y,yo) implies d(xo,y) > d(zo,y0) — d(yo,y). Thus we have

d(z,y) > d(xo,y) — d(xo,x) > d(xo,y0) — d(yo,y) — d(xo, )

€
> d(xo,y0) — 5735 = d(xo,y0) — € > d(x0,y0) — (d(x0,%0) — a) = a.

So d(x,y) > a and therefore (z,y) € d~*((a,b)). Since (z,y) € U was arbitrary, we see that U C
d='((a,b)). We have shown that a point (x¢,y0) € d~'((a,b)) admits a neighborhood contained inside
this preimage, and hence the preimage is open as the union of these neighborhoods. Since the open
intervals form a basis for the standard topology on R, we obtain that d is continuous. O

(a) We have
HX||2=$%+"'+$i:x1x1+~--+:ﬁna}n:x~x.

Also

(ax) - (by) = (az1)(by1) + - - - + (awn ) (byn) = (ab)(z1y1 + - - + Tnyn) = (ab)(x - y).

(b) We compute
X y=xy1+- -+ Tplp =Y1T1+ -+ Ynln =Y - X

Also
x (y+z)=x1(y1+21)++2n(Yn+2n) = (@191 + - TpYn) + (@121 + - ZTpzp) =Xy + X2

]

(c) If either ||x]| = 0 or |ly|| = O, then all entries of this n-tuple are zero and thus the inequality
reduces to 0 < 0. So we may assume both ||x|| and ||y|| are non-zero and let a = ”—i” and b = ﬁ
Then expanding and using the previous parts yields

0 < [lax £ by||* = (ax £ by) - (ax £ by) = (ax) - (ax) £ (ax) - (by) + (by) - (ax) + (by) - (by)
= a?||x||* £ (ab)(x - y) £ (ba)(y - x) + b°[ly||* = 1 £ 2(ab)(x - y) + 1 = 2 £ 2(ab)(x - y).

This is equivalent to +ab(x -y) < 1. Multiplying both sides by ||x||||y| shows this is further
equivalent to +x -y < [y Hence [x - y| < [yl 0

(d) Using the previous parts we compute

Ix+yl?=(x+y) (x+y)=x-x+x-y+y-x+y-y
< I + 1yl + Iy il -+ lly 1 = =]+ 1y 1)?.

Taking square roots yields the desired inequality. (|
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()

We clearly have d(x,y) > 0, and equality implies

0 = d(X,y)2 = Z(LI}J — yj)2~

Jj=1

Since each term (x; —y;)? is non-negative, their summing to zero implies they are all zero. Hence
x; = y;j and so x = y. The symmetry d(x,y) = d(y, x) follows from (z; —y;)? = (—(z; —y;))? =
(—z; +y;)* = (y; — z;)?. Finally, for the triangle inequality, using the previous part we have

dx,z) =[x —z| =[x —y+y —x[| < [x =yl + [ly — 2| = d(x,y) + d(y, 2).
Hence d is a metric. O

Solving J + 1 =1 for ¢ yields
= P
p—1
Since p > p — 1, we have ¢ > 1. Since p > 1, we have ¢ < co. ]
Note that a = 0 or b = 0 makes the inequality trivially true, so we assume a,b > 0. Thus the

desired inequality is equivalent to the one obtained by dividing both sides by b:
a’b™r < Aab”'+1- A

Denoting ¢ := ¢, this is equivalent to t» < At 41— \. Note that ¢ > 0, and so it suffices to show
tA — At <1—Aforallt>0. Set f(t) := t* — A\t and observe that f'(t) = At*~* — A\. Thus we
have f/(t) = 0 if and only if t = 1. Noting that f”(t) = A(\ — 1)t*~2 is negative for all t > 0
(since A —1 < 0), we see from the second derivative test that f achieves its maximum value at
t =1 and that maximum value is f(1) =1 — A. Thus f(¢) <1 — A for all ¢ > 0 as desired. O
= iz b= i

Let ¢ = -5 be the conjugate exponent to p. Fix 1 < i < n, and consider a :
p
and A\ ;= %. Observe that
—1 1
1-a=2"2-
p q

So using part (b) we have

s P NP Lyl e
lzsys| = |x|p ]y e = |xlpllyll4ab

(7 I¥la
1P 1 |yi|q)
plxlp  qllyllg

< llpllyllg(ra + (1 = A)b) = lIx|p[lyllg (

Thus

L|za|? + - + |zn]?
aayn] + -+ eayal < Il ¥, <p "

lyafo 4+ |yn|q>
=T a Iyl

L[5 1lyllg 11
=||X||p||.YIIq< p T oo | = [xlpllylle > T g) = IXlliyle

plxls  allylg

Consider

n n n n
[x+yllp = Z |z + yil” = Z i + yillws + w71 < Z i + wil P+ Z lyil | + s P~
i=1 i=1 i=1 i=1

We apply part (c) to each sum in the last expression to obtain

n 1/q n 1/q
I+ I < lxll, (Z i +yi|q<P-1>> + ¥l (Z 7 +yz-q<p—1>>

i=1 i=1
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Using ¢ = p%l, this becomes

Il + 115 < (Il + lyllp)llx+ vl

Dividing both sides by [|x + y|[5~! (an noting that the inequality is trivially true when this is
zero) yields the desired inequality. O

The positive, non-degeneracy, and symmetry of d, are all clear, while the triangle inequality
follows from the previous part:

dp(x,2) =[x =z, = [[x =y +y —zll, < [x =yl + Iy = zll, = dp(x,¥) + dp(y, 2).

Observe that for each i = 1,...,n we have
i = (|l2aP)P < (|21 P+ - 4 |2 )P = (%]l

Hence
= | <
[1%[] 0o 1rélz§ian|lﬂz| > HXHp'

Thus deo(x,y) < dp(x,y) for all x,y € R" and it follows that
Bg,(x,€) C Bg_, (7,¢€).

This shows the topology induced by d,, is finer than the topology induced by d. Since du is the
square metric, we know from lecture that this induces the product topology on R™.

We next observe that ||x||, < ||x-1 follows from taking the pth power of each side:
[%pll” = |22 [” + -+ |zn|” < (Jea] 4 -+ [za]).

Consequently, by the same argument as above we have that the topology induced by d; is finer
than the topology induced by d,. From Exercise 2, we know that the former topology is nothing
more than the product topology. Hence the topology induced by d,, is the product topology. [
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