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Motivation

The Nielsen-Schreier Theorem

If F is a free group, then any H ≤ F is a free group. In particular, if F ∼= Fn for n ∈ N
and [F : H] < ∞, then H ∼= Fk where

k = 1 + [F : H](n − 1).

One expects given a finite index inclusion M0 ⊂ M1, for any generating set S0 for M0

there exists a generating set S1 for M1 so that

δ⋆(S1)− 1 = [M1 : M0]
−1(δ⋆(S0)− 1).

Theorem [Shlyakhtenko 2022]

For subfactors of the form M0 ⊂ M1 = M0 ⋊ G with G a finite abelian group, one has for
a given ε > 0 the existence of a generating sets S0 for M0 and S1 for M1 for which

δ⋆(S1)− 1 ≤ |G |−1(δ⋆(S0)− 1) + ε.
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Free Probabilistic Invariants

It is known that given a finite generating set X = X ∗ of tracial von Neumann
algebra (M, τ), one has

δ0(X ) ≤ δ∗(X ) ≤ δ⋆(X )

Recently, due to MIP*=RE, it is possible to for the left most inequality to be strict
inequality

It is known that when M is embedded in the ultrapower of the hyperfinite II1 factor,
then we have

dimDerc(A, τ) ≤ δ0(X ) ≤ δ∗(X ) ≤ δ⋆(X ) ≤ ∆(A, τ),

where A = C⟨X ⟩.
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Derivation Space

Der(A, τ) the vector space of derivations d : A → L2(A⊗ A◦, τ ⊗ τ◦)

For B be a ∗-subalgebra of A, we have the following subspace

Der(B ⊂ A, τ) := {d ∈ Der(A, τ) : d |B ≡ 0}

For m ∈ (A⊗ A◦)′′ and d ∈ Der(A, τ), we have d ·m ∈ Der (A, τ) defined as

[d ·m](a) = d(a)m,

and so Der(A, τ) and Der(B ⊂ A, τ) are right (A⊗ A◦)′′-module
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Results

G
α↷ (M, τ) is a trace-preserving action of a finite group G and M ⋊α G is the

crossed product

A is globally invariant under α and define

A⋊alg
α G := C⟨A, {ug : g ∈ G}⟩,

where {ug : g ∈ G} is the unitary implementation of α

Theorem [GG. 2023]

Let G
α↷ (M, τ) be a trace-preserving action of a finite group G on a tracial von

Neumann algebra and let A ⊂ M be a finitely generated unital ∗-subalgebra which is
globally invariant under α. Then we have the following (A⊗ A◦)′′- isomorphism

Der(C[G ] ⊂ A⋊alg
α G , τ) →

⊕
g∈G

(Der(A, τ))1⊗α
g−1 .
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Results cont.

Theorem [Charlesworth + Nelson 2022]

Let (M, τ) be a tracial von Neumann algebra with a finitely generated unital ∗-subalgebra
A ⊂ M. For a finite dimensional unital ∗-subalgebra B ⊂ A, one has

dimDer(A, τ)(A⊗A◦)′′ = dimDer(B, τ)(B⊗B◦)′′ + dimDer(B ⊂ A, τ)(A⊗A◦)′′ .

In the case of the crossed product,

dimDer(A⋊alg
α G , τ) = dimDer(C[G ], τ)+dimDer(C[G ] ⊂ A⋊algG , τ)

((A⋊alg
α G)⊗(A⋊alg

α G)◦)′′

Corollary [GG. 2023]

dimDer(A⋊alg
α G , τ)

((A⋊alg
α G)⊗(A⋊alg

α G)◦)′′ − 1

=
1

[(A⋊alg
α G)′′ : A′′]

(dimDer(A, τ)(A⊗A◦)′′ − 1)

=
1

|G | (dimDer(A, τ)(A⊗A◦)′′ − 1)
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Results cont.

Theorem B [GG. 2023]

Let G
α↷ (M, τ) be a trace-preserving action of a finite group G on a tracial von

Neumann algebra and let A ⊂ M be a finitely generated unital ∗-subalgebra which is
globally invariant under α. Then

dimDerc(C[G ] ⊂ A⋊alg
α G , τ)

((A⋊alg
α G)⊗(A⋊alg

α G)◦)′′ =
1

|G | dimDerc(A, τ)(A⊗A◦)′′ .

Furthermore, we have

dimDerc(A⋊alg
α G , τ)

((A⋊alg
α G)⊗(A⋊alg

α G)◦)′′ − 1 =
1

|G | (dimDerc(A, τ)(A⊗A◦)′′ − 1).
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Theorem C [GG. 2023]

Let G
α↷ (M, τ) be a trace-preserving action of a finite abelian group G on a tracial von

Neumann algebra and let A ⊂ M be a finitely generated unital ∗-subalgebra which is
globally invariant under α. Then

∆(C[G ] ⊂ A⋊alg
α G , τ) =

1

|G |∆(A, τ).

Furthermore, we have

∆(A⋊alg
α G , τ)− 1 =

1

|G | (∆(A, τ)− 1).

Corollary [GG. 2023]

Let G
α↷ (M, τ) be a trace-preserving action of a finite abelian group G on a tracial von

Neumann algebra and let A ⊂ M be a finitely generated unital ∗-subalgebra which is
globally invariant under α. If we have dimDerc(A, τ)(A⊗A◦)′′ = ∆(A, τ) and A′′ can be
embedded in the ultrapower of the hyperfinite II1 factor, then for any generating set Y of
A⋊alg

α G , one has

dimDerc(A⋊alg
α , τ)

(A⋊alg
α G)⊗(A⋊alg

α G)◦)′′ = δ0(Y ) = δ∗(Y ) = δ⋆(Y ) = ∆(A⋊alg
α G , τ).
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