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Definition 1

A spectral triple is a triple (A, H, D) where A is a unital

C*-algebra, H is a Hilbert space which is a left A-module (ie, we

think of A C B(H) by way of a *-representation), and D is an

unbounded self-adjoint operator on H such that

(a) theset Ag:={a€ A:[D,a] is densely defined and extends
to a bounded operator on H} is norm-dense in A, and

(b) (1+ D?)~!is a compact operator.
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Spectral triples on unital AF algebras

Christensen and lvan [2] construct a spectral triple on a unital
AF algebra A, where A has a faithful state 7 and an inductive
sequence of finite-dimensional subalgebras

Clp=AgC A CAC.--

such that A = US2 A,

Let H be the GNS Hilbert space of A given by 7, with cyclic
vector £ € H. Since 7 is faithful, we can regard A C B(H).
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Now we have:

® n:ac A aé € H (injective since T is faithful)

® orthogonal projection P, of H onto n(A,) C H, which is a
closed subspace since A, is finite-dimensional

i Qn:Pn*Pnfl-

Let (an)52 with ag = 0 and a, — o0, then define an
unbounded operator on H by

[o.¢]
D= Z anQn.
n=1
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D=>3"1aQ,

If a€ A, and m > n, then a commutes with P,,, hence a
commutes with @, for any m > n. Thus

[D,a] = ai[Q:, a].
i=1

Hence for any a in the norm-dense subset U2 (A, C A, the
commutator [D, a] is defined and bounded on 7(U2,A;), which
dense in H, so [D, a] extends to a bounded map on H.
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Let # € R\ Q. By Elliott’s theorem, there is a unique simple
unital AF algebra AFy such that Ko(AFp) = 7Z + 0Z,
Ko(AFp)+ = (Z + 0Z) N [0,00), and [1]p = 1. We will now
describe AFy.
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AFy

Suppose 6 € R has continued fraction expansion [ag, a1, .. . ].
That is, ap € Z and a1, ...,€ N\ {0}, and

0 = lim [ao, a1, ..., an]
n—oo
where
1
[a0,21,...,an] = a0 + .
a; +
1 . 1
a
2 . 1
a
3 | 1
dn

The continued fraction expansion of 8 is used to define unital
embeddings of finite-dimensional matrix algebras A,, forming an
inductive sequence A; < Ay < ---, and the inductive limit
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Another perspective

Mitscher and Spielberg [3] present an alternate view of AFy as
the C*-algebra of a groupoid built from a category of paths A,
which we can think of as the path space of a directed graph with
some identifications.

The category of paths is used to define a groupoid, which yields
a C*-algebra via a standard construction (see, for instance, [4]).
Mitscher and Spielberg compute the Elliott invariant of the
resulting C*-algebra to identify it as an Effros-Shen algebra.
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A category of paths for AFy

We describe the example A from [3]:

k k k:
’Yi 1) ’Yé 2) 7§ 3)
.2 :2 :2
S AVEAVE:
(1) (1) (1)
A V] -« N Vo <« 72 V3 3
W Q1 L W QL T3
-6_1 -32— -6_3

The category of paths A is an amalgamation of two categories of

paths A; and A,...
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/\1 and /\2

A1 consists of the red and blue edges, {«;,5;:i=1,2,...}

which commute among themselves: «;f8i+1 = Bicvit1.

o an a3
Ay A gy A sy AT "
Ve __-- - Ve __ -~ - Ve -~ -
b1 b2 p3
. .. 1 ki
N> consists of the remaining edges {'y,( ), e ,'yf )

i=1,2,...},

where (k;)?2, is a sequence of nonnegative integers, with
infinitely many k; # 0. Ay has k; edges from v; ;1 to v;:

'Yikl) ,ngz) 7§k3)

’y§2) 7&2) 752)

SN N 0NN
N> V] - 1 Vo < 2 V3 3 Vg
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k k k
P
2 2 :2
IAVEAVE:
(1) (1) (1)
A Vi <« Vy <12 Vs <13 V4
TS SR\ S SR \ I o < B
_61 _62— _63

While the a's and B8's can commute among themselves, the
~v-edges act as ‘“closed gates” through which the a's and 3's

cannot move. For instance,

a1az - 74

- BsBery

a1af33 - '74

- a5 8687

vloc25’y4 (yﬁz.
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The groupoid G(A)

The category of paths A consists of the finite paths under the
identifications just described. From there, we get the groupoid
G(N), whose elements can be thought of as path-switchers of
generalized infinite paths:

® u,v € N are finite paths, x € A is a (generalized) infinite
path

® the element [u, v, x] € G(A) has source vx € A*° and range
ux € N
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AFy

Let o0 € R\ Q have simple continued fraction expansion
o = [co, c1,...]. Mitscher and Spielberg define a sequence of

integers (k;)72; as follows ([3] Theorem 5.12): Let ki be
arbitrary, and for p > 0,

K — 0 ittt oprt2<i<catcato+oprt
I C2p Zi:C1+C3—|--'°+C2p_1+2.

Visually we may represent this by
(ki)(i)il == (kl,Co,O,...,0,62,0,...,0,C4,0,...,0,C67...).
——— —— ——
c—1 c—1 cs—1

Let Ay be determined by the sequence (k;)%°,, and let
G = G(N). Let 8 =10,1,k1,1,ko,1,...]. Then C*(G) is

isomorphic to the Effros-Shen algebra AFy [3, Theorem 7.2].
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Inductive limit structure

We consider a sequence of subgroupoids (G;)$2, of G, where i
determines the length of the switched part of a path-switcher:
Gi = {[p,v,x] € G :|u| = |v| <i}. Then [3] Theorem 5.1
states:

Theorem 2

C*(G) is the limit of the inductive sequence
C*(G) - C*(Ga) — - -+

where the connecting maps are induced from the inclusion maps
CC(G,') — CC(G;+1).

We are interested in using this inductive limit structure to
construct a spectral triple on AFy in the style of [2].
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Challenge

However, the subalgebras C*(G;) are not finite-dimensional,
which is why we cannot directly apply Christensen and lvan's
construction using this inductive sequence.

On the other hand, the category of paths description provides
some concrete footholds that make this surprisingly tractable.
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Why?

Aguilar and Latrémoliere [1] endow AFy for € R\ Q with
quantum metric structure by constructing Lip-norms.

Spectral triples are another way of (potentially) getting
Lip-norms:

Given a spectral triple (A, H,D), the map L: a+ ||[D,4a]| is a
densely defined seminorm on A, and we can consider the
Monge-Kantorovich (pseudo)-metric on S(A):

d(¢,¢) := sup{l@(a) — ()| : a € A [I[D, ]| <1}

If this metrizes the weak*-topology on S(A) (and satisfies some
other conditions), then L is a Lip-norm.
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New quantum metrics?

If the seminorm Ly we get from the spectral triple (AFy, H, D) is
in fact a Lip-norm, we will have a new (and, we think, different)
way of viewing quantum metric structure on the Effros-Shen
algebras compared to the work of Aguilar and Latrémoliere.
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