
GOALS Free Prob Lecture I
connections between free & classical probability.

i
Thy: Wigner (

'55) : for each new
,
let A

µ
be a self-adjoint MN random matrix with

entries Aij Satisfying
• Aji- AT
-If i-tj.Relltiil.int/tii1 are independent Gasssins of vsrisu £
- Hii is a red Gassin of variance ¥
' for isj

,
entries Aij are classics/ly independent

.

Then AN converges to the semicircle lsv D- variant i. e.
f- Elotrlltnk)→ elxk) wkexc-ktielisemicire.hr of var.net .
Voiculescu upgraded this resit to

"freeness
"

This Voiculescu ( ' 851 : Let #(s)/Sts) be a family of independent Gaussian randan matrices
i.e. each Aalst has entries distributed as An above &☒µbDi; / isi

,
SES} are inclement.

They:{AND)} cavern i. distribution to a free semicircular family EXs3g←g i.e. xsc-CA.ie/S-veesenie.rcGsr 1) &
Ses

ifeng.hn/twlsn1tFelXq--Xsn#-
Furthermore {Awls;)} ae "asymptotically free

"

from the algebra of diagonal matrices
.



Comment : This slows that the free semicircular lav has Matkal microstates i. e. the law of Cisse, is
approximated by that of matrices

.

Cannes Embedding (recently proven false) asks whether any go.erst.us set {Yi }, in any factor has martial
microstates . No explicit counterexample has been found

.

Det: A circular element in (A)e)
, y
,
is one uke rely)& in4) are free - semicircle of the same variance .

II. Suppose (B)µ ( g
is a family of Cnut ) self-adjoint complex matrices sit .

• ,ReHi
,
In 4.Bid;D! are independent Gassing of vsrisuztu

• [Bunb)ijli, j, S } is a classically internat family .

Then {B µ Is)}←g Caverns to a Eee circler family {ys }←g of usr race 1
PI : Note Bvtszbvbi-ei.BHY-B.us#sstisfycaditiisofvoia6sa 's team

.



Applications to the structure of free grasp factors :

Lenny : If ✗c- (A.e) is semicircular & petA.e) is a projection that is free from X
,
then
-p÷p

is

semicircular
.

in (pAp, e)

PI : Model ✗ as a bit of An abae & p by the matrix µÑ ) where Y→ elp).

✗ = . 0

Thene¥, pxp is modeled by MINKMINI self adicnt Gaussian matrix of the appropriate variance .

Lenny : let [✗ li.SI/ieCt,--,n3sc-5) be a free semiarc family & {yli.jp/tsi-jsn,sc-S}
be a free Ciralsr family .

free Fm X 's in the)
.

In ④④Mn
,
exotr ) set

×s=µ%¥¥YH3Ñ
- -→Hiss

I | Then ④¥g is a free semicircular familyiii.taxi
. - .

Miss)
'

is free
If a is a normal ebmnts-rees-rnflissDI.CHiii.d) th (

"

¥ , ¥5,



1¥ use matrix model .& approx Xli ,g) by self-adjoint Gaussian matrices &
yli , is g) by Gassin matrices

.

✗g B approxnoted by a self-adjoint Gaussian matrix .

Model a by a diagonal matrix . Then the gbae matrix is also a diagonal
matrix

Prodi Hks )¥= LINN4151 -17+111
Sketch of Pf for N=2 & 5--11,23 :

Model Utz ) by :[¥ ¥] 4-Any free, * eixzamiciat y cirakrei

[Y.gg ] for U a Haar Unitary. Freek Xt
,
☒ay. By examining spectral proiect.es

,

[Eye:[%) aen this vN# here so ae:[%;] off;] e:[8¥]



Polar decoys of y is y=v b v Haar unitary & bdits-iu.si both free

so get:[%]
, [881%1], [¥;],[8¥] .

The sneaks

under ⇐ one ' [%)
,
["Y;]

,1¥19¥81EY8)
which generates¥) (5--4121)*1 )

can hie idea to daekp Lift) t.it:4#--llFHalt-t)HJ@s


