
 

linear functionals butwe shouldn'texpectlots of hisms

p A
Onequestionlmotivation

Whathappensuhen
is a differentCtalg

i e how do we extend our theory forpositive linear
functionals on Ct algs to positive linearmaps
between Ct alg's

A Be linear pogyretely
positive

extendsto non unitalsetup Let A B be unitat a 4 s ig
Ct alg's w omuchfuss

Red For ne N
Mn A n xn matrices w

entries in A
is called the nthamplification inflation ampliation ofA
MnLA is a d alg w the usualop's

ElizabethshowedMn A is a Ct algebra
via GNS using uniquenessofCt norm



Deff Let0 A B be linear
Define On Mn A Mn B by

On aij lo ai applyof
entrywise

is called the nthamplification of0
Notation Pn pen f

n differentauthors

usedifferentnotation use context

Remand Ct Igs carry as
Poulsensays baggage

of norms order on its amplifications

MnCA tM

Deff A linearmap of it B is

positive if p a z o ta et positivecone
of positive
elts inA

npositive if OnMalAl Mn B ispositive
completelypositive op if 0 is n positive fineIN

Remark completelycontractive cc bounded cb

are definedsimilarly
cc all amplifications of 0 are contractive
Cb 1101 sup11On1 a



EI

Ithomomorphismareopf exercise

if 0 A 0 is positive linear thenof is op

proof let aj bij bij 20 inMnCA h fileOn
On aig h h h Olaijl h

Inhihjolaij
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YahÉaij hah

ht EA
here

But ftp iaijifj 1o antgiIiy
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Fix net
A A by
a x tax conjbyfixed it

is op
PI let bij bij aj 20 inMn A

On aj taiga

og Cais
bij 8 bij 20

Let it AaB be a h ism
Fix be B
A B by flat btl a b
is op by compositionsofcp are op

Goat every epmaphas this form ish
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O is positive

Consider

x F EM.CM but Ex I has
EMy

5 x 0,23 so x 0 Spectrum 1 I
ie't f x notpositive

So ol is not 2 positive

i r
A B is positive then

11011 110Call

Remarks Still true if A B not necessarilyunital but
A Er B is commutative
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let aets.t.la l l.TQocasiocaileit
Choose 0 sit Ford eit some t

local Ica plea
Then
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theorem StinespringDilationThm 55

Let A be unital r 4 A Bat op
Then I aHisspace K

a unital h ism ti A BCK
VeBCH K w Iv 112 11011 11014111AbylemonaS E

0cal VEcan

ÉÉ spring'sDilationTum saysopmaps are
almost h isms in thefollowingsense

If La laws then V is an isometry
so H E VH E K as Hilbert spaces

Identifying H w UH we write

a V'Mal V PHILally
Think

That FEI It



The triple T V k is called a

Stinespringdilation of 0

T V k is minimal if K spin AA VH
this dilation is uniqueupto unitaryequiv

proofofstinespring

Motivation Mimic the Gins construction

steps
Build a positivesesquilinearform AGH A

Quotient to get an innerproduct then
complete to get K

Rep A as multipliers on A OH that
factorsthroughquotientandyields a
representation of A on K
Build V by embeddingH into K
Verify a Val a V and 11V11 11011

proof
Define C A OH Q
by a oh boh Olbia h h a



is positive since is op

Sketch acoho aro.hr toCartac he hr at
LOnCartadrill In an

car i on MA

N x eAOH x x 0 is a subspace

of A OH

Build quotientspace AOI and define
x N y N AGI

X Y AOH

2 a is a positivedefinite sesquilinearform

K completion of

AHA w r t offof
separable

Fix a e A
Define Tia A H A OH by

Tia Lao idnt

Iie Tia boh ab oh

Tia N E N



Sketch Suppose I ai Oh i e
Tal E acoho Tia Ear 0hr

I Colaartaac he hr a

On arataaction in in An
Exerciseshow artataac c I latall ataction
in Mn A

Hint Factor artataac anduse a'a 111 allLa to
show Lata rice I 11atall 1a rice inMn A

So 1by
exerciseabove to beingCp

TalE acoho Tia Ear 0hr E On Ilatall artadvice in In

Il all acoho far 0hr
This implies Ta N E N so

Ta factorsthrough the quotientto yield

Tia Aog tofu
implies Tha is continuous on a densesubset
of K so Ta extends to a map in BCK
Exercise T A Bat is a h ism

a te Tha



Define Vitt k by use an approximate
unital in nonunital

has Cheh tN case

Note IValli 11110h th
Illa h h a 11h11 if disunital

1104111.114112
Vis an isometry

VeBGt K and IVY's 1101111 1011

Exercise Check V'Tila V 0 a using H

ExerciseFinishchecking 118112 11411 111 11011

Ta


