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Bi-Free with Amalgamation

Let B be a unital algebra.

Let X be a B-B-bimodule that may be decomposed as X = B @ X't
The projection map p: X — B is given by p(b® n) = b.

Thus p(b-&-b') = bp(&)b'.

For b € B, define Lp, Ry € L(X) by Lp(§) = b- & and Rp(§) =& - b.
Define E : L(X) — B by E(T) =p(T(1g @ 0)).

E(LyRy T) = p(LoRo (E(T) @ 1)) = p(bE(T)H @ 1) = bE(T)W.
E(TLy) = p(T(b®0)) = E(TR,).
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B-B-Non-Commutative Probability Space

E(LbRb/ T) = bE(T)b/ and E( TLb) = E(TRb).

Definition

A B-B-non-commutative probability space is a triple (A, E, €) where A is
a unital algebra over C, € : B® B°? — A is a unital homomorphism such
that €|ggs and €| gpor are injective, and E : A — B is a linear map such
that

E(c(by ® bo)T) = biE(T)b, and  E(Te(b®1g)) = E(Te(lp ® b))

v

Denote L, = e(b® 1g) and R, = (1 ® b).

Every B-B-non-commutative probability space can be embedded into
L(X) for some B-B-bimodule X.
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B-NCPS via B-B-NCPS

Let (A, E, ) be a B-B-ncps. The unital subalgebras of A defined by

Ap:={Ze€ A | ZR, = RpZ for all b € B} and
A ={Ze A | ZLy = LpZ for all b € B}

are called the left and right algebras of A respectively. A pair of algebras
(A1, A) is said to be a pair of B-faces if

{Lb}bes S AL C Ay and {Rp}pepor € Az C A,

Note (Ag, E) is a B-ncps where {Lp}pep is the copy of B. Indeed for
T € Ay and by, by € B,

E(Lp, TLp,) = E(Lp, TRp,) = E(Lp,Rp, T) = b1E(T)bo.

Similarly (A, E) is as B°P-ncps where {Rp}pepor is the copy of BP.
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Bi-Free Independence with Amalgamation

Let (A, E4,c) be a B-B-ncps. Pairs of B-faces (Ay1,Ar1) and (Ag2, Ar2)
of A are said to be bi-freely independent with amalgamation over B if
there exist B-B-bimodules X and unital B-homomorphisms

ak  Apk — L(Xk)e and By @ Ar k — L(Xk)r such that the following
diagram commutes:

i E
Ap1x Ar1x Ago * Ar ! A A B

ap * 1 x a2 x B2 Er(xy+x)

A1 * p1x Aok po
E(Xl)f * E(Xl)r & ﬁ(XZ)Z & E(X2)r E(Xl * Xz)

v
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Operator-Valued Bi-Freeness and Mixed Cumulants

Theorem (Charlesworth, Nelson, Skoufranis; 2015)

Let (A, E,e) be a B-B-ncps and let {(Ask, Ar k) }kek be pairs of B-faces.
Then the following are equivalent:

® {(Avk,Ark)}kek are bi-free over B.

@ Forall x:{1,...,n} = {lr}, e:{1,...,n} = K, and

Zm € Ax(m),e(m):
E(Zl"'Zm): Z Z MBNC(T"aU) Eﬂ-(Zla...,Zm)
TEBNC(x) | o€BNC(x)
w<o<e

e Forall x:{1,....,n} = {4 r}, e:{1,...,n} — K non-constant, and
Zm € Ax(m).e(m):

k21, ..., 2Zy) = 0.
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Bi-Multiplicative Functions

r and & are special functions where & (Z1,...,2Z,) = E(Z1--- Zp).

Given (A, E,¢), a bi-multiplicative function ® is a map

o[ U BNC() x Ay x -+ X Ayn) =

n>1x:{L,.n}—{tr}

whose properties are described as follows:
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Property 1 of Bi-Multiplicative Functions

1, (Z1lby, Z2Rby, Z3Lbs, Za)
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Property 1 of Bi-Multiplicative Functions

Sy (Zilpy, Z2Rb,, 3Ly, Zs) = @1, (21, 22, L, Z3, Ry, Z4Ry,).

21 ¢+— \ 1 $— \
wio | |
: — : —
T
Z3 ! Z3 !
Lp, ! ! ' Rb,
- - iz
L . L ' Rb;
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Property 2 of Bi-Multiplicative Functions

1, (L, 21, 22, Rpy 23, Z4) = b1 @1 (21, 22, Z3, Z4) b

Ly, |
Zy——

2y $— l
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Property 3 of Bi-Multiplicative Functions

(21,0, 28) = 1, (41, 23, Za)®1,, (25, Z7, Z8) D1, (22, Z6).

14— \
\ —eD
34— |
49— :
S !
: —6
: ———+7
8o ___. J
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Property 4 of Bi-Multiplicative Functions

& (21, .., Z10)

Zy
A

_T 28
Zy
Zio
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Property 4 of Bi-Multiplicative Functions

(21,5 Z10) = 1, (ZL 23, Loy, (24,25) %6 R¢1X3(22,28)Z9R¢1X4(z7,210))

E —+ Zl E —+ Z1
: —; Zz : E
Z3 9—: E Z3 9—: !
Z4 : ' :
Zs :::| : L¢1X2 (2.2 E : R¢'1X3 (22,Z5)
Z6 — E Z6 — E
Zr ! E :
I —+ 8 : E
E — 2o E —+ 2o
I » Z10 ! I

____________________

&y (Z7, Z10)
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Amalgamating Over Matrices

o Let (A, ) be a non-commutative probability space.

e Mp(A) is naturally a Mpy(C)-ncps where the expectation map
oy Mp(A) = Mp(C) is defined via

en([Aif]) = [p(Aij)]-

@ If A1, Ay are unital subalgebras of A that are free with respect to ¢,
then Mp(A1) and Mp(Az) are free with amalgamation over My (C)
with respect to ¢py.

@ Is there a bi-free analogue of this result?

o Is My(A) a My(C)-Mp(C)-ncps?
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B-B-NCPS Associated to A

Let (A, ) be a non-commutative probability space and let B be a unital
algebra. Then A ® B is a B-B-bi-module where

Lp(a® b') =a® bb, and Ry(a® b') =a® b'b.
If p: A® B — B is defined by
p(a @ b) = ¢(a)b,
then £L(A ® B) is a B-B-ncps with
E(Z) = p(Z(1a® 1p)).

If X,Y € A, defined L(X ® b) € L(A® B); and R(Y ® b) € L(A® B),

via

L(X®@b)(awb)=Xa® bt  and R(Y®@b)(a®b')= Yax bb.
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Bi-Freeness Preserved Under Tensoring

Theorem (Skoufranis; 2015)

Let (A, ) be a non-commutative probability space and let

{(Atks Ar k) }kek be bi-free pairs of faces with respect to . If B is a
unital algebra, then {(L(Arx ® B), R(A;x ® B))}kek are bi-free over B
with respect to E as described above.

Proof Sketch.

If x:{1,....,n} = {l,r}, Zn=L(Xn® by) if x(m) =¢, and
Zm = R(Xm ® bp) if x(m) =r, then

E(Z1--Zp) = (X1 Xn) ® bs, (1) =+ bsy(n)

Also
Ly Zp) = (X, s Xn) ® bsX(l) 000 bsx(n)' [
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Bi-Matrix Models - Creation/Annihilation on a Fock Space

Theorem (Skoufranis; 2015)

Given an index set K, an N € N, and an orthonormal set of vectors
{hf; | ije{l,...,N}, ke K} CH, let

L 1 N k . * L 1 i k \* .
Lk(N) o= \/N,-’Jz-z:l L(l(hi,j)®El,J)7 Lk(N) o= \/N,-JZZ:I L(l(hj,i) ®EI,J)
Ri(N) := T .Z R(r(hf)) ® Eij), Ri(N):= NG > R(r(hf)* ® Eij).

ij=1

Il
-

J
If E: L(L(F(H)) @ Mn(C)) = Mp(C) is the expectation, the joint
distribution of {Lx(N), L;(N), R(N), R (N)}kek with respect to 4Tt o E
is equal the joint distribution of {I(h¥), I*(h¥), r(h¥), r*(h*¥)} kek with
respect to o where {h*},cx C H is an orthonormal set.

Paul Skoufranis On Operator-Valued Bi-Free Distributions March 22, 2016 15 / 30



Bi-Matrix Models - g-Deformed Fock Space

@ Moreover (L(Irz) @ Mpn(C)), R(Ir(2) @ Mn(C))) and
{(Lk(N), LL(N)), (Re(N), RE(N)) ke are bi-free.

@ Considering the g-deformed Fock space, the joint distribution of the
g-deformed versions

{(Lk(N), Li(N), LE(N), LYE(N)), (Re(N), Ri(N), RE(N), R (N)) Y ke
with respect to %Tr o E asymptotically equals the joint distribution of
{(CH<), 17 (K<), 1(hg), 1 (hg)), (r(*), r*(h¥), r(hg), r*(h5)) bex

with respect to o where {h*, h&}rcx C H is an orthonormal set, and
are asymptotically bi-free from

(L(I7,(2) ® MN(C)), R(Iz,3) @ Mn(C))).
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Amalgamating over a Smaller Subalgebra

@ Suppose (A, E,¢) is a B-B-ncps. Let D be a unital subalgebra of B,
and let F: B — D be such that F(1g) = 1p and
F(dibdy) = diF(b)ds for all di,d» € D and b € B.

@ Note (A, F o E,e|pgper) is a D-D-ncps since

F(E(LyRyZ)) = F(dE(Z)d') = dF(E(Z))d
F(E(ZL4)) = F(E(ZRq))

for all d,d’ € D and Z € A. Note Ay g C Asp and A, g C A, p.
@ How do the B-valued and D-valued distributions interact?

@ How can one described said distributions?
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Operator-Valued Bi-Free Distributions

Suppose {Z;}ic; € Ap and {Z;}jes C Ar. Suppose we wanted to describe
all B-valued moments involving Z;,, Z;;, Z;,, and Zj, each occurring once
in that order.

Ziy $—
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Operator-Valued Bi-Free Distributions

Suppose {Z;}ic; € Ap and {Z;}jes C Ar. Suppose we wanted to describe

all B-valued moments involving Z;,, Z;;, Z;,, and Zj, each occurring once
in that order.
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Operator-Valued Bi-Free Distributions

Suppose {Zi}ic) € A¢ and {Zj}jc) C A, Let Z ={Z;}ic) U{Zj}jey. For
n>1,w:{l,...,n} - 1UJ, and by,...,bp_1 € B, let

ugw(bl, ceybpo1) = Expectation of Z,,1y, ..., Z,n) in that order
with by, ..., bp—1 in-between gaps with respect
to the y-ordering.
ngw(bl, vy bno1) = Cumulant of Z (), ..., Z(n in that order
with by, ..., bp—1 in-between gaps with respect

to the y-ordering.

Similarly, we can define /L?W(dl, ...,dp_1) and ng(dl, ooy dno1).
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D-Valued Cumulants from B-Valued Cumulants

Theorem (Skoufranis; 2015)
If
K3 ,(di,...,dp-1) €D

foralln>1,w:{1,....,n} - 1UJ, and d1,...,d,—1 € D, then

Rg,w(dla 200y dn—l) = Kvg’w(dl, noag dn—l)

foralln>1,w:{1,....,n} - 1UJ, and di,...,dy—1 € D.
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Bi-Free from B over D

Theorem (Skoufranis; 2015)
Assume that F : B — D satisfies the following faithfulness condition:
@ ifby € B and F(bab1) =0 for all b, € B, then by = 0.

Then (alg(e(D ® 1p),{Zi}ier), alg(e(1p ® DP),{Z;}jcy)) is bi-free from
(e(B®1pg),e(lg @ B°P)) with amalgamation over D if and only if

REu(bry . bat) = F (REL(F(br), .., F(by1))) (1)

foralln>1,w:{1,...,n} - 1UJ, and by,...,by,—1 € B. Alternatively,
equation (1) is equivalent to

K3 o(b1s ... bo1) = K2, (F(b1), ..., F(bo-1)). (2)

v

This is a bi-free analogue of a result of Nica, Shlyakhtenko, and Speicher.
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Bi-R-Cyclic Families

Let / and J be disjoint index sets and let

{[Zk;i 1 ker U{[Zkii ] kes © Mn(A).

The pair
({[Zkiijl}kers {[Zk;i 1} kes)

is said to be R-cyclic if for every n>1, w: {1,...,n} — U J, and
I P Oy Sy e

H()Sw(zw(l);il,jp Zw(2);i2J27 ceey Zw(n);ian) =0

whenever at least one of

Jox (1) = I5y(2) 1S5 (2) T i (3) -+ s (n—1) T sy Jsy(n) = s (1)

fail.
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Bi-R-Cyclic Families and Bi-Free over the Diagonal

Theorem (Skoufranis; 2015)
Let (A, ) be a non-commutative probability space and let

{1Zk;i 1 ker U{[Zkii ] kes © Mn(A).

Then the following are equivalent:
o ({[Zkijl}ker {[Zkiijl}kes) is R-cyclic.

o ({L([Zki ) }ker, {R([Zkii ])}kes) is bi-free from
(LMn(C)), R(Mp(CT)°P)) with amalgamation over Dy with respect
to F o Ey.

v

@ This is a bi-free analogue of a result of Nica, Shlyakhtenko, and
Speicher.

@ One of the first non-trivial, concretely constructed examples of
bi-freeness with amalgamation.
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Bi-Free Partial R-Transform - Operator-Valued

If (A, E,€) is a Banach B-B-ncps, b,d € B, X € Ay, and Y € A,, let

M (b) =1+ E((LeX)")
n>1

M (d) =1+ E((RaY)")

Cx(b) =1+ w8 (LpX,...,LpX)
n>1

Cy(d)=14> k2 (RaY,...,RqY)
n>1
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Bi-Free Partial R-Transform - Operator-Valued

If (A, E,€) is a Banach B-B-ncps, b,b,d € B, X € Ay, and Y € A,, let

Mx,y(b,cb,d) := > E((LpX)"(RqY)"Rs) and

n,m>0
Cx,y(b b, d) =+ > k% (LpX,...,LpX, [pXLe)
7N —
n>1

n—1 entries

+ 3 Fxum(LoX, o LbX,RaY, ... RqY, RqYRa).

m>1 D
n>0

n entries m—1 entries

Theorem (Skoufranis; 2015)

With the above notation,

M5 (b)Mx y (b, b, d) + Mx y (b, b, d)M¥(d)
= M5 (b)bMy,(d) + Cx,y (Mx(b)b, Mx v (b, b, d), dMy,(d)).
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Operator-Valued Free S-Transform

If E(X) and E(Y) are invertible, let
Wi x(b) = My(b) = 1= E((LsX)")
W,y (d) = M(d) —1= E((RsY)")

&y x(b) = Cx(b) =1 =Y k2 (LpX,...,LpX)

n>1

&, y(d) = Cy(d)—1=> % (RaY,...,RqyY)

n>1
Sk(b) = bH(b+ 1)W{ 7 (b) = b~o) ) (b)
oLV (d)(d+1)d ! = ol P (d)d .

n
<=
—~

Q.
N

Il
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Operator-Valued Free S-Transform

Theorem (Dykema; 2006)

Let (A, E,e) be a Banach B-B-non-commutative probability space, let

(X1, Y1) and (X2, Y2) be bi-free over B. Assume that E(Xy) and E(Yk)
are invertible. Then

Sxuxa(b) = Sk, (b)Sx, (S, (b) ' bSx,(b)) and
Stv,(d) = S3,(S%,(d)dSv,(d)71)SY, (d)

each on a neighbourhood of zero.
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Operator-Valued Bi-Free S-Transform

Kxy(b,b,d)= > kB (LpX,...,LbX,RaY,...,RqY,RqYRa)

n entries m—1 entries

Tx,v(b,d,d) = Kx,y (bSk(b), &, Sy(d)d)

Definition (Skoufranis; 2015)

The operator-valued bi-free partial S-transform of (X, Y'), denoted
Sx,y(b, db, d), is the analytic function

b+ b 1Tx y(b,db,d) + Tx.y(b,d,d)d ! + b 1Tx y(b, b, d)d™?

for any bounded collection of & provided b and d sufficiently small.
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Operator-Valued Bi-Free S-Transform Formula

Theorem (Skoufranis; 2015)
If (X1, Y1) and (Xz, Y2) are bi-free over a unital algebra B, then

Sx.%,v1 Y, (b, b, d)
equals
ZiSx,. v, (21624, Z7 Sx, vy (b, b, d) 27, Z,dZY) Z,

where Z; = S§ (b) and Z, = S}, (d).

Paul Skoufranis On Operator-Valued Bi-Free Distributions March 22, 2016



Thanks for Listening!
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