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- A real invariant ensemble is a sequence

XW
'

= ( . .  -4¥' .  .¥
, ,

,
N -42,3 ,

...

of random real selfadjoint matrices such that X
" "

EOXMO
"

for
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. A complex invariant ensemble is a sequence X
" "

of random complex selfadjoint

matrices such that X
" " ' ⇐ UXMU

"
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UEUCNL

. A quaternion ic invariant ensemble is a sequence X
" "

of random quaternionicselfadjointmatrices such that X
" ' ' ± SX" 'S"
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Sespl N )
.



- Dyson Ensembles : distribution of X
" "

has density proportional to

e-
ETRVK )

,

where V :R→R is the potential and Be { 1. 2,4 } is the Dyson index

. Joint distribution of
eigenvalues E.

"  "
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. .
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,

where

HIE
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Theorem ( Johansson ) : Under mild hypotheses on V
,

the spectral measure µ
" "

of X
" "

converges weakly ,
in probability ,

to
a nonrandom probability

measure µ 's' which is the
unique minimizer of

M H µx)µ(dx ) - µloglx - yluldxluldyl

- Dyson ensembles form
a small island in the vast sea of invariant ensembles

.



- Newton observables
:

Pam - Nt ,§,lEi" ' I
,

den

- Moments of µ
" "

: pd
" '

= fxdumldx )
.

- Moment method :

any technique relating distribution of Newton observables

to joint distribution of XP!

- Wigner 's moment method : pain
'

- ¥
, ,

.IE#qYnjuXoiizia....XoiaYan .



. Let X
" "

be
any

selfadjoint ensemble
.

Consider the Fourier transform
,

At Efeitr AXWF

- Diagonal ize selfadjoint matrix A :

II ( EIIAX
" "

]=E[ eitrula"
 

an ]U" X
" "

]=E[ eitrla"
 

an ]U" XWU]
,

- If X
" "

conjugation invariant
,

then

E ( eitrlaliankl"X"
 "

U ] = El eitrlalianlx" " ]
.



Proposition : The distribution of X
" "

is completely determined by the

joint distribution of the real random variables

XY
'

,
...

,

Xiii
.

which
are identically distributed and exchangeable .

Proof: For
any

selfadjoint A
,

#EIIAX
" "

1 = Eleila " ... ,
anti ( Xi

' "

,
...

,
Xii .

where a
, , ...

, an is
any

enumeration of the
eigen

values of A
.



. An invariant ensemble X
"

is smooth if XI
"

, ...

,

XIY admit

joint moments of all orders

- By exchangeability ,
suffices to consider joint moments indexed by Young

diagrams : if Htd and llxkr
,

put

MY
'

. male"E¥i"..EE#xriY=EttIlxnmPit

. Example : if t.IT#D ,

then my
'

. Ellxinyslxiiysk.mil
.

Equivalently ,
my

"

is coefficient of at
.

ah §,
in Eleilananastlxiuixzi

"

,
Xii

' ) ]
.



- General principle : cumulants are better than moments

. Trade MY
' for Y

'
= al Xin

,
...

,XiY
. . .

,
Xiii

'

, ...

,
Xii

'

)c c

up up
.

- Example : if t.FI# ,
then

di
'

=

c. lxinixinixinixinixin
,

MIMI Minnix :D
- ÷=

Coefficient of ¥
.

9¥ ¥
,

in Maclaurin series of log Eleilanaaastkn"YXziYXi
" ) ]

.



Theorem ( Matsumoto
- N

.

) : For
a smooth invariant ensemble XY

'

the following are equivalent :

1) For each d
, point converges in probability to

a deterministic

limit pan ,

2) For each 1
,

the limit CY
'

- tiny
.

N
"

"cY' exists
,

and vanishes if llx ) > 1

.



- What is the relationship between pioipi
"

, pin, ...

and cia , can
, g.

, ...

?

Theorem ( Matsumoto - N
.

) : Under the same hypotheses
,

we have

Rlpi .

, pin, pin , ...

) = lotei .

, t.ci "

, t.ci .

, ... )
.

- Idea of proof : use Xii
"

"=§dUiY
'

Ejnltiin
,

where U
" '

= Ninth,
is

uniformly random in 01N)
,

UIN )
,

or Sp ( N ) according to whether f- 1,2,
or 4.

-

"

Integrate out
"

eigenvectors using Weingarten Calculus
.



- Olshanski - Vershik : considered the case N=e

. Collins :
considered the case where eigen

values of X
" "

are deterministic

- Guionnet - Maida : considered Z
' " '

= X
" "

+ YM
,

where eigenvalues of Xm
,

YW
'

deterministic

- Bufetov - Gorin : related results for discrete particle systems .



Example : Let X
" "

be
an

invariant ensemble such that XIY
...

,

XIY
'

are

iid Gaussians of mean c
, ,

variance a N?

Easy : higher pure
cumulants vanish by Gaussian ity ,

mixed

cumulants vanish by independence .

Thus

limitsde
'

. tim
,

.N"
"

cxm
,

HK

exist
,

with Cio '=c
, , do '=cz

,

and de '=O otherwise
.

Conclusion : each pd
"

converges in probability to deterministic pam,

and

Rlpioipio'

, pin .

) = ( a. a. 0,0
,

... ) .



Example : Let X
" "

,
Y

" "

be independent invariant ensembles with

p .
( X

" "

) →
x

.
and

pa
( Y

" "

) →

ya .

Form Z
" '

- X
" '

+ YY
'

Then for
any

hey
,

Hkd
,

later
, independence yields

cattini
...

,

ZIY
...

,

Ziii
...

,
Zrr

" )

÷÷
- c.heist"

"Y
' . .,×Eyy*'It c.KI;eE

"

ii.
 inept't

Get that path
"

) → za ,
and

R (z
, ,z . ,z , , ...

) = R ( ×
, , x. x

} , ...

) + R (
y , ,y .

, y , , ...

)
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Two ingredients :

HI A tiling of the plane by equilateral triangles ;

(2) A triangular array
of integers

,

( I )
b

,

(2)

b.
BY

bi
"

bi
"

BY

.

:
.

:

. Using this data
,

build a sequence
of simply - connected planar

domains
,

a. air
"

:
...



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. STEP ZERO : Introduce a coordinate system ,



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. STEP ONE : Construct the horizontal line through 10
,

N )
,



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. STEP Two : Construct N outward facing unit triangles on
the line

such that the midpoints of their bases have horizontal

coordinates b
,

" "
>

. . .

> BY
'

.

bin bin bin



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. STEP THREE : Erase the bases of the triangles
,

bin bin bin: "

. You have now constructed the Sawtooth domain of rank N with

boundary conditions BY
'

>
. . .

> BY?



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Fact :@
'

can be tessellated using tiles of three types
,

called lozenges
.

left - leaning right - leaning

vertical

bs
"

by
"

b3
" bi "

b
,

"

i e e .  i  i



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. FACT : R
" "

admits finitely many lozenge filings .

bs
"

BY
'

b! '

bi " bi "

. . .
. . .

,
" forced polygon

"



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Ensemble :
For each Ne IN

,
T

" "

is a uniformly random lozenge tiling
of R

"

!Ensemble determined by boundary conditions
,

bi"

bi " bi"

bi
"

bi" bi
"

: ...

bin bin BY
'

: : i

.  .  i



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Example :

"

fully packed
"

boundary conditions
,

0

I 0

2 I 0

3 2 I 0
i :

i

:
.

. A
" "

has all teeth in one dump
,

forced polygon is null
,

no randomness -

' ' trivial
"

ensemble
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

N -3

N=4



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. NordenStam - Young ensemble : boundary conditions which maximize

number of dumps ,
conditional on minimizing spread :

0

2 0

4 2

064 2 0

.

:
.

:

. Closely related to domino things of Aztec diamond - partition
functions coincide

.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

N =3

N=4

. Note : number of sides of the forced polygon increases with N
.



Fig . by Nordenstam and Young



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. ( ohn - Larsen - Propp ensemble : minimize number of dumps conditional

on getting something non - trivial
.

2 0

5 4 I

08
7 6 2 I 0

.

. .

i

:

i

. Prototypical ensemble in the subject
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

N=4

:
Forced polygon is a hexagon ,

number of sides remains fixed
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/
Figure by Cohn

,
Larsen

, Propp



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Suppose the boundary data

bi"

~by, by,
limit Profile

Sawtooth → cupcake

bi
"

bi" bi
"

: ...

is convergent : have limits

Pao
'

= tins
.

p. ( ¥7 ... , biff

. Does N 'T ' "

converge
to

a deterministic object?



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Want to study lozenge filings ? Good news : you
have options

- - - - -

= -  -  - -

. . . . .
i

:::::::::::
'

::: ::: :: :::::::::::
'

.

......
i :::::::::i: ::

'

:::::::::::::
i

. .

... ... ... ...
:

... ... ... ...
.

Schur Invariant
Functions Ensembles

. We associate to T
" "

a

"

chain
" of invariant ensembles

.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

= - g

-- - -

- =
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-



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

= - g

-- - -

-

=
- - - g

-- - -

- - -

- -

-



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. From particle perspective ,
T

" "

becomes a sequence
of N random

vectors
,

( by
, ...

.by )
,

KHN
,

where by is the ith particle from right on
the kth wire from bottom

. Joint distribution of particles on a given wire ?

- - - - -

- - = -

= - ,

. .

-



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Trade the random vector ( BIY
,

...

,b"ii.) for the random

matrix

Xin
'

. up
"

 "

: b%µi:

with Uk a uniformly random kxk unitary

. In case k=N
,

just write XY
'

= X "Y deterministic

spectrum of X
" "

gives boundary conditions of I "Y

. The joint distribution of (Xii
"

)
, " ... ,

(XIY
" is

known
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. The tiling T
" "

becomes a chain of invariant
ensembles :

. . . . . XM
. . . . Xi

"

. . . XP
. . Xi "

. xi "

. Want : if ( non . random ) spectral moments of N' X.Y
'

converge ,
then spectral moments of N

"

XII'm converge ,

for each te (0,1 )
.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

. Consider the ( N - k ) xk matrix

Z
, , .  . . Zik

zedo.it
whose entries are independent uniformly random

samples from [ 0,1]
.

Theorem I N
.

l : We have

( (Xii
' )

" ,
...

,

(Xi
"

)
"
)

±
' ( Z

" ,
. .

,
-2k ) +

. . .

+ ( Zn
. " , ...

,
Zn

.am .

) + ( ( Xi
"

)
" ,

...

,
(Xi

"

)
. )

.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

Theorem : Suppose that pop
'

- tins
.

N "X
" "

exists for

each de IN
,

and let

( rid
,

no
, rid

,
...

)=R( pp
'

, pin , pin ,
...

)
.

Then
,

for each te (0,1)
,

the random variables

PAY
'

=p .
( N' Xiii )

,

den

converge in probability to deterministic limits pay!

Writing

( NY
'

, he '

, BY
'

,
...

)=R( pit
'

, paid, p.m . . .

)
,

we have

ray
'

= HHI BE + to
"

ran.



Free Triangle Graph Paper from http://incompetech.com/graphpaper/triangle/

⇒-


