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The Chord Problem and a New Method of Filling
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1 Introduction
Let M be a closed (2n + 1)-dimensional manifold with contact form λ, that is, λ is a oneform on M such that λ ∧ (dλ)n is a volume form. The contact structure associated to λ is
the 2n-dimensional vector bundle ξ = ker λ → M, which is a symplectic vector bundle
with symplectic structure dλ|ξ⊕ξ . There is a distinguished vector field associated to a
contact form, the Reeb vector field Xλ , which is defined by the formulas
iXλ dλ ≡ 0,

iXλ λ ≡ 1.

(1.1)

The main result of this paper is about the global dynamics of the Reeb vector field on
three-dimensional contact manifolds. More precisely, we will prove an existence result
for the so-called “characteristic chords.” These are trajectories x of the Reeb vector field,
which hit a given Legendrian submanifold L at two diﬀerent times t = 0 and T > 0. We
also ask for x(0) =
 x(T ), otherwise, the chord would actually be a periodic orbit. Recall
that an n-dimensional submanifold L of a (2n + 1)-dimensional contact manifold (M, ξ)
is called Legendrian if it is everywhere tangent to the hyperplane field ξ, that is, λ|T L ≡ 0.
Characteristic chords occur naturally in classical mechanics. Assume that M is
a compact hypersurface of contact type in the cotangent bundle of some manifold. Moreover, assume that M is given as the zero set of a Hamiltonian function H of the form
H(q, p) = p, p + V(q), where p represents coordinates along the fibers, q stands for local
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coordinates on the base manifold, the pairing ·, · denotes some bundle metric on the
cotangent bundle, and V is a smooth function on the base manifold. If the intersection
{p = 0} ∩ M is a submanifold of M, then it is a Legendrian submanifold. Characteristic
chords are trajectories of the given Hamiltonian system, where the momentum is zero
at two diﬀerent times but the position q of the system at these times is diﬀerent. These
are oscillating solutions, and they were investigated by Seifert [26] and others since the
1970s [9, 11, 27, 29].
In 1986, Arnold conjectured the existence of characteristic chords on the threedimensional sphere for any contact form inducing the standard contact structure and
for any Legendrian knot [10]. After a partial result by the author in [2], this conjecture
was finally confirmed by Mohnke in [25]. It is natural to ask the existence question for
characteristic chords, not only for M = S3 , but also for general contact manifolds. A new
invariant for Legendrian knots and contact manifolds proposed by Eliashberg, Givental,
and Hofer in [16] (relative contact homology) is actually based on counting characteristic
chords and periodic orbits of the Reeb vector field.
In this paper, we will use the method of filling by pseudoholomorphic curves
which was developed in the previous papers [5, 6, 7] in order to prove a first existence
result for characteristic chords on more general three-dimensional contact manifolds.
Before we can state the main result of this paper, we need a few more definitions. Following [12, 13], we call ξ overtwisted if there exists an embedded closed disk D in M
such that T∂D ⊂ ξ | D and ∂D does not contain any point m, where Tm D = ξm . We
call such a disk D an overtwisted disk. If such a disk does not exist, we call the contact
structure tight. Similarly, a contact form is called overtwisted or tight if it induces a contact structure with the corresponding property. If L is a homologically trivial Legendrian
knot in a three-dimensional contact manifold, then there are two “classical” invariants,
meaning invariants under Legendrian isotopy. There are the Thurston-Bennequin number tb(L) and the rotation number r(L, F), where F is an embedded surface whose boundary is L. Suppose L  is a knot obtained from L by slightly pushing L along some vector
field transversal to ξ. The Thurston-Bennequin number tb(L) is then defined as the intersection number of L  with the surface F. The definition does not depend on the choice
of the vector field and the spanning surface. For the definition of the rotation number, we
have to assume that the Legendrian knot comes with a fixed orientation. Let then v be a
positively oriented, nowhere vanishing tangent vector field to L. Let φ : ξ|F → F × R2 be
a trivialization of the contact structure over the spanning surface F. The rotation number r(L, F) is then defined as the degree of the R2 -component of φ ◦ v. This does not depend on the choice of the trivialization but it depends on the relative homology class
[F] ∈ H2 (M, L).
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We define a number 0 < inf(λ) ≤ ∞ as follows:


inf(λ) := inf T | x is a T -periodic contractible orbit of Xλ .

(1.2)

If there are no contractible periodic orbits, then inf(λ) = +∞. The number inf(λ) is obviously greater than zero since periodic orbits with very small periods would lie in a Darboux chart (Xλ is bounded), which is not possible. If F is an oriented embedded surface
which bounds a given Legendrian knot, then we define the “λ-volume” of F, volλ (F), as follows: let σ be a two-form on F inducing the given orientation. We may define a function
g : F → R by the requirement dλ|F = g · σ. Then

volλ (F) :=

F

|g|σ.

(1.3)

This definition does not depend on the choice of the form σ. We will prove the following
existence result in this paper.
Theorem 1.1. Let M be a closed three-dimensional manifold with a contact form λ such
that ker λ is a tight contact structure. Assume that L ⊂ M is a Legendrian knot which
bounds an embedded disk D such that
inf(λ) > volλ (D),

(1.4)

tb(L) = −1, and r(L, D) = 0, that is, the Legendrian has the largest possible ThurstonBennequin number. Then there exists a characteristic chord for the Legendrian knot L.

Remarks 1.2. The purpose of Theorem 1.1 is not to provide a tool for checking concrete
examples. It is an existence result for characteristic chords, which does not assume M
to be a particular three-dimensional manifold like S3 or R3 as it is the case with previous results. There is a large class of contact manifolds and Legendrian knots where
Theorem 1.1 applies. Not every closed three-dimensional contact manifold admits a tight
contact structure [18], but there are several procedures known today for the construction
of tight contact structures on a variety of manifolds (see, e.g., [17, 19, 23, 24] and the references cited in those papers). Moreover, in any closed tight three-dimensional contact
manifold, there is an abundance of topological Legendrian unknots with the required
Thurston-Bennequin and rotation numbers (see [15]). Assumption (1.4) is some kind of
geometric “smallness” assumption on the Legendrian knot.
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The purpose of this paper is to give a first application of the filling method developed in [5, 6, 7] without any further technical complications. Assumption (1.4) is vacuous
if there are no contractible periodic orbits of the Reeb vector field. The purpose of this assumption is the following. The filling method used for proving Theorem 1.1 yields either
a characteristic chord or a contractible periodic orbit with period bounded by volλ (D).
Assumption (1.4) simply forbids the latter possibility. The author is convinced that there
should be a more natural assumption in terms of contact homology to express the impact
of periodic orbits on the chord problem.
In this paper, we consider only Legendrian knots which are topological unknots
and which have a certain Thurston-Bennequin number because we want to avoid dealing with saddle-type singular points of the characteristic foliation. Dealing with these
issues significantly complicates matters because families of pseudoholomorphic strips
cannot be extended further once they hit such a singular point. In fact, the boundary
value problem discussed in this paper and the previous papers [5, 6, 7] would have to
be modified in order to deal with these diﬃculties. These issues will be addressed in the
forthcoming papers [3, 4].
The main tool of the proof is the theory of pseudoholomorphic curves in the symplectisation (R × M, d(et λ)) of M. We are going to consider a special type of almost complex structures J̃ on R × M. We pick a complex structure J : ξ → ξ such that dλ ◦ (Id ×J) is
a bundle metric on ξ. We then define an almost complex structure on R × M by demanding J̃ ≡ J on ξ and sending ∂/∂t (the generator of the R-component) onto the Reeb vector
field. Then J̃(p) has to map Xλ (p) onto −∂/∂t.
If S is a Riemann surface with complex structure j, then we define a map

ũ = (a, u) : S −→ R × M

(1.5)

to be a pseudoholomorphic curve if


Dũ(z) ◦ j(z) = J̃ ũ(z) ◦ Dũ(z)

∀z ∈ S.

(1.6)

If (s, t) are conformal coordinates on S, then this becomes
 
∂s ũ + J̃ ũ ∂t ũ = 0.

(1.7)
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We are interested only in pseudoholomorphic curves which have finite energy in the
sense that
 
E ũ := sup



φ∈Σ S

ũ∗ d(φλ) < +∞,

(1.8)

where Σ := {φ ∈ C∞ (R, [0, 1]) | φ  ≥ 0}. The following results show that nontrivial pseudoholomorphic planes and half-planes with finite energy lead to the existence of periodic
orbits and characteristic chords, respectively [21].
Theorem 1.3. Assume that M is a closed manifold with contact form λ, and let ũ = (a, u)
be a nonconstant pseudoholomorphic plane with finite energy. Then

T :=

u∗ dλ > 0

(1.9)

C

and every sequence (Rk )k∈N of positive real numbers tending to infinity has a subsequence (Rk )k∈N so that u(Rk e2πit/T ) converges in C∞ (R/T Z, M) to some x which satisfies


ẋ(t) = Xλ x(t) ,

(1.10)

x(0) = x(T ).



There is a corresponding result for characteristic chords. If H+ := {s + it ∈ C | t ≥ 0}
is the closed upper half of the complex plane, M a manifold with contact form λ, and
L ⊂ M a Legendrian submanifold (or a Legendrian knot if M is three dimensional), then
we define a finite-energy half-plane to be a map

ũ = (a, u) : H+ −→ R × M

that satisfies the following conditions:
◦

(1) ∂s ũ + J̃(ũ)∂t ũ = 0 on H+ ,
(2) ũ(∂H+ ) ⊂ R × L,
(3) u(H+ ) is contained in a compact region K ⊂ M,
(4) ũ has finite energy E(ũ) < +∞.

(1.11)
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Existence of a nontrivial finite-energy half-plane implies the existence of a characteristic
chord (see [1] for a proof).
Theorem 1.4. Let ũ be a finite-energy half-plane which is nonconstant in addition. Then

T := H+ u∗ dλ > 0 and any sequence of positive real numbers tending to +∞ has a subsequence Rk → +∞ so that the maps
[0, T ] −→ M,



t −→ u Rk eπi(t/T )

converge in C∞ to some orbit x of the Reeb vector field Xλ with x(0), x(T ) ∈ L.

(1.12)


The aim of this paper is to show the existence of a nontrivial finite-energy halfplane under the assumptions of Theorem 1.1. If F is an embedded oriented surface in a
three-dimensional contact manifold (M, ξ = ker λ), then there is a distinguished singular foliation on F, the so-called characteristic foliation. The singularities consist of the
points where the contact structure is tangent to the surface. The leaves of the foliation
are the curves on F which are tangent to ker λ. A singularity p ∈ F is called positive if
the orientation of (Tp F, dλp ) coincides with the prescribed orientation of F, and negative
otherwise. If σ is a two-form on F inducing the given orientation, then the vector field Z
defined by iZ σ = j∗ λ induces the characteristic foliation on F (j : F → M is the inclusion). The zeros of Z then correspond to the singularities of the characteristic foliation.
If Z(p) = 0 is a saddle-type singularity, then we call p a hyperbolic singularity. In the
case of a sink or a source, we call p an elliptic singularity.

2 The filling method
The strategy of the proof is the following: in order to show existence of a characteristic
chord, it is suﬃcient to show the existence of a nontrivial finite-energy half-plane as in
Theorem 1.4. We will accomplish this by considering a diﬀerent boundary value problem
involving the nonlinear Cauchy-Riemann equation. This boundary value problem is set
up in such a way that the moduli space of its solutions is not compact. A bubbling-oﬀ
analysis then yields the existence of either a finite-energy plane or a finite-energy halfplane. Assumption (1.4) of Theorem 1.1 excludes the case of a finite-energy plane proving
the existence of a characteristic chord.
Assume in this section that M is a closed three-dimensional manifold with contact form λ and that L is a homologically trivial Legendrian knot with Seifert surface D.
Moreover, let e ∈ L be an elliptic singular point. We consider the following boundary
value problem on the infinite strip S = R × [0, 1]:
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ũ = (a, u) : S −→ R × M,
 
∂s ũ + J̃ ũ ∂t ũ = 0,
ũ(s, 0) ⊂ R × L,
ũ(s, 1) ⊂ {0} × D∗ ,

(2.1)

u(0, 0) = e,
 
0 < E ũ < +∞,

where D∗ denotes the Seifert surface without its singular points. Pseudoholomorphic
strips with mixed (Lagrangian) boundary conditions were also studied by Floer in his
theory of Lagrangian intersections [20] but there are important diﬀerences. In contrast
to Floer’s theory, the boundary conditions {0}×D∗ and R×L have nontransverse intersection, and {0} × D∗ is not Lagrangian. Moreover, the “ends” lims→ ±∞ ũ(s, t) of the solutions
of problem (2.1) are not fixed; they are allowed to slide along L. In addition, Theorem 2.1
requires a particular almost complex structure on a neighborhood of the elliptic singular points on the boundary. Floer’s proof of transversality by choosing a generic almost
complex structure does not work here. With a bit more eﬀort (using also that R × M is
four dimensional), one can show that transversality holds automatically (see [6]). The
previous papers [5, 6, 7] take care of all these analytic issues. The purpose of this section
is to give a brief summary.
Theorem 2.1 (local existence of solutions). Let (M, λ) be a three-dimensional contact
manifold. Moreover, let L be a Legendrian knot which bounds an embedded surface D 
so that the characteristic foliation has only finitely many singular points. Then there
are another embedded surface D which is a smooth C0 -small perturbation of D  having
the same boundary and the same singular points as D  , and a dλ-compatible complex
structure J : ker λ → ker λ so that the following is true: near each elliptic singular point
e ∈ ∂D = L, there are embedded solutions ũτ , 0 < τ < 1, to the boundary value problem
(2.1) with the following properties:
 τ ,
(1) ũτ (S) ∩ ũτ  (S) = ∅ if τ =
(2) ũτ → e uniformly with all derivatives as τ → 0,
(3) the family ũτ depends smoothly on the parameter τ,
 0 for all
(4) each map uτ is transverse to the Reeb vector field, that is, πλ ∂s uτ (z) =
z ∈ S,
(5) the Maslov indices µ(ũτ ) all equal zero.
Proof. See [7].




920 Casim Abbas

The Maslov index µ(ũτ ) is a topological quantity associated to the boundary condition {0} × D. Its precise definition is not relevant for this paper (see [6]).
Proposition 2.2. Let ũ = (a, u) : S → R × M be a nonconstant solution of the boundary
value problem (2.1).
(1) Then the path s → u(s, 1) is transverse to the characteristic foliation, that is,
∂s u(s, 1) ∈ ker λ(u(s, 1)). Actually,


0 < ∂t a(s, 1) = −λ u(s, 1) ∂s u(s, 1)

∀s ∈ R.

(2.2)

(2) The function a(s, t) is negative whenever 0 ≤ t < 1.
(3) The pseudoholomorphic strip never hits {0} × L, that is,


ũ(S) ∩ {0} × L = ∅.

(2.3)

In particular,
lim ũ(s, t) ∈ ũ(S).

s→ ±∞

Proof. See [6].

(2.4)



The subject of [5] is the asymptotic behavior of solutions to (2.1) for s → ±∞.
Among other things, we have shown that for any solution ũ of (2.1), the limits p± =
lims→ ±∞ ũ(s, t) ∈ {0}×L exist. Moreover, in local coordinates, the function ũ(s, t) − p± and
all its derivatives converge to zero like eλ± s , where λ+ < 0 and λ− > 0 are integer multiples of π/2 (see [5]). The local solutions in Theorem 2.1 actually decay at the rate e−π|s|/2
(see [7]). The main result of [6] states that the existence of a suitable embedded solution
implies the existence of a whole 1-parameter family of embedded solutions nearby.
Theorem 2.3 (implicit function theorem). Let ũ0 = (a0 , u0 ) be an embedded solution of
(2.1) so that its Maslov index µ(ũ0 ) vanishes. Assume moreover that |ũ0 (s, t) − p± | decays
like e−π|s|/2 for large |s| in local coordinates near the points p± := lims→ ±∞ ũ0 (s, t) and
that p− = p+ . Assume also that
 
 
dist u0 R × {1} , Γ > 0,

(2.5)

where Γ denotes the set of the singular points on the Seifert surface D. Then there is a
smooth family (ṽτ )−1<τ<1 of embedded solutions of (2.1) with the following properties:
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(1) ṽ0 = ũ0 ,
(2) the solutions ṽτ have the same Maslov index and the same decay rates as ũ0 ,
(3) the sets


U± :=

−1<τ<1




lim ṽτ (s, t)

s→ ±∞

(2.6)

are open neighborhoods of the points p± in L,
 τ .
(4) ṽτ (S) ∩ ṽτ  (S) = ∅ if τ =
Proof. See [6].




The assumption on the decay of ũ0 and its Maslov index are important since the
Fredholm index depends on this data. This means that we need an enhanced compactness result which guarantees the correct data plus the embedding property for a C∞
loc limit of a sequence of solutions. Analytic arguments yield the exponential decay of the
limit while the specific decay rate and the embedding property follow from topological
arguments. We have shown the following compactness result in paper [7].
Theorem 2.4 (compactness result). Let (ũτ )0≤τ<τ0 = (aτ , uτ )0≤τ<τ0 be a smooth family
of embedded solutions to the boundary value problem

ũ = (a, u) : S −→ R × M,
 
∂s ũ + J̃ ũ ∂t ũ = 0,
ũ(s, 0) ⊂ R × L,
ũ(s, 1) ⊂ {0} × D\Γ,

(2.7)

u(0, 0) = e,
 
0 < E ũ < +∞,

where D ⊂ M is an embedded surface bounding the Legendrian knot L, Γ ⊂ D is the set
of singular points, and e ∈ Γ ∩ L is an elliptic singular point on the boundary of D. The
following conditions are imposed on the solutions ũτ :
(1) ũτ  (S) ∩ ũτ  (S) = ∅ if τ  = τ  ,
(2) dist(∪0<δ≤τ<τ0 {uτ (s, 1) | s ∈ R}, Γ ) > 0,
(3) for small τ, the solutions ũτ coincide with the local solutions of Theorem 2.1
near e; in particular, they decay like e−π|s|/2 ,
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(4) there is a uniform gradient bound, that is,


sup ∇ũτ C0 (S) < ∞.

(2.8)

0≤τ<τ0

Then for every sequence τk
verges in

C∞
loc

τ0 , there is a subsequence τk such that the family ũτk con-

to another solution (as k → ∞) ũτ0 with finite energy such that

dist({uτ0 (s, 1) | s ∈ R}, Γ ) > 0 also. Moreover,
(1) every sequence τk yields the same limit, that is, ũτ0 = limτ

τ0

ũτ , and the

convergence is uniform on S with all derivatives,
(2) ũτ0 is an embedding,
(3) the Maslov index µ(ũτ0 ) of ũτ0 equals 0,
(4) the solution ũτ0 (s, t) has the same rate of decay for large |s| as the maps ũτ ,
that is, |λ± | = π/2,
(5) ũτ0 (S) ∩ ũτ (S) = ∅ for all 0 ≤ τ < τ0 .
Proof. See [7].




Assume that ũτ = (aτ , uτ ), −1 < τ ≤ 0, is a continuous family of embedded pseudoholomorphic strips as in (2.1) with pairwise disjoint images. Let ṽ = (b, v) be another
embedded solution of the boundary value problem (2.1). In [7], we have studied the intersection properties of the pseudoholomorphic curve ṽ with the family ũτ . The following
theorem states that “there is no isolated first intersection.”
Theorem 2.5 (no isolated first intersection). Assume that ũτ = (aτ , uτ ), −1 < τ ≤ 0, is
a smooth family of embedded solutions of (2.1) with pairwise disjoint images and let
ṽ = (b, v) be another embedded solution. Moreover, assume that ũτ and ṽ have disjoint
images for τ < 0, but the intersection of ũ0 (R × [0, 1]) with ṽ(R × [0, 1]) is not empty.
Then the image of ṽ is contained in the image of ũ0 or vice versa, except in the following
case: if the first intersection occurs at the boundary R × {0}, that is, if ũ0 (p) = ṽ(q) for
p, q ∈ R × {0}, and ∂s u0 (p), ∂s v(q) ∈ Tu0 (p) L do not have the same orientation, then all
what can be concluded is that ũ0 (R × {0}) = ṽ(R × {0}).



Proof. See [7].



Remark 2.6. In most cases, it is suﬃcient to know that the images of ũ0 and ṽ agree along
the boundary R × {0}.
We also have to exclude the situation where the intersection occurs at infinity.
Theorem 2.7. Let ũτ = (aτ , uτ ), −1 < τ ≤ 0, be a smooth family of embedded solutions of
(2.1) with pairwise disjoint images. Let ṽ be another embedded solution. Assume that all
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u0 (s, 1) = v(s , 1) for some s, s
Figure 2.1

e−

e+

The two curves meet at an endpoint

Intersection scenarios forbidden by Theorems 2.5 and 2.7.

the maps ũτ and ṽ have the same exponential decay rate λ+ = −π/2 as s → +∞. Assume
also that ṽ and ũ0 converge to the same point on {0} × L as s → +∞, but
ũτ (S) ∩ ṽ(S) = ∅ ∀τ < 0.

(2.9)

Then




ṽ R × {0} = ũ0 R × {0} .
Proof. See [7].

(2.10)



In Figure 2.1, we visualize the solutions to the boundary value problem (2.1) by
looking at uτ (R × {1}) and ṽ(R × {1}) which are all curves on the Seifert surface D.

3 Manipulating the characteristic foliation
The results of the previous section were all formulated without any particular assumptions on the Legendrian knot L apart from being homologically trivial. We will now return to the situation of Theorem 1.1, where the Seifert surface D is a disk, the Legendrian
has particular Thurston-Bennequin and rotation numbers, and M is a tight contact manifold. Because L = ∂D is Legendrian, the boundary of the disk belongs to the characteristic foliation, and because ker λ is tight, there must be singular points on the boundary.
Following [15], we may deform the disk D to another disk D  which satisfies the following
conditions:
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e−

e+

Figure 3.1

Characteristic foliation in the

case where tb(L ) = −1 and r(L , D ) = 0.

(1) ∂D = ∂D  = L,
(2) | volλ (D) − volλ (D  )| is as small as we wish,
(3) the characteristic foliation on the new disk D  has exactly two singular points.
They are both elliptic and they both lie on the boundary (see Figure 3.1).

4 Proof of Theorem 1.1
Near each boundary elliptic point e, there are solutions ũτ = (aτ , uτ ) of (2.1) starting out
with the family given by the local existence theorem, Theorem 2.1. By our intersection
−
+
results, Theorems 2.5 and 2.7, the two solution families ũ+
τ and ũτ originating from e

and e− , respectively, cannot intersect. Otherwise, the restrictions of the two families to
R × {0} would blend together into one family. If the families intersected, then we could
construct a smooth map Ψ : Q → R×L defined on some closed rectangle Q ⊂ R2 so that its
restriction to the boundary has degree one. We define a subset O ⊂ D, the set of obstacles,
−
to be the union of the curves u−
τ (R × {1}) including their end points lims→ ±∞ uτ (s, t) ∈ L.

The set of obstacles consists of objects on the Seifert surface which cannot be hit by the
family of curves u+
τ (R × {1}).
We claim that there is a family of embedded solutions ũ+
τ , 0 < τ < 1, of (2.1)
starting out from the elliptic singular point e+ on the boundary as in Theorem 2.1 such
that



sup ∇ũ+
τ C0 (S) = +∞.

0≤τ<1

(4.1)

We prove this indirectly. Let Fe be the set of all smooth families of embedded solutions
(ũτ  )0<τ  <τ0 to (2.1) with u0 = e+ ∈ L, which agree with the local family given by
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Theorem 2.1 if τ  is suﬃciently small. Arguing indirectly, we assume that for each family
(ũτ  ) ∈ Fe ,
sup

0<τ  <τ0



∇ũτ   0 < +∞.
C (S)

(4.2)

Applying the compactness result, Theorem 2.4, any family (ũτ  )0<τ  <τ0 ∈ Fe extends to a
family (ũτ  )0<τ  ≤τ0 ∈ Fe . Then ũτ0 is also embedded, and it has the same decay rate and
Maslov index as the rest of the family, namely, |λ± | = π/2. Moreover, the image of ũτ0 is
disjoint from the images of the ũτ  for τ  < τ0 .

We can now apply the implicit function theorem, Theorem 2.3, to the solution
ũτ0 . We obtain a larger family (ũτ  )0<τ  <τ0 +ε ∈ Fe , and the boundary curves on D move
closer to the obstacles O:



 =
uτ  R × {1} ⊂

0<τ  <τ0





uτ  R × {1} .

(4.3)

0<τ  <τ0 +ε

By assumption, we have again a gradient bound for this larger family:
sup

0<τ  <τ0 +ε



∇ũτ   0 < +∞.
C (S)

(4.4)

On the other hand, there is a positive constant δ such that

dist





uτ R × {1} , O ≥ δ


(4.5)

τ

for any family (ũτ ) ∈ Fe . If not, then we could find a family of solutions in Fe which intersects the set of obstacles O. But we have just seen that this is impossible. This proves
our claim (4.1).
If ũk is a sequence of solutions of (2.1) and zk ∈ S with Rk := |∇ũk (zk )| → ∞, then
we use a standard rescaling argument (see, e.g., [5, Section 3]). Depending on where bubbling occurs, we obtain either a pseudoholomorphic plane, a half-plane with boundary
condition R × L, or a half-plane with boundary condition {0} × D∗ , where the boundary
curve has positive distance from the set O and is everywhere transverse to the characteristic foliation, which is also impossible. In all cases, the resulting pseudoholomorphic
curve is not constant and has energy bounded by volλ (D) because the energy of any solution ũτ of (2.1) is bounded by volλ (D) (see [6, Proposition 2.3]). In the case of a pseudoholomorphic plane, we would obtain a contractible periodic orbit of the Reeb vector
field (Theorem 1.3) with period not larger than volλ (D), which is impossible because of
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assumption (1.4). The case of a half-plane with boundary condition {0} × D is also impossible since we could remove the singularity at infinity and obtain a disk with boundary
curve on D∗ and transverse to the characteristic foliation. The only remaining possibility then yields a characteristic chord. In view of assumption (1.4), we obtain a genuine
chord x(t), that is, x(0), x(T ) ∈ L for some T > 0 and x(0) =
 x(T ). This completes the proof
of Theorem 1.1.
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