


Konheim and Weiss (1966):

6. A parking problem—the case of the capricious wives. Let st. be a
street with p parking places. A car

st.
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occupied by a man and his dozing wife enters st. at the left and moves
towards the right. The wife awakens at a capricious moment and orders her
husband to park immediately! He dutifully parks at his present location, if
it is empty, and if not, continues to the right and parks at the next available
space. If no space is available he leaves st.
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Car C; has parking preference a;. If a; is occupied, then C; takes the next

available parking spot. We call (as,...,a,) a parking function (of length

n) if all cars can successfully park.

n=2:11.12,21 Jé%%j

n=3:111,112,121,211,113,131,311, 122,

212.221.123,132, 213,231,312, 321
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Figure: PF,, PF3, and PFy4.
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FIGURE The x-parking function polytopes, from left to right: X3(1,1), X3(1,2),
X3(2,1), and X3(2,2). Observe that X3(1,2) is a dilate of X3(1,1). Note that when
a > 1, there are new facets that do not appear when a = 1.
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Prapasition (Honode, leiken, Ay S85):
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1<z;<(n—-1)b+a,

i+ri<((n=2)b+a)+((n=1)b+a),

ri+zj+re<((n=3)b+a)+((n-2b+a)+((n—=1)b+a),

Tiy + Tig+ -+ Ti, , < (2b+a)+---+((n=2)b+a)+ ((n—1)b+a),

ifa>1,forall 1 <ij <ig<---<ipy <n,

Ty +Tip+ -+ i, , S (b+a)+ -+ (n=2)b+a)+ ((n—=1)b+a),

T t+xat-trpa<at--+((n-2b+a)+((n—1)b+a).
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where S(n, k) are the Sti l mbers of the second kind.
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FIGURE  The weakly ir ing x-parking function po lyt opes, from left to right:
Xy (1 1) xP(1,2), X (2 1) X (2 2). Note th t when a = 1, they are two-
dlm nal, and when a > 1, they are three-dimensione xl.
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M)wi{h NVol(PFg) = 1 and NVol(PF,) = 0, for n > 2 we have
recursively,
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Q(v )NVOI(PF,,,_ ) eguels the number of nxn (0, 1)-matrices with two 1’s in each row that
have positive permanent.
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Q‘U )N\-’(_\I{ZF’F,: ) equals the number of nx n (0, 1)-matrices with twe 1’s in each row that

have positive permanent.
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Corollary: _

esmr==t=r= [ he parking Problem 1: Find a bijection between the
function polytope PF, simplices of a unimodular triangulation of
admits a regular PF, and (0, 1)-matrices with two 1's in each

nimodular triangulation. ) g
Hmott & row with positive permanent.

Problem 2:

A.) Determine a formula for the Ehrhart
polynomial (or h*-polynomial) of PF,,.
B.) Find a combinatorial or geometric
interpretation for their coefficients?

C.) Is PF, Ehrhart positive?
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Tha x-‘;a/uML) ?.md;«w pabutape Xu
X+ X 4+ -+ X, S k(b + - + bp—k+1) + (k — 1)bp—k42 + - - - + 2by—1 + by,

and
for each possible chain 1 < iy < --- < iy < n and each value k € {1,2,...,n} \ {n—1}, if by =1, and
ke {1,2,...,n}, if by > 1.

More concisely, X, is the set of points (xi, ..., X,

n
ZXI < Z min{ |/],j} byj41
icl j=1

for all | C [n] if by > 2, and for all I C [n]\ {n—1} if by = 1.
Equivalently, given (by, ..., b,) € ZZ, write b(t) for the polynomial Y7o bitk. Then the
inequalities defining the corresponding generalized parking polytope are x; > 1 for 1 < i < n, together

with
Y < ] ( tl)\ )

i€l

1< x, for 1<i<n

n) € R" such that x; > 1 for 1 <i < n and

for all I C [n].
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