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© What?
@ Strict Partitions
@ Join-irreducibles
@ Shifted tableaux
@ Exploration

© How?
@ Some families of symmetric functions
@ Schur symmetric functions
@ The results
@ The tool: divided differences
@ 2-part partitions
@ Join-irreducibles

© Why?
@ The AEPA model
@ The generalized AEPA
@ Obtaining the partition function

Volker Strehl (FAU Erlangen-Nirnberg) Valuation problem for strict partitions MSU2021 2/65



BN,

What?

ker Strehl (FAU Erlangen-

Valuation problem for strict partitions



the sublattice S of strict partitions
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strict partitions

@ Strict partitions can be denoted/illustrated as

partitions
binary sequences

decimal integers

diagrams

shifted diagrams

(7,6,4,1)
1101001
105

@ The covering relation of S in binary notation

(switching 01 to 10 in position r)

bg...br+2ubr_1...b2b1 <y bg...br+2wbr_1...b2b1
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strict partitions

Strict partitions written as partitions

(3.2,1) = (4,2,1) 2> (4,3,1) - (4,3,2) -2 (4,3,2,1)

To To To
(32) > (4.2) = (43)
3 3
(21> (31) —> (41)
To To To

Z-5(1) > (2) = (3) — (4)
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strict partitions

Strict partitions written as binary sequences

0111 —» 1011 —2» 1101 — 1110 —% 1111

1o To To
0110 > 1010 —>» 1100
1 11
0011 —> 0101 —> 1001
To To To

0000 —% 0001 — 0010 —> 0100 —- 1000
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WL

dominance order (n=4)
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join-irreducible strict partitions

@ The join-irreducible strict partitions are precisely the partitions

A=(nn=-1,....n-k+1,n-k)

< 00...011...100...0

——
k+1 n—-k-1
<7,3>
@ Writing <n, k> for the partition A, the poset of join-irreducibles
displays as
ISplay <4,3>
1
<3,2> - <4,2>
1 1
2, 1> - 31> - <4, 1>
1 1 1

<1,0> - <2,0> - <3,0> - <4,0>
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join-irreducible strict partitions

e Join-irreducibles are the "backbone” of the (distributive) lattice of
strict partitions

@ Strict partitions are (bijectively) joins over antichains (or lower ideals)
of the poset of join-irreducibles

|, A
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join-irreducible strict partitions

Join-irreducibles in the lattice of strict partitions

(321)] - (4,21) - (43,1)~|(43.2)]~(4321)]

1 1 1
62| - 42 -
1 1

|- 61 - (41

T

T t
o~ (W]~ @] - - @
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join-irreducible strict partitions

Poset of join-irreducibles

(4,3,2,1)
T
(3,2,1) - (43,2)
1 1
(21) - 32 - (43)
1 1 1

-0 - 6 - @
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Shifted tableaux
shifted tableaux

e A shifted standard (Young) tableau (sSYT) for a shifted diagram of a
strict partition A of size n is

o a filling of the n boxes with 1,2, ..., n (bijectively)
that is strictly increasing along rows and columns, e.g.,

12|
11
10[13
1[2/4]6]8]9
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Shifted tableaux
shifted tableaux

@ For X\ = (4,2) the set of sSYTs of shape A consists of

415 3|6 305
1234\\1235\\1236\\1245\\1246

@ Such a sSYT t is nothing but a covering sequence of strict partitions

t: @< }\(1) < A(2) < A(?’) << )‘(5) < A(5+1) << )‘|>\| =

[T213]6] — [J<[TJ<[T T J<] | <] <
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ST
weighted shifted tableaux

e X ={x0,x1,x0,...} : set of variables, X, p = {Xa, Xas1,- .., Xb-1,Xp}
@ The weight of a strict partition XA = (A1, \2,..., Ax) is
W(A) =Xy, +Xn, + 0+ X0, (+X0)-

Xp is taken or not so as to make the total number of summands even
@ The total weight of a tableau t of (shifted) shape A is then

w(t)= JT w(x®)

1<s<|A|
@ As an abbreviation

Xabc... = Xab,c,... = Xat Xp + Xc--
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ST
weighted shifted tableaux

@ A shifted tableau t for A = (4,2,1)

7]
6

|1235|

@ as a weighted sequence of strict partitions
i 1 2 3 4 5

A0 @ 3 31 41

6 7
(4,2) (4,2,1)

W()\(')) X0+XL Xo+Xo Xg+X3 X1 +X3 X\ +X4 Xo+Xg Xg+X1+X+ X4

@ and with total weight

w(t) = (xo+x1)(x0+x2)(x0+x3)(x1+x3)(x1 +xa)(x2+ xa) (X0 + X1 + X2 + Xg

= X01X02X03X13X14X24X0124
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S50 (e s
the problem

@ Problem:  For the strict partitions A € S compute

1
Yy = ——; tesSYT(A
> Z{wm v )}
o Equivalently:  Solve the linear system

wA) - Ya=>{Yuim<A} (Ae8), Yz=1

where < is the covering relation in the lattice of strict partitions
@ The Y, are rational functions in the xp, x1, xo, .. ..

@ What about a solution in “closed form” ?
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the linear system

xo01 - Y(1)
x02° Y(2)
x12- Y(2,1)
x03 - Y(3)
x13- Y(3,1)
x23 - Y(3,2)
x0123 - Y(3.2,1)
x04* Y(a)
x14- Y(a1)
x24* Y(4.2)
x0124 - Y(4,2,1)
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Y3
Y32)

Yeny + Y
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Exploration
first values

1
Xo + X1
1

(Xo +X1) (XO +X2)

1
(Xl +X2) (XO +X1) (Xo +X2)

1
(Xo +X1) (XO +X2) (Xo + X3)

Xp+X1+Xo+ X3
(Xo +X1) (XO +X2) (Xo +X3) (Xl +X2) (Xl +X3)
Xp+ X1 +Xo+ X3
(Xo +X1) (XO +X2) (Xo +X3) (X1 +X2) (Xl +X3) (X2 +X3)
1

(Xo + X1) (XO + X2) (Xo + X3) (X1 + X2) (X1 + X3) (Xg + X3)

Ya) =

Ye) —

Yo =

Y~

Ye =

Yi2) ~

Y(3,2,1) e
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- Y(4,2,1)3

X32 + XoX3 + X4X3 +xf +x0x4 +x1 (X0 + X3+ x4) + X0 (X1 + X0+ X3+ X4)

{07 <j< i <3}

- Y(4,3) :

1
MM{x+x:0<i<j<4}

X1 +Xo+X3+Xq X2+ X1 +Xo + X3+ Xg 2Xo-f—
0

+x1 (0 +x3+x3)% + (X2 + x3) (X2+X4)(X3+X4)+X12(X2+X3+X4))

- Y(47371) defined:

1
Ve =—— (Y, + Y
@3 T e (ean * Yas)
- Y(,3,1) computed:
(X0+X2 +X3+X4) (Xl +X2+X3+X4)
H{x;+xj; Osi<jg4}
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- Y(473’2) defined:

1

Y32 = Y,
432) =t (3

— Y(4,3,2) computed:

X1 +Xo0+X3+Xg
H{x,-+xj;0£i<jg4}

Y4.32) =

- Y(473’271) defined:

1
Y, =—F— Y,

— Y(4,3,2,1) computed:

1
[T{xi+x;0<i<j<4}

Y(432,1) =
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numerator of Y5 7)

(x12+(><2 + X3+ X4+ X5) X1 +x22+><3><4+><3><5 +X4X5+X2(X3+X4+X5))Xg
+ (xf+2(x2 +x3 +><4+><5)x12 + (2x22+3(><3 +X4+X5)X2+X§ +x§ +X§+3X4X5 +3x3 (X4+X5))X1
+X23 +X3xz +X3X§ +X4X§ +X§X4 +X§X5 +X§X5 + 3x3x4 X5 +2x22 (x3 + x4 + x5)
+x2 (x§ +3(xs +x5)x3 +X3 +x52 +3X4X5))Xg
3 2 2 2 2 2
+ ((x2 +X3+ X4 +X5) x| + (2x2 +3(x3+ x4 +Xx5) X2 +x3 + x5 + x5 +3x4x5 + 3x3 (X4+X5))X1
3 2 2 2 2 2
+ (x2 +3(x3+ x4 +x5) X5 + (2><3 +5 (x4 +Xx5) X3 + 2x3 + 2x5 +5X4X5)X2 +2x3 (X4 + x5) + 2x4x5 (x4 + X5)
+x3 (2X§+5X5X4+2X§))X1+(X4X5 +x3 (X4+X5))2+X23 (x3+ x4 +X5)
2( 2 3 2 2 3 2 2 2 2 5 2 2 2
+ X5 (x3+ (x4 +x5) x3 + x5 + x5 +3x4x5 ) + x2 (2 (xg +x5) x3 + (2x5 +5x5xq +2x5 ) x3 + 2x4x5 (x4 + X5) ) X0
3(.2
+ 0 +x3) (2 + xa) (xa +x6) (xaxs +x3 (x4 +x5))) + 7 (x5 + (X3 + x4+ x5) Xz + xax5 + X3 (xg +5) )
2 3 2 2 2 2 2
+ Xy (x2 +2(x3 + x4 +X5) X5 +(x3 +3(x4 +x5) X3 + X5 + X5 +3X4X5)X2 +x3 (X4 +x5) + x4x5 (x4 + X5)
2 2 3 2 2 2 2 2
+x3 (x4 +3X5X4+x5))+x1 ((X3 + X4+ X5) X5 +(x3 +3 (x4 +x5)x3 + x4 + X5 +3X4X5)X2 + (2(X4+X5)X3

+ (2)(3 + 5x5x4 +2><52)><3 + 2xax5 (X +><5))x2 + (xax5 + x3 (x4 +><5))2
denominator of Y5 )

(X0 +x1) (x0 +x2) (x1 +x2) (x0 +x3) (x1 +x3) (x2 + x3) (x0 +xa) (X1 + 1) (2 +x4) (X0 +X5) (x1 + x5) (X2 + X5)
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about denominators

@ For n> k >0 define standard denominator polynomials

Gn k(X0 X1, X2, .., Xn) = H H(Xi+)(j)= H (xi +xj)

0<i<k i<j<n U,1)<(n,k)

@ The polynomials g, are in 1-1-correspondence with the join
irreducibles in the lattice S

® qnk(X0,X1,X2,...,Xp) is a polynomial that is separately symmetric in
Xok = {x0,x1,. .., xk} and in Xis1,n = {Xks1, Xk42, - -, Xn}.

@ The case k = n—1 is special, however, because g, ,-1 is symmetric in
all variables Xy 5 = {x0,x1,...,Xn}-

@ The degree of g, « is

(k+1)(2n-k)

Z(n—/) (k+1)n- (k”): :
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about denominators

@ From the computed data one is led to conjecture
o Forall XeS with A=(n,k,...)

y)‘:p_A,

An, k

where py is a polynomial, g, « is the standard denominator polynomial,
i.e., the denominator of Yy

o depends only on the two largest parts of A
@ is a product of binomials

o This is indeed true!
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Ezosien
a special case: partitions (n, 1)

@ Task: compute the rational functions Y) for the very special case of
2-part partitions of type A = (n,1) for all n>2.
@ One-part partitions are easy: because of
1

X0 + Xn

Y(n) = Y(n—l) for n>0

we have
1 1

Y y=—r— = ——.
() [Micicn(0+ %) Gno

@ The computation of Y(, 1) in general is not so obvious.

One gets as first values (writing Xapc... for xa + xp + xc + ++*)
1 1 1
Yoy =Y T e T o
X12 Xp1X02X12 Q21
X0123 _ X03 t+ X12

X01X02X03X12X13 as1

1
Yan = — Y + Y,
6y =, Yen V)
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a special case: partitions (n, 1)

_ X03X04 t X12X04 + X12X13

1
Y = — Y + Y = ...
= Yoy + Yw) dor

1
Y(5,1) = X—B(Y(4,1) + Y(5))

_ X05X04X03 + X05X04X12 + X05X13X12 + X14X13X12

gs,1
@ Examples suggests that in general
-2
2T Oany + x)

dn,1

Yin) =

where Y5 runs over all A €S with

M= (n-1,n-2,...,3,2) <A<7™ = (n,n-1,...4,3)

N =7 X
X is not a strict partition, but a vector of type 0¢1727¢,
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a special case: partitions (n, 1)

@ To illustrate this in the case n=5:

o The relevant A with 73 =432 < XA <7®) =543 are

A"[000 001 o011 111
X | 543 542 532 432

o Compare with

Y, _ X05XpaXo3 + X05X04X12 + X05X13X12 + X14X13X12
(5,1) =
ads,1
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Ezosien
a special case: partitions (n, 1)

This is routinely verified by induction:

1
Y, Y,
x1+x,,+1( (n1) + Y(n+1))

1 (ZAH 1(xA+XX>+ 1 )

Y(ns1,1) =

X1 + Xn+1 dn,1 Adn+1,0
1 1
X
Gn+1,1 (X1 + Xns1)

n-2
X(ZH(XA,-+XA§)'(X0+Xn+1)(X1+Xn+1)+ [1 (X1+XJ'))

X i=1 l1<j<n+l

%: (X>\ +X)\’) (X0+Xn+1)+ H (X1 +XJ)

C7n+1 1 i=1 1<j<n

p=(n+1,X) p=(n,n-1,...,3,2)
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a special case: partitions (n, 1)

@ One can rewrite the formula for Y{, 1) in a much neater way in terms

of symmetric functions. Indeed,

1

n-2
> h(Xo1) - eno-k(Xo,n),

Yoo = Z

where the hi(A) resp. e/(B) denote the homogeneous resp.
elementary symmetric functions over the alphabets A resp. B.

@ Once one has made this guess, it is a routine matter to verify that
indeed both sides of

n-2 n-2
2 IT00s +x00) = 30 h(Xo1) - en-2-k(Xa,n)
X i=1 k=0

contain the same monomials.
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a special case: partitions (n, 1)

As an illustration for n = 4:

ha(Xo,1)eo(Xo,4) + h1(Xo,1)e1(X2,4) + ho(Xo,1)e2(X2.4)

= x12 +(xo+x1+x2+x3)(X0+xa) +x1(x2 + x3) + x2%3

= (x0+x3)(x0 +xa) + (x2+x3)(x0 + Xa) + (x1 +x2) (X2 + X3)
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a special case: partitions (n, 1)

e This identifies the numerator of Y(, 1) as a Schur polynomial over a
pair alphabets, viz.
n-2
D h(Xo,1) - en2-k(X2,n) = Sn-2(Xo,1|1X2,n).
k=0

@ This view is interesting because the denominator polynomials g 1,
and the g, « in general, can be written as Schur polynomials over a
pair of alphabets:

G,k = Scn k> (X0, k| Xk+1,n)
where <n, k>= (n,n—1,...,n— k) is the corresponding join-irreducible

strict partition
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How?
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elementary and homogeneous symmetric functions

e A={a,b,c,...} a finite alphabet (commuting variables)
mostly A= Xy m={X¢,X¢+1--.,Xm} for some 0<l<m
e elementary symmetric functions ex(a) by gf

Ne(A)th=T](1+at)

k>0 acA

e homogenous (complete) symmetric functions h,(A) by gf

Kk 1
5 he(A) =TT
k>0 acAt T @
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Schur functions (1)

@ Schur symmetric functions
o For A={xq,x2,...,X%,} and a partition A= (Ay,...,\,) with n<a

)\j+a*j
i

det |x

1<ij<a

S\ A) = —
w det ’Xia J’lsi,jsa

o Equivalently (Jacobi-Trudi determinant)

h>‘n h)\n—1+1 cee hA1+n—1
S)\(A) =det hA;"l h)‘:"—l : hA1J:rn—2
hx,—ns1 hx,i—ne2 ... hx, A
e In particular
hk(A) = S(k)(A) ex(A) = 5(1k)(A)
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Schur symmetric functions
Schur functions (3)

@ Jacobi-Trudi identities by example

hi hs he
S421 = det|hg hy by
0 h hy

= hyhyhg — h3hg — h3 hs + hy hg

€1 €& € 6
€ €1 €3 65
0 e & &
0 0 € €3

= 656263 - 62263 - 6163% - efe4 + €162€4 + €3€4

= det
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Schur symmetric functions
Schur functions (5)

@ The Schur function s321({x1,...,xa}) fully expanded

2 3.3 2 2.3.2 4 2
XPX3X3 + XPXoX3 + XEXo X3 + Xy xzx3 + 2X1 X2 X3 + 2X7 X5 X5 + X1 Xp X3
+ x13x2x3 + 2x1 X5 x33 + x1x§x33 + x1 x2x3 + x1x§x;‘ + xfx22X4 + x13x23X4 + x12X§X4
+ 2fo2X3X4 + 4xf’x22X3x4 + 4x12X23X3x4 + 2x1X§ X3X4 + xf' x32x4 + 4xf’xzx32x4

+ 6x12x22x32X4 + 4x1x23x32x4 + x§x§x4 + x13x§’X4 + 4X12X2X3::’X4 + 4x1x22x33x4 + x23x33x4

+ X12X§X4 + 2X1X2X§X4 + x22X§X4 + xfx2xf + 2x13X22xf + 2x12x§xf + Xlxgxf

+ X7 X3XE + AXExoX3XE + OXEXEX3XE + AXIXIX3XE + X X3XE + 2Xfx§x4 +6x7 XoX3 2x2

+ 6X1X2 x3 x4 + 2x3x32xf + 2x12x§xf + 4X1X2x33xf + 2x22x§xf + xlxgxf + X2X§xf
+ xf’X2x4 + 2X12x22XZ’ + X1x§X43 + XfX3X4 + 4X1 X2X3X4 + 4X1X2 X3X4 + X23X3X[:’
+ 2x12x32xf + 4x1x2x3 x4 + 2x2 X3 XZ’ + xlxgx[:’ + xzxgxf + x1 x2x4 + x1x2 x4

+ X12X3X: + 2X1X2X3le1 + X22X3le1 + X1X§le1 + X2X§X2
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Schur symmetric functions
Schur functions (6)

@ A,=<a,a-1>=(a,a-1,a-2,...,2,1) : staircase of size (azl)
(1) If Xg,m = {x¢,X¢+1,-..,%m} is an alphabet of size a, then
sa,(Xem) = TT xio T O+ x)
£<i<m l<j<k<m

(2) If Xg,m is an alphabet of size a+ 1, then

sn,(Xem) = [T O+ xi)

l<j<k<m

o If fA>a+1 then sp,(A) does not factor (let alone factor into linear
factors)

@ Obviously sp,(A) =0if jA<a.
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Schur symmetric functions
Schur functions (7)

@ Schur functions over a pair (A|B) of alphabets
o Definition of S,(A|B) for ne N

,  Iges(1+p5t)
2(AlB =
HZZOS ( | )t HaEA(l - Oét)

Sa(A|B) = éhk(A) -eni(B)

o Definition of Sx(A|B) for partitions A = (A;...,A,) via an
JT determinant

Sx, Sapa41 oo Sxn-1
SA(AB) =det| Pyt Do S
Sxap=nt1 Sxapa-ne2 oo S (AlB)

o Alternatively: Sy\(A[B) = ¥,.cx Su(A) S5, (B)
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Schur symmetric functions
Schur functions (8)

@ The Schur function Sa2.1({x1,x2}|{x3,xs}) fully expanded:

4.2 3.3 2 4 4 4.2
X1 X5 X3 + X1 X5 X3 + X1 Xp X3 +X1X2X3 + 2X1X2X3 + 2X1X2X3 + X1X5 X3

+ Xfx2x33 + X12X22X3? + X1X23x§I + Xfx22X4 + xf’x23x4; + X12X24X4 + 2X1 X0 X3X4
+ 4X13X22X3X4 + 4X12X23X3X4 + 2X1X§X3X4 + XfX§X4 + 4X§X2X§X4 + 5X12X22X32X4
+ 4X1X23x32X4 + X§X§X4 + XfX§X4 + 2x12X2X§X4 + 2x1X22X§X4 + X23X§’X4
+XfX2X42_ +2X13x22xf + 2X12X§X42_ +X1X§X£ +XfX3Xf +4XfXQX3Xf +5X12X22X3Xf
+ 4X1X23 X3Xf + xg X3X42_ + 2X13 X32xf + 4X12X2X§Xf + 4X1X22X§Xf + 2x§’ x32xf
+ X12X33Xf + x1x2xgxf + X22X33Xf + Xfxzxf + X12X22X2 + xlxgxf + X13X3x[:’

+ 2X12X2X3X2 + 2X1X22X3xf + X23X3X2 + X12X32X2 + X1X2X§X2 + X22X§X2
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main results (1): denominators

@ For arbitrary strict partitions A = (n, k,...) the denominator of Yy

depends only on A1 and Ay and is

An,k = H (Xi + XJ) = S<n,k>()<0,k|)<k+1,n)

0<i<j<n
i<k

@ The lcm of the denominators of the Yy with maxA <n

1 y _ 1
<o+ Y(n,n-1,...,1) HO§i<j£n(Xi + XJ)

Y®=17Y(1) = X0+X17

sa,(Xon) = [ (xi+x)

0<i<j<n
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main results (2): join-irreducibles

@ For join-irreducible strict partitions
A=<nk>=(n,n-1,....n—k+1,n-k)

Y, = SA,,_k_l (Xk+1 mod 2,n)
A Sa, (Xo,n)
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main results (3): two-part partitions

e For two-part strict partitions XA = (n,m) with n>m > 1:

Y, _ 5<n—2,m—1>(X0,m|Xm+1,n)
(n,m) 5<n,m>(X0,m|Xm+1,n)

where
S<n,m>(X0’m|Xm+17n) = q,,,m = H (X,' + X_])

0<i<j<n
ism
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divided differences

e For f(xp,x1,...) and r>0 let

f(r)(Xo,Xb s Xy XpaLy ) = F (X0, X015 e e ey Xt 1, Xy e
and "
o, = ref
Xr = Xr+1

@ The 4, are “derivations” with product rule
(f-g)s, =" (g8:) +(fo,) &
and “Coxeter type relations”
5r 008, =0 5r 0 0p1 # 674106,

dr0ds=0s00, if’r_5|22 0r00r4100, =0,1100, 00,41

@ The §, are symmetrizing operators: ¢, is symmetric w.r.t. x, <> X,41,
but other symmetries f had involving x, or x,.1 may no longer exist

in o,
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covering for strict partitions and divided differences

@ Covering in the lattice of strict partitions:

re, increasing r to r+ 1 in A,
A< < r+1¢A if possible,
®= )‘|r—>r+1 gives u

@ The key property:

Yy if r>0or |A| odd

A<, = Y)\0,=
H A {O if r =0 and |A| even
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How?

strict partitions and divided differences
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about the 2-part case

@ Recall the claim:

y _ S(n—2,n—3,...,n—m—1)(XO,m|Xm+1,n)
m [T (xi+x)

0<i<j<n
i<m

o Consider partitions XA = (n,m) with n>m >1 and their extensions
(n+1,m)and (n,m+1) (if m<n-1):

(n,m) <, (n+1,m) (n,m) <, (n,m+1)

@ Hence
Yn+1,m = Yn,m 5n Yn,m+1 = yn,m 6m
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about the 2-part case

@ Plugging in the asserted results and clearing denominators one gets
equivalent polynomial relations (writing from now on (a..b) for X, ;)

[Sm+1(n+1|0..m) - Sp_2n-3,. .p-m-1(0..mlm+1..n)] 0,
=Sn-1,n-2,..n-m(0.mm+1.n+1)

and

[Sh-me1(m+1m+2.n)-Sp 203, n-m-1(0..mm+1..n)] 6m

= Sn_2’n_37.“’n_m_2(0..m + ].|m + 2.”)
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join-irreducible strict partitions and divided differences

5abc = 5a5b5c

4.3,2,1) 2

4
3.21) % 432 %2

Tfso T501
@) 2 @2 B @3y ™

T5o T501 15012
62 (53 (54

) S ) S R

Volker Strehl (FAU Erlangen-Nirnberg) Valuation problem for strict partitions

(5,4,3,2,1)

I
(5,4,3,2)
lia
(5,4,3)
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(5.4)
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MSU2021

48 /65



about the join-irreducible case

\ = = |7 ] 7
L] L] | [ | [ L]
<n k> = <5,3> — <6,3> = <n+1lk>
via
<n,k> = (n,n-1,n-2,....n—k)
< (n+1,n-1,n-2,....,n-k)
<p1 (n+1,nn=2,...,n-k)
<pk (n+1l,n,n-1,....n+1-k)
= <n+1l,k>
one has
Jn,n—l,...,n—k

Y<n,k> - Y<n+1,k>
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about the join-irreducible case

@ Plugging in

an,n—l,...,n—k
Ym,k> - a+1.k

the asserted results and clearing denominators one gets equivalent
polynomial relation
[Sn+1(Xn+1|X0,n) : SA,,_k_l (Xa,n)] 0n0p-1...0p-k = SA,,_k (Xs,n+1)~
o For k even:

k+n
[T+ Xksne1)sa, (1..k + n)
i=0

Ok+nOk+n-1"6n+1

— Sp,. (Lok+n+1) +xox1:--xpsa, (1..k + n+1)
@ For k odd:

S OksnOken-10n+1
[T + Xkene1)sn,(1.k+n) — sa,,,(l.k+n+1)
i=0
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Why?

ker Strehl (FAU Erlangen-
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the asymmetric exclusion process with annihilation
(Ayyer, Mallick)

@ right shift

G—0—0—0—0—0—0—0— 80—
&—0—0—0—0—0—0—0—0—0

@ annihilation

G—0—0—0—0—0—-0—O—0—
G—0—0—0—0—0—0—0—0—C
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the asymmetric exclusion process with annihilation

@ left creation

&—0—0—0—0—0—0 00—
O—@—0—0—0—0—-0—0O—0—

o left annihilation

O—0—0—0—0—0—0—0—0—
O—0—0—0—0—0—0—0—0—

@ right annihilation

G—0—0—0—0—0—0—0—0—C
O—0—0—0—0—0O—-@—O0—0—0
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encoding of the process

@ Notation

e B" : binary vectors of length n

e vectors and matrices indexed by B” (lexicographically)
@ The process

o states encoded as elements of B”
e transitions "in the bulk” with rate = 1

e ...10... » ...01... (right shift)
e ...11... » ...00... (annihilation)

o at the left end with rate = «

@ 0... » 1... (left creation)
@ 1... —» 0... (left annihilation)

e at the right end with rate = 3
e ...1 ~ ...0 (right annihilation)

e M,(a, ) : transition rate matrix of a continuous-time Markov chain
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transitions for n=4
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matrix of transition rates for n = 3

[« [ 1 « 1
* 1 a 1
* A1 «@
* o
Ms =
« *x f 1
Q@ x 1
o x
- a * e
a:0xy—->1xy, I1xy—>0xy left creation and annihilation
1:11y—-00y, 10y —-01y right shift and annihilation
1:x11-x00,x10—->x01 right shift and annihilation
B:xyl->xy0 right annihilation
* : column sums = 0 (1...1] as left eigenvector
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The AEPA model
results for M, (v, B) (Ayyer, Mallick)

@ The model admits a “transfer matrix Ansatz":
there are matrices Tp.1, of size 2™ x 2" s th.

Tn+1,n : Mn(a7ﬁ) = Mn+1(a7ﬁ) : 7_n+1,n

o Nontrivial right kernel vectors v, of M, can be computed inductively:

M, |Vn) =0 = My 7—n+1,n |Vn) =0
N —
|Vn+1)

starting with |v1) = [a;ﬂ]

@ The partition function of M, can be obtained from v,:

Zo(a, ) = (1| va) = 202D (14 20)" (1 + B)" 1 (20 + B)
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transfer matrices by induction

TYMp_y +ToMp /o | Ty +2T5Mp  — 2T + T (0 @ 1)
—aTi(c@ 1) +2aTy |—2aT2(0@ 1)+ To(c@1)Mp 1/
ToMyp 1+ Ts o QTZ-TQ/&
—aTy(c@1) ’ +ToMp_/a '
215Mpy —aTs(c@1) | aTy + To(o @ 1) + To(o @ 1)M
aly ToMyp | — Ty — QTQ(O' @ ]l)
Mp Ty + M, \To/a Ty +2Mp 1Ty —aloc @ 1)T,
—alc@ 1)1 + 2aTy |+(oc@ l)Tg/a + My 1To(c®1)/a
—(c@1)Ta(c® 1)
My Ty + T aly + My 1Ty /e
—a(o® 1)T, —Ty/a— (c @ 1)1y + To(c @ 1)
o) +2M T =T, | 2aTo+ Mp_1To(c@1)
—-2(1(0 [v%) ]I)Tg r#l»((f @ ]].)T2 - a(a [v%) I)TQ(U ® ]].)
ols M To —Ts —a(c® 1)T2
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U
the eigenvalue conjecture for M,(a, B) (Ayyer, Mallick)

@ The characteristic polynomial of M,, is given by
An(2)An(z+2a+ B) B,(z+ B) B,(z + 2a)
where

An(2) =TIz +2K)%)  By(z) = [](z+2k + 1))

k>0 k>0

@ This was proved by myself, the proof works in a more general setting

@ Main ingredient: the M,, are Hadamard-conjugate to triangular
matrices
Hp- My Hp~ M,

®n
H, = 1 1 1
on/2) |1 -1
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generalized matrix of transition rates for n =3

s v a 3 -
x el B
* 6 p «@
* I5) «
M3(Oé,6,’)/,6) =
@ *x 0 ~
@ *x
@ x 6
- a * e
a:0xy—->1xy, I1xy—->0xy left creation and annihilation
B:11y—-00y, 10y -01y right shift and annihilation
v:x11-x00,x10—-x01 right shift and annihilation
6:xyl-xy0 right annihilation
* 1 column sums = 0
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about transfer matrices for the generalized process

@ M, : generator matrix for the asymmetric annihilation process with n
sites and site variables xg, x1, ..., Xs
@ Hadamard-conjugation works here as well!
o Wanted: transfer matrices T, ,—1 (format 27 x 27-1) with
Mn ' Tn,n—l = 7—n,n—l : Mn—l
@ The partition functions can be obtained inductively once the T, ,_1

are known

@ | have a created an algebraic setting (skew tensor product) in order to
describe and deduce the transfer matrices and the partition functions
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deriving the partition functions inductively

@ The steady state vectors (= right kernel vectors) of the M,, are given

by

Xp + X
lv1) =[ OX 1] Vi) = Thk-1| Vi-1)
0

@ and the partition functions are obtained by induction
Zy= (1, |va)

= <1n |Tn7n—1| Vn—1>

= (2x0 + Xn) (X1 + Xp) - (Xn-1 + Xn) Zn-1

= [T @o+x)- [T Ga+x)

1<j<n 1<i<j<n
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compare the matrices

o s 5 o 8 -
—a-8 ¥ a B
—a—y 5 B8 @
—a—y-8 B8 @
M3 - [ -a-3 s o
o —a-B-6 ¥
o —a-B-~ 5
| a —a-B-v-6]
[ B ¥ 8 7
2a-8 ~ 5
20—y B &
~ -v-8
M3 - -2a-6 B ¥
-B-3 ¥
-6 B
| 2a-6-v-8 |
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the partition functions as seen via Hadamard transform

e We know from M,|v,) =0,) that
Zn= ] Cxo+x)- J] (xi+xp)

1<j<n 1<i<j<n
= (L14|Vn) = (1n|Hn|Ha|vn) = (€n|Hn|va)

where (5] = (1,|H, = 27"/2(1,0,0,...,0)
@ From
Hp- M, - Hn'Hnlvn) =H,- Mn|Vn> = |On>

| —
~Mt
@ Z, is the first component of the left kernel of the triangular(!) matrix

M, (suitably normalized). Not exactly the system we studied, but
close.

@ In other words: we expect the partition functions Z, to appear as

denominators of the Yan_1 :  Sp,(Xon)= ] (xi+x)

0<i<j<n
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