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Overview

¢ Motivation:

¢ Stanley-Stembridge conjecture in symmetric function theory.

® Shareshian-Wachs generalization for quasisymmetric functions.
* Tools:

® Chromatic (quasi-)symmetric functions.
® Cohomology rings of Hessenberg varieties.
¢ Tableaux and &, representation theory.
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Overview

¢ Motivation:
¢ Stanley-Stembridge conjecture in symmetric function theory.
® Shareshian-Wachs generalization for quasisymmetric functions.

* Tools:
® Chromatic (quasi-)symmetric functions.
® Cohomology rings of Hessenberg varieties.
¢ Tableaux and &, representation theory.

* Results:

* New approaches and proof methods for a specific case.
¢ Bijections between certain tableaux and basis elements of the

cohomology ring.
* Drawing new connections between the combinatorics and

geometry of the problem.
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Symmetric Function Bases

* The algebra of symmetric functions over Q is denoted Ag(x).
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Symmetric Function Bases

* The algebra of symmetric functions over Q is denoted Ag(x).
¢ Elementary basis:
L4 ek(x) = Z Xiy Xiy = -+ Xj -
h<b<..<lg

¢ For a partition A = (A1,...,A¢) of n, we have ey = ey, ey, - €y,.
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Symmetric Function Bases

* The algebra of symmetric functions over Q is denoted Ag(X).
¢ Elementary basis:
L4 ek(x) = Z Xiy Xiy = -+ Xj -
I <p<...<l
¢ For a partition A = (A1,...,A¢) of n, we have ey = ey, ey, - €y,.
* Schur basis:
cs()= Y xT= > xixgEex
TeSSYT(N) TeSSYT(XN)

where SSYT()) is the set of semistandard Young tableaux of
shape )\, and a; is the number of times /i was used in T.

415 & Xy X3 X5 XE X5
2134

1222|3|
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Chromatic Symmetric Functions [Sta95, SW16]

* Let G=(V, E) be afinite simple graph with V = [n] = {1,...,n}.
A proper coloring of G is a function « : V — N such that if
vw € E, then k(v) # k(w).

* An ascent in a coloring of G is a pair of vertices v < w with
k(V) < k(w).
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Chromatic Symmetric Functions [Sta95, SW16]

* Let G=(V, E) be afinite simple graph with V = [n] = {1,...,n}.
A proper coloring of G is a function « : V — N such that if
vw € E, then k(v) # k(w).

* An ascent in a coloring of G is a pair of vertices v < w with
k(V) < k(w).

1 2 3 4 5

¢ The chromatic quasisymmetric function of G is:

Xa(x;q) = > )X, (1) Xa(2) ** Xe(n)
k:V—=N
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Chromatic Symmetric Functions

* Let P be a poset on [n], and inc(P) be its incomparability graph.

Conjecture ([SS93, SW16])

If P is a (3 + 1)-free poset, then Xi,(p)(X; q) is e-positive.

4 5
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A Formula Using P-Tableaux

Proposition ([Gas96, SW16])

)(inc(P)(X; q) = Z ( Z qinVP(T)) S

AEn \ TEPT(A)
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A Formula Using P-Tableaux

Proposition ([Gas96, SW16])

Xaep) (X @) =Y D q“”P‘T Sx

AEn \ TEPT(A

* A P-tableau of shape ) satisfies:
* Each element of P is used at most once.
* Rows are P-increasing.
® Adjacent entries in columns are P-nondecreasing.

2]
1]4
3
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A Formula Using P-Tableaux

Proposition ([Gas96, SW16])

Xaep) (X @) =Y D q“”P‘T Sx

AEn \ TEPT(A

* A P-tableau of shape ) satisfies:
* Each element of P is used at most once.
* Rows are P-increasing.
® Adjacent entries in columns are P-nondecreasing.

2]
1]4
3

e A P-inversion is a pair of entries (/, j) with i < j which are
incomparable in P, and i is in a higher row than jin T.
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Representations of S,

e Irreducible representations of the symmetric group &, are indexed
by partitions X of n.
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Representations of S,

e Irreducible representations of the symmetric group &, are indexed
by partitions X of n.

¢ Irreducible &,-modules are isomorphic to the Specht modules:

Vi = (Fr| T € SYT(\)) C Q[x, - .., x|

& Fr=(x5—x2)(Xs — X1) (X2 — X1)(X6 — X3)

—Ll\)m‘
»
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Frobenius Map [Sag10]

e Given an &,-module V, with character y : &, — Z, define the
Frobenius character map by

Frob(V) = % Z X(7)Po(r)

" TEG,

where ¢(~) is the cycle type of 7.
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Frobenius Map [Sag10]

e Given an &,-module V, with character y : &, — Z, define the
Frobenius character map by

Frob(V) = % > X(m)Po(m

" 1eG)

where c¢(n) is the cycle type of .

m
* Fact: If V decomposes as V = () V), then
=1

m
Frob(V) = Z Sy\(i)
i—1
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Hessenberg Varieties [MPS92]

e [nj={1,2,...,n}.
* A Hessenberg function h : [n] — [n] is a function such that:
e i < h(i) < h(i+1) forall i
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Hessenberg Varieties [MPS92]

e [nj={1,2,...,n}.

* A Hessenberg function h : [n] — [n] is a function such that:
e i < h(i) < h(i+1) forall i

e Example: h=(3,4,4,5,5)
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Hessenberg Varieties [MPS92]

e [n]={1,2,...,n}.

* A Hessenberg function h: [n] — [n] is a function such that:
e i < h(i) < h(i+1) forall i

* Example: h= (3,4,4,5,5)

0

¢ Given a Hessenberg function h on [n] and a matrix X : C" — C”,
the Hessenberg variety is the subvariety of F1(C") defined by

Hess(X,h) = {Fe:=F1 C Fa C--- C Fp | X(F}) C Fpgy}
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Hessenberg Varieties [MPS92, Tym06, TymO08]

Hess(X, h) = {F. := F; CF2C"'CFn|X(Fi)CFh(i)}

Facts about Hessenberg Varieties (over C):
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Hessenberg Varieties [MPS92, Tym06, TymO08]

Hess(X, h) = {F. := F; CF2C"'CFn|X(Fi)CFh(i)}

Facts about Hessenberg Varieties (over C):
e Ifh=(n,n,...,n)or X =1d, then Hess(X, h) is the full flag variety.

Kyle Salois Feb 21, 2024 10/26



Hessenberg Varieties [MPS92, Tym06, TymO08]

Hess(X,h) = {Fe:=Fy C Fo C--- C Fn | X(Fj) C Fpgiy}
Facts about Hessenberg Varieties (over C):
e Ifh=(n,n,...,n)or X =1d, then Hess(X, h) is the full flag variety.

e If X = S'is regular semisimple, then Hess(S, h) is smooth, and is
simply connected if and only if h(i) > iforall1 << n.
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e If X = S'is regular semisimple, then Hess(S, h) is smooth, and is
simply connected if and only if h(i) > iforall1 << n.
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Hessenberg Varieties [MPS92, Tym06, TymO08]

Hess(X,h) = {Fe:=Fy C Fo C--- C Fn | X(Fj) C Fpgiy}
Facts about Hessenberg Varieties (over C):
e Ifh=(n,n,...,n)or X =1d, then Hess(X, h) is the full flag variety.
e If X = S'is regular semisimple, then Hess(S, h) is smooth, and is
simply connected if and only if h(i) > iforall1 << n.
e If X and X are similar matrices, then Hess(X, h) = Hess(X, h).
¢ The cohomology ring H*(Hess(X, h)) vanishes in the odd degree:

d
Poin(Hess(X, h), q) = Z dim(H? (Hess(X, h); Q))q’
i=0
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Hessenberg Varieties [MPS92, Tym06, TymO08]

Hess(X,h) = {Fe:=Fy C Fo C--- C Fn | X(Fj) C Fpgiy}
Facts about Hessenberg Varieties (over C):
e Ifh=(n,n,...,n)or X =1d, then Hess(X, h) is the full flag variety.
e If X = S'is regular semisimple, then Hess(S, h) is smooth, and is
simply connected if and only if h(i) > iforall1 << n.
e If X and X are similar matrices, then Hess(X, h) = Hess(X, h).
¢ The cohomology ring H*(Hess(X, h)) vanishes in the odd degree:

d
Poin(Hess(X, h), q) = Z dim(H? (Hess(X, h); Q))q’
i=0

* H*(Hess(S, h)) is an &,-module, under the dot action defined by
Tymoczko.
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Hessenberg Varieties

* If his a Hessenberg function, define the poset Py, by
i <p, jifand only if h(i) < j.

1 2 3

0

* h=(3,4,4,5,5). e The poset Py,
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Hessenberg Varieties

* If his a Hessenberg function, define the poset Py, by
i <p, jifand only if h(i) < j.

4 5
. 1 2 3
* h=(3,4,4,5,5). e The poset Py,
1 2 3 4 5

* Define Gp = inc(Pp).
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Hessenberg Connections

Proposition ([BC18, GP16])

Let h be a Hessenberg function, Gy, = inc(Py), and S be a regular
semisimple matrix. Then

|E|
wXg, (X ZFrob (H?(Hess(S, h)))q'
i=1
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Hessenberg Connections

Proposition ([BC18, GP16])

Let h be a Hessenberg function, Gy, = inc(Py), and S be a regular
semisimple matrix. Then

|E|
wXg, (X ZFrob (H? (Hess(S, h)))q'
i=1

¢ Together with the Pj-tableaux expansion, we get:

WXG,,(X q Z ( Z quth(T)) Sy

A-n \ TEPT())

Kyle Salois Feb 21, 2024
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Hessenberg Connections

Hessenberg function

b= (1(1), ..., h(n))

Hessenberg variety Incomparability graph

Hess(S, h) ® () Gy = ine(Py)

Aioayy WO
e[nwJoj Jusdse

Chromatic quasisymmetric

Qe
H (Hess(S, 1) 7 Xe, o)
]
1
‘\ Elementary expansion "
. qu?f)t V.
\~ Abn 2 P
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Cohomology of Regular Semisimple Hessenberg Varieties

Proposition ([AHM17])

Ifh=(h(1),n,...,n), and S is regular semisimple, then the following
types of monomials generate
H*(Hess(S, h)) = C[X1, ..., Xn, Y1,-- -, ¥n]/I:

h(1)
i1 i2 i [
X{' X5 --- X7 with no factor H X¢
=1

£

Ly Ln_1
Xn Xn_1 000 X2

Yk Wwith no factor H X
(=h(1)+1

where0 < jj<n—-jand0</{;<n—-j—1and1<k<n-1.

* &, acts by fixing the x; and permuting the y;.
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Higher Specht Basis

* A higher Specht basis of a polynomial ring is a basis acted on by
&, in the same way as the Specht modules V.

* Higher Specht bases have been found for coinvariant rings R,
[ATY97] and generalized coinvariant rings R, x [GR21].

¢ We want to find a higher Specht basis for H*(Hess(S, h)) so that
the basis respects the decomposition into irreducible &,-modules.
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Higher Specht Basis

Proposition (S.)

Ifh=(h(1),n,...,n), and S is regular semisimple, then the following
types of monomials generate

H*(Hess(S, h)) = C[X1, ..., Xn, V1, -- -, Ynl/I:

h(1)
i1 i2 i [
X{' X5 --- X7 with no factor H X¢
=1

£

X b

X2 Z” "(yx — y1) with no factor H xz
¢=h(1
Wher60§0§n—jand0§£,~§n—j—1and2§k§n.

* &, acts by fixing the x; and permuting the y;.
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Cohomology of Regular Semisimple Hessenberg Varieties

Corollary (S.)

We have a new proof of the following fact:

When h= (h(1),n,...,n), the action of S, on H*(Hess(S, h))
decomposes into h(1)(n —1)! copies of the trivial representation V)
and (n — h(1))(n — 2)! copies of the standard representation V(,_1 ).

[1]2]3]4]5] 3]
© V), the trivial 1]2[4]5]
representation. * V{n-1,1), the standard
representation.
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Regular Nilpotent Hessenberg Varieties

Theorem ([HHM*21])

If h is any Hessenberg function, and N is regular nilpotent, then the
following type of monomials generate H*(Hess(N, h)):

XX - X 0 < < h(j) -

* For h=(3,4,4,5,5), the highest degree element is x? x5 x3 x;.
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Regular Nilpotent Hessenberg Varieties

Theorem ([HHM*21])

If h is any Hessenberg function, and N is regular nilpotent, then the
following type of monomials generate H*(Hess(N, h)):

i : . , .
Xy X3 - X 0<ii<h()—J

Theorem ([AHHM16])

There exists an isomorphism of graded Q-algebras

A : H*(Hess(N, h)) — H*(Hess(S, h))®"
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Regular Nilpotent Hessenberg Varieties

* Let \V}, be the set of monomials:
X2 xh 0 < ij < h(j) — .
e Let PT(h, \) be the set of Py-tableaux of shape .
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Regular Nilpotent Hessenberg Varieties

* Let \V}, be the set of monomials:
X2 xh 0 < ij < h(j) — .
e Let PT(h, \) be the set of Py-tableaux of shape .

There exists a weight preserving bijection between the set N, of
monomials and the set PT(h, \) for A = (1").
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Regular Nilpotent Hessenberg Varieties

There exists a weight preserving bijection between the set N, of
monomials and the set PT(h,\) for A\ = (17).

Example: Let h = (3,4,4,5,5). Consider x; X3 X4 € Nj.

(o] =[]~ o]

e Begin with 5. Insert 4 with one Pp-inversion.
Insert 3 with one Pp-inversion. Insert 2 with no Px-inversions.
Insert 1 with one Pp-inversions.
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Bijections for Fixed Monomials

e Let By be the set of monomials:

o . h(1)
X{'xg -~ xp with no factor J] x; suchthato <j<n-j
=

* Note that &, acts trivially on B;.
* Let Py be the poset for h= (n, ..., n) - all elements incomparable.
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Bijections for Fixed Monomials

e Let By be the set of monomials:

o . h(1)
Xy xg - xp with no factor ] x, suchthat0 < i <n-—j
(=1
* Note that &, acts trivially on By .
* Let Py be the poset for h=(n, ..., n) - all elements incomparable.

There exists a bijection between B; and the set PT(h, \) for A = (1").
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Bijections for Fixed Monomials

There exists a bijection between By and the set PT(h, \) for A = (1").

Example: Let h = (3,5,5,5,5). Consider x2 x3 X4 € By.

BEIREE
EINEEIE

1 2 3
e Begin with 5. Insert 4 with one Pp-inversion.

Insert 3 with one Pp-inversion. Insert 2 with no inversions.
Insert 1 with two Pp-inversions. Then shift entry 2 to below the 1.
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Bijections for Permuted Monomials

® Let Bs be the set of monomials:

n
x,‘;1xf;2_1 ~--x§"“(yk — y1) with no H xiand0</<n—j—1
i=h(1)+1

e Let PSPT(h, \) be the set of pairs (S, T) where S is a standard
tableau and T is a Py-tableau, both of shape .
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Bijections for Permuted Monomials

* Let B; be the set of monomials:

£4

Lo
Xp' X2

n
X" (v — y1) with no I[[ xado<g<n—j—1
i=h(1)+1

e Let PSPT(h, \) be the set of pairs (S, T) where S is a standard
tableau and T is a Py-tableau, both of shape .

There exists a bijection between Bz and the set PSPT (h, i) for
p=(2,1"72).
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Bijections for Permuted Monomials

There exists a bijection between Bz and the set PSPT (h, i) for
p=(2,1"72).

Example: Let h = (3,5,5,5,5). Consider M = X2 x3 (y2 — y1) € Bs.

S = T =

2
2| 4][r]4]

L)
NNEE

3]
2
1

4l ]4]

* M has (y2 — y1), so construct S with 1, 2 in the bottom row.
e Largest x-index not present in M is 4.
e Insert 2, then 3, then 5 with inversions determined by powers in M.
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Poincaré Polynomials for Hessenberg Varieties

¢ Recall that we have the following expression:

€]
3" Frob(H¥ (Hess(S. h)))g’ = wXa(x:q) = > ( 3 qmw,(r)) s

j=0 AEn \ TePT(h,\)
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Poincaré Polynomials for Hessenberg Varieties

¢ Recall that we have the following expression:

€]
3" Frob(H¥ (Hess(S. h)))g’ = wXa(x:q) = > ( 3 qern(T)) s

j=0 AEn \ TePT(h,\)

¢ So, the Poincaré polynomials of Hess(S, h) is:

AFn \ TEPT(h,))

Poin(Hess(S, h), Z ( Z qmvh(T) #SYT(N)
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Poincaré Polynomials for Hessenberg Varieties

AFn \ TePT(h,))

Poin(Hess(S, h), q) = Z ( Z qi"V”(T)) #SYT(N)

Proposition ([AHM17])

Ifh=(h(1),n,...,n), then the Poincaré polynomial of Hess(S, h) is
given by:

1_qh(1) n—1 1 _qj

1—q {11-q

ny—11—g""» 1-g

=g .14

+(n—-1)q
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Poincaré Polynomials for Hessenberg Varieties

Poin(Hess(S, h), q) = Z( Z g™ )#SYT(X)

AFn \ TePT(h,))

Proposition ([AHM17])

Ifh=(h(1),n,...,n), then the Poincaré polynomial of Hess(S, h) is
given by:

_gh) =ty i _gqn—h) 1=2 4 _ 4
1-qg 1 qj+(n_1)qh(1)—11 q 1-q

1—q j:11—q 1—q j:11—q

¢ Alternative proof using Pp-tableaux:

e Each term in q is the generating function for number of
Pp-inversions in Py-tableaux of shape A = (17) and . = (2,1772).
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Future Directions

* Poincaré Polynomials:

* We can find more Poincaré polynomials for Hessenberg varieties by
counting the number of inversions in Py-tableaux for different
functions h and partitions .

* Cohomology Rings:

* We can extrapolate these bijections to come up with conjectured
bases for the cohomology ring in other cases, together with GKM
theory.
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