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Classical Parking Function

Frobenius character of a parking function: S p(X) = Z‘Z Sa+ 17/a(X)
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Classical Parking Function
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Frobenius character of a parking function: S u(X; q) 1= Z 9" Sqr 11/0(X)
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PA(x: q) = + + 7+
S q[] q° q° ]

Classical Dyck path!
= e3+ (26]2"‘61) ey + g ' '
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=Q3S3+(zq3+2q2+q)521_|_(q3+2q2+q+1)slll .
(P3(x),pi(x)) = 3+ 1) 1,1,2

<gj3(x)9 63(X)> — 5

We can generalize this concept by generalizing 4 =
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Diagonal Coinvariant ring

DR, = C[X, Y]/<Zx yEVh 4+ k> 0>

=1

The set of polynomials (X, Y) € C[X, Y] such that for all # + k > 0, we have Z 5.6y fX,Y) =

1<j<n

5,-module: permutation acts on the indices X;y; = X;;Vy(;)

Shuffle Theorem (Haglund—Haiman—Loehr—Remmel—Ulyanov (2015) , H—Morse—
Zabrocki (2012), Carlsson—Mellit (2018)):

97( D Rn; g, t) — Z qcoarea(P)tdinV(P)xP —V e
PePF,

F(DR,; 1,1) = P (%) dim(DR ) = (n + 1y



A-Dyck path/parking function enumeration
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Today:
A-Dyck path: sub-partitions a under any partition A A-parking function: P(X) 1= Z Sat 1170 (X)

aCA



A-Dyck path enumeration == (1) == ()

1

3
#(u, — u,)— consecutive 1 = <2>

canci= (). 0)-)

vy
S m = e A I (DL
aCa 1 <3>q

Number of sub-partitions a under any partition A

Lemma (Lindstrom — Gessel—Viennot, 1989)

Let G be a directed acyclic graph and U = {uy,...,u,} and V= {v,, ..., v, } be two distinct sets of vertices that

are compatible. Then the number of non-intersecting paths from u;, — v. is det (p(ui, vj)) e where p(u,, vj)
NL SN

s the number of paths from u; — v;.

| al _ g (j—;ﬂ) A+ 1
Theorem (Gessel—Viennot, Loehr 1989, 2009) 2 q"' =det|q ] i

aCA q
1<i,j<C(A)



A-Parking function enumeration

A

2 3

1 3 3

#(u, = v = h(x) (Uy = Vy) = hh(X)
#(uy, — vy) = hs(X) (U = vy) = hy(X)
By LGV lemma:

h3(X) hy(X) )

Faan) = 4 (hs(x) ha(x)

Jacobi-Trudi ldentity (1841)

S/I/,M(X) = det (hfli H; ilj(X))lgi,jgf(/l)



A-Parking function enumeration % = 2 stin®
aCA
% ‘

A-Dyck path enumeration * Jacobi-Trudi Identity

D '™ = det 61<j;+1>(.ﬂjf1 )
gy j—i+1 .

$y,(X) = det (hﬂi_ﬂj_l.ﬂ.(x))

1<i,j<E(2)

Lemma (Lindstrom — Gessel — Viennot, year)

of non-intersecting paths from u; — v; = det (p(bt,-, Vj))

1<i,j<n



A-Parking function enumeration  #/@% = 2 ¢%..0.
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A-Parking function enumeration

4
#u — vy = (1) - hy(X)

q
U1

g)/l(q; X) .= Z q|a|Sa+1”/a(X)

aCA

3
#u, - vy = <1> - hy(X)

q



A-Parking function enumeration

4
#u — vy = (1) - hy(X)

q

//
/: _§

3 2
#(uy — vy =q - 2 - hi(X)

q

g)/l(q; X) .= Z q|a|Sa+1”/a(X)
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#u, - vy = <1> - hy(X)
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A-Parking function enumeration 7@ = 2 ¢,
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#u, - vy = (1) - hy(X) #uy, > v,y) = <1> - hy(X)

q q




A-Parking function enumeration  7:@% = 2 ¢,

aCA
4 3
#uy — vy) = (1) - hy(X) #u, = v,y = <1> - hy(X)
I 5 q q
3 U1 :hl[(1+q+q2+q3)-x] =h1[(1:qlq2)-x]

3\ ., 3
#(u — vy =¢q - (2> : hl (x) + i - h,(X) #(u, - v)) =1

q q
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A-Parking function enumeration  7:@% = 2 a5
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4
#u — vy = (1) - hy(X)

=ml(l+g9+q°+q)-x]

q

aCA

3
#u, - vy = <1> - hy(X)

q

=n[(1+q+g°) -x]

3\ ., 3
#(u — vy =¢q - (2) hl(X) + (1 - Ny (X) #(u, - v)) =1

q

q

= h[(1 + g+ g% - x]

q°x; ¥

where qaxiﬁquj ifa<bora=bandi>j

qx; < ¢ °X,
qx, < 4x3



A-Parking function enumeration  7:@% = 2 ¢,

aCA

4
#(u) = vy) = (1) - 1y (X) #(u, —> vy = (i) - hy (X)

q 5 4 ! , By LGV Lemma, we have:
=mhl(1+qg+q°+q°) - x] = [(1 + g+ g% -x]

; ; P(q;X) = det(
#u, > ) =q- (2) 'hlz(X) + (1> - Ny(X) #(u, - vy =1

q q

= h[(1 + g+ g*) - X]

P3,(q;X) = (45 +2q" +2¢° +2q* +q + 1) hy(X) — (q4 + g% + 1) h,(X)

M +qg+qg*+q)-x] hyl

l+g+9°)-x

1 Iyl

l+g+q°) X

= (P +q*"+2¢°+q" +q) X))+ (¢ + 29" +2¢° + 2> + g + 1) 51,(X)

(Bergeron — Lanciault — P. 2023+)

P,(q;x) = det (hj—i+1[(1 T qﬂj) | X]) 1<,i,j<t(A)+1



Observations

o Stabilization as n grows
» For A > A"in dominance relation, &, (g; X) — < ,(q; X) is Schur positive
* (g, t)-Parking function?

 The positivity of the predicted (g, f)—polynomials is related to the concavity
of A



Stabilization

Pnxq) =3+ (¢* +q° +2¢° +q) e + (¢° + ¢* + ¢°) ey

= (¢ +4q"+a°) s34+ (2¢° + 3¢ +3¢° +2¢° + q) 5,

+(q5+2q4+2q3+2q2+q+ l)sm

@(32,071—2)(?(; q) = ((QS T 44 T 43)311 + (q4 T q2)€2> €,_» T ((43 T qz T Q)el) e,_1 te,

P (32,08 = (QS +q* + 43) $311 T (45 +2q% +q° + 42) $721

+ (2q5 + 3c]4 + 3q3 + 2q2 + q) S>111 T+ (6]5 T 26]4 + 2q3 + 242 +qg+ 1) S11111




Dominant partition

P 32,00 X q) = P 10X q) =0

P (32.09(X; @) — P 221.00(X; q) = (QS T 6]4) S3p T+ (QS + g + 6]3) $201



Dinv & Sim

L@(X; g, t) — Z qcoarea(P)tdinV(P)xP

PEPF,
Definition. Similar cells (Bergeron — Mazin, 2022) - i /
T
Let 7 be a triangular partition. N
Sim_(a) :={c€al|t(c,a) Lt <t'(c,a)} J \
; ——
Counting 7-Dyck path in g, 1: - .
of ( g t) . — Z qcoarea(a)tsimf(a)
T\1> y
aCrt

( 331)

g " ) (3, 53)
o (g, 1) is symmetric in g, t. 21,511 + 83 3, 83

T(q ) y 9 (31, s21 + s4) (4, 54)
(32 S31 + 85) (41 S31 + 85) (5, 85)
(321 S31 + S41 + S()) (42 S99 + 841 + 86) (51, S41 + 86) (6, 86)

*Image and data from F. Bergeron and M. Mazin, Combinatorics of triangular partitions, Enumer. Comb. Appl. {\bf 3} (2023), no.~1, Paper No. S2R1, 20 pp.; MR4528166



Concave partitions

A partition is concave if no cell of its diagram lies in the convex-hull of its
complement

N N

Concave NOT Concave

coefficients € N(g, 7) (5400, + 53,10 D) + (@ 1) = 535(0, D) = 55(q, 1) = 51,1, 1)) $6(X) + -+
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