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Standard Young Tableaux

Irreducible representations of Sp:

Specht modules Sy, for all A+ n.

Basis for Sy: Standard Young Tableaux of shape A:
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Standard Young Tableaux

Irreducible representations of Sp:

Specht modules Sy, for all A+ n.

Basis for Sy: Standard Young Tableaux of shape A:

A=(2,2,1) L2345 <

A 314] 315 [214] [2[5] [2]5]
@3 B [ 4 3
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Standard Young Tableaux

Irreducible representations of Sp:
Specht modules Sy, for all A+ n.

Basis for Sy: Standard Young Tableaux of shape A:
/\7(221)12345 <

P F PR

Hook-length formula [Frame-Robinson-Thrall]:

A 51
Hue/\hui 4%x3%x2x1x1

dim Sy = #{SYTs of shape A} = f* =

Hook length of box u = (i,j) € \: hy =X —j+ XN —i+1=#{ e



Skew SYTs Three proofs Increasing Tableaux Grothendieck polynomials
0e00 000000 0000 0000

Skew SYTs and SSYTs: formulas
Shape A/u, eg. for A= (5,4,3),n=(3,1):

[uy

3]

Skew SYT: 2]8] Skew SSYT:
1[4[5 2123
[3]6 [1[3]3

~| A
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Skew SYTs and SSYTs: formulas
Shape A/u, eg. for A= (5,4,3),n=(3,1):

Skew SYT: 2]8] Skew SSYT: 1]3]
1[4[5 2123
[3[6]7 133
Jacobi-Trudi[Feit 1953]:
1 £2(N)

FME = |\ p|! - det | —— .
(>‘i — K1 +J)! ij=1
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Skew SYTs and SSYTs: formulas

Shape \/u, e.g. for A= (5,4,3),n=(3,1):

Skew SYT: 2]8] Skew SSYT: 1]3]
1[4[5 [2]2]3
[3[6]7 133
Jacobi-Trudi[Feit 1953]:
1 £2(N)
FMBE = |X/p|! - det {—] .
(>‘i — K1 +J)I ij=1

Littlewood-Richardson:

Pl =S
v
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Skew SYTs and SSYTs: formulas
Shape A/u, eg. for A= (5,4,3),n=(3,1):

Skew SYT: 2]8] Skew SSYT: 1]3]
1[4[5 [2]2]3
[3[6]7 133
Jacobi-Trudi[Feit 1953]:
1 £2(N)
FMBE = |X/p|! - det {—] .
(>‘i — K1 +J)I ij=1

Littlewood-Richardson:
P = Sl
v

No product formula:

3[7]
A= 6nt2/0n: 1[5 — 6>2<4>1<5>3<7 o2/ =F,
2[4
6
X2 X3 X4
1+ Ex+ Eza + E3§ —+ E4I +...= sec(x) +tan(x).

Euler numbers: 2,5,16,61....

Increasing Tableaux Grothendieck polynomials
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Hook-Length formula for skew shapes

Theorem (Naruse, SLC, September 2014)

A=t > T1 h(lu),

De&(N/p) ue[A\D

where E(A\/) is the set of excited diagrams of A/ p.
Excited diagrams:

E(\/p) ={D C \: obtained from p via EH - EE }
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Hook-Length formula for skew shapes

Theorem (Naruse, SLC, September 2014)

A=t > T1 h(lu),

De&(N/p) ue[A\D

where E(A\/) is the set of excited diagrams of A/ p.
Excited diagrams:

E(\/p) = {D C \: obtained from  via B~ }

— [H6]5]3]1]
4]
|
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Hook-Length formula for skew shapes

Theorem (Naruse, SLC, September 2014)

A=t > T1 h(lu),

De&(N/p) ue[A\D

where E(A\/) is the set of excited diagrams of A/ p.
Excited diagrams:

E(N/p) ={D C X : obtained from p via BH - EE }

1 1 1 1 1
£(4321/21) :7!( ):61
14,33+13_33,5+13,33_5+12.33.52+12.32,52_7
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Hook-Length formula for skew shapes

Theorem (Morales-Pak-P'16)
For skew SSYTs, we have that

Ni—i

q

svabadd )= 30 qTl= [W}
TESSYT(A/ ) DEE(N /1) (i))EIN\D 9
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Hook-Length formula for skew shapes

Theorem (Morales-Pak-P'16)
For skew SSYTs, we have that

Af—i
SA/M(1»q7q27 )= Z g7l = Z H [1 j qh(i,j):| :

TESSYT(M 1) DEE(N /1) (1) EINND
[ ] [ ]
2 [T q3 q
Mulb @)= 2 LA CYs T e e s G T R

TESSYT(4321/21)
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Hook-Length formula for skew shapes

Theorem (Morales-Pak-P'16)
For skew SSYTs, we have that

N—i
2 _ Tl _ _ar
s/u(l,9,9%..) = E g7l = Z H [1qh(i,j)}
(i.J))EN\D

TESSYT(M /1) DeEN /1) (irj

Theorem (Morales-Pak-P'16)

For (reverse) plane partitions of skew shape \/p:

LRSS NI

TERPP(N/ 1) SEPD(\/p) u€ES

gh(u) ]

where PD(A\/p) :={S C [A\]: S C [A\]\ D, for some D € E(\/n)}.
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o Asymptotics of fA/H:

e Product formulas for special £/~

¢ d P c a e Weighted lozenge tilings.
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ndieck polynomials

Applications

o Asymptotics of fA/H:

e Product formulas for special £/~

¢ d P c a e Weighted lozenge tilings.
b b / b " /
) (i) (i)

e Principle evaluations of Schubert polynomials and asymptotics.
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Non-intersecting lattice paths

Theorem[Lascoux-Pragacz, Hamel-Goulden] If (61,...,6k) is a Lascoux—Pragacz
decomposition (i.e. maximal outer border strip decomposition) of A\/u, then

K
Sx/p = det [59,'#9] ],',j:r

where sz = 1 and So;40; = 0 if the 0;#0; is undefined.
040302 61

X[e[s I =] ==
feadl| 1]
I =
HTT A (]
Bl = 1
e det
==
HT =
-
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Non-intersecting lattice paths

Theorem[Lascoux-Pragacz, Hamel-Goulden] If (61,...,6k) is a Lascoux—Pragacz
decomposition (i.e. maximal outer border strip decomposition) of A\/u, then

K
Sx/p = det [Sgi#gj ],.J:I.

where sz = 1 and So;40; = 0 if the 0;#0; is undefined.
040302 61

x5l ==l

faudl| +11]

[T 1

><-JJ i-- M

gr—"r =1 f- det
51—t -
ELir =z @% =
—H

Can also switch to “inner border strip decomposition” [Kreiman].

endieck polynomials
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NHLF: lattice paths

Lemma (MPP)
For a border strip = \/p. with end points (a, b) and (c, d) we have

A’fi

59(17q:q27“'7): Z H —qh(“}

vi(a, b)ﬁ;(C ,d), (i) €Y

P q*
_ a?)(1—ql)(1—g3)(1—q)(1—a?) (1-a)1—¢?)2(1—a%)(1—q%)
Sﬁ(l va.d% ) = R S >@+ Ed

1 o &
4 —9-a?20-a3)1-a%) 4 (1-92(=)1-¢"? | (1-a?(1—a>)(1—¢*?

e

Proofs: induction on |\/p|, or [multivariate] Chevalley formula for factorial Schurs.
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NHLF: lattice paths

Lemma (MPP)
For a border strip = \/p. with end points (a, b) and (c, d) we have

Ni—i

2 _ q’
s9(1,9,9%,...,) = E H 1 g
vi(a,b)—(c,d), (i.j)€v
YCX

Excited diagrams for A\/p <> Non-Intersecting Lattice Paths:

Fi:I—H ?H—H ]
5] ] ]
A HTH] I 0 l LI
=] I ]
[¢] [INES
] l LI
=1 1 [# ]
B 9] el BN ] il
[INEN | ] | ]
) T T
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NHLF: lattice paths
Lemma (MPP)
For a border strip = \/p. with end points (a, b) and (c, d) we have

Ni—i

2 _ q’
s9(1,9,9%,...,) = E H 1 g
vi(a,b)—(c,d), (i.j)€v
YCX

Excited diagrams for A\/p <> Non-Intersecting Lattice Paths:

Fi:I—H ?H—H ]
5] ] ]
A HTH] I 0 l LI
=] I ]
[¢] [INES
] l LI
=1 1 [# ]
B 9] el BN ] il
[INEN | ] | ]
) T T

= k
S)\/pLascoux-Pragacz det [ 56,-#6]- ] ij=1
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NHLF: lattice paths
Lemma (MPP)
For a border strip = \/p. with end points (a, b) and (c, d) we have

Ni—i

2 _ q’
s9(1,9,9%,...,) = E H 1 g
vi(a,b)—(c,d), (i.j)€v
YCX

Excited diagrams for A\/p <> Non-Intersecting Lattice Paths:

Fi:I—H ?H—H ]
5] ] ]
A HTH] I 0 l LI
=] I ]
[¢] [INES
] l LI
=1 1 [# ]
B 9] el BN ] il
[INEN | ] | ]
) T T

- k =
S)\/pLascoux-Pragacz det [sei#ej ],',j:j[sBord(r Strip det [
v:(ai,bi)—=(c;, J)L’GV
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NHLF: lattice paths
Lemma (MPP)
For a border strip = \/p. with end points (a, b) and (c, d) we have

Ni—i

2 _ q’
s9(1,9,9%,...,) = E H 1 g
vi(a,b)—(c,d), (i.j)€v
YCX

Excited diagrams for A\/p <> Non-Intersecting Lattice Paths:

Pi:H‘\ F’—H‘\ 1
T4 ] ] = ]
A H ] I HI l LI
= o o = ]
1] ]
[+ ] l LI
o fammad =1 [d ]
¢ ] el KN | |
[INEN | | | |
(] ] ]
= k =
5)\/“ Lascoux-Pragacz det [Sei#ej ],',jzlsﬁordcr Strip det [ Z H ]
v:(aj;bj)—= (g, J)UG’Y
Lindstrom Ggsss/ Viennot Z H 1 — q

NILP:~y,... uEY1U..
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NHLF: lattice paths
Lemma (MPP)
For a border strip = \/p. with end points (a, b) and (c, d) we have

Ni—i

2 _ q’
s9(1,9,9%,...,) = E H 1 g
vi(a,b)—(c,d), (i.j)€v
YCX

Excited diagrams for A\/p <> Non-Intersecting Lattice Paths:

Pi:H‘\ P’—H“ 1
5] [I==) [Eallmad|
P H ] I HI l LI}
=1 o o i ]
1] ]
=[] l LI}
o fammad =1 [d ]
¢ ] el KN | |
[INE=] | J ] J
(] ] ]
= k =
SA/MLascoux—PragaCZ det [Sei#ej ],',jzlsﬁord(r Strip det [ Z H ]

v:(ai,bi)—(cj,dj) ien b

Lindstrom— Gessel — Viennot § H h T 5 E(N/ /z =NILP § H PEE——

NILP:v1,... u€71U.. DEEWMN /1) ueD
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Bijections

Hillman-Grassl map ®: Reverse Plane Partitions of shape A to Arrays of shape A:

RRP P = [O]1]2] — [OJI[2] — [O[0]1]  [OTO[T] — [O]OTE, [O]0TO]
1]1]3] 1[1]3] 0[0]3] 0[0]2] 0[0]I] [0]0O]O]

=: Array A= ®(P)

G- - -
[0fo[o]  [0]o]0]
| 1]

==k
=
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Bijections

Hillman-Grassl map ®: Reverse Plane Partitions of shape A to Arrays of shape A:

RRP P = [OTIT2] . [OFI12] , (OTOT1] , [OTOTT] . [OTOTE} [OTOTD)

113 @3] 013 [0[0[2l 0lL [0[0[0]
ﬁﬁ#ﬁﬁloo —)T ;Array A=®(P)
[0[0]0]  [O]0[O] 010[2]

| (1]

Weight(P) = |P|=04+14+24+1+1+3+2=10=

=Y Ajjhook(i,j) =1%5+1%2+2x1+1x%1=: weight(A)
i
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Bijections

Hillman-Grassl map ®: Reverse Plane Partitions of shape A to Arrays of shape A:

RRP P = [OTIT2] . [OFI12] , (OTOT1] , [OTOTT] . [OTOTE} [OTOTD)

113 @3] 013 [0[0[2l 0lL [0[0[0]
ﬁﬁ#ﬁﬁloo —)T ;Array A=®(P)
[0[0]0]  [O]0[O] 010[2]

| (1]

Weight(P) = |P|=04+14+24+1+1+3+2=10=

=Y Ajjhook(i,j) =1%5+1%2+2x1+1x%1=: weight(A)
i
P 1
1Pl — h(ij)*Aij — _r
> df= > [ =1 1—ghid)

PERPP()) A:Array(X) (i,j)EX (i J)eX
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Bijections
[0] 0[o [0] 0[o [0] 0]0
1] @ [o0[1 1] @ [0[1 1 @ [1]o
o[2] (o[t [12]” [ 22|~ " [1]0
1 1 1 3 1

Theorem (Morales-Pak-P)

The restricted Hillman-Grassl map is a bijection from the SSYTs of shape \/u to the
excited arrays (diagrams in E(\/p) with nonzero entries on the broken diagonals) .

dy

di(D)

Ap
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Hillman-Grassl on skew Reverse Plane Partitions

RPP: weakly increasing rows and columns:
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Hillman-Grassl on skew Reverse Plane Partitions

RPP: weakly increasing rows and columns: 1T

Skew RPPs < arrays with support “pleasant diagrams”:

PD(A/p) :={S C[\:S C[N\D, forsome D € E(A\/un)}

Excited: Pleasant boxes H:
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Hillman-Grassl on skew Reverse Plane Partitions

RPP: weakly increasing rows and columns: 1T

Skew RPPs < arrays with support “pleasant diagrams”:

D(M\/pn) :=={S C[\]:SC[N\D, forsome D € E(A\/u)}

Excited: Pleasant boxes H:

Theorem (MPP)

The HG map is a bijection between skew RPPs of shape A\/u and arrays with certain
nonzero entries (at the “high peaks”):

SRS (=

T ERPP(N/ 1) SEPD(M\/p) ueS

o 8o B B B>
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Hillman-Grassl on skew Reverse Plane Partitions

RPP: weakly increasing rows and columns: 1T

Skew RPPs < arrays with support “pleasant diagrams”:

D(M\/pn) :=={S C[\]:SC[N\D, forsome D € E(A\/u)}

Excited: Pleasant boxes H:

Theorem (MPP)

The HG map is a bijection between skew RPPs of shape A\/u and arrays with certain
nonzero entries (at the “high peaks”):

SRS (=

T ERPP(N/ 1) SEPD(M\/p) ueS

R 582 58 £ <8

P- partltlons or brder polytope s volurhes and q 2y 1 limits: proof of original Naruse
Hook-Length Formula for f2/# ..
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0000 0000

Algebraic proof for SSYTs:

6 1 3
— ~ o
5 6 6 %) A
o 5
A 5 \|
1 5 5 , Y
,\)‘9 \)‘x
21 3 4 NS
4 R A
1 2 3 : 9 , Y
: S

-
v = 245613, w = 361245

[Ikeda-Naruse, Kreiman]:
w = v —Grassmannian permutations
Schubert class X,, localization at v:

[XWHV: Z H (yv(d+j)—yv(d—f+1))~

De&(A/p) (ij)eb
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0000e0 o]
Algebraic proof for SSYTs:
_6 s ! 3& [Ikeda-Naruse, Kreiman]:
5 N >
6 b/\; ¢ w = v —Grassmannian permutations
1 15 s S Schubert class X, localization at v:
9
,\)‘9 \)‘7
T Xl = >0 I Owteey = wa-isn)-
1 2 3. | ° De&(N/u) (i.j)ED
‘ o

o
v = 245613, w = 361245
Factorial Schur functions:

d
det[(x —a1) - (x — aHier*")]i,j:l

(d) —
o (xla) = H1gi<jgd(xi*Xj)

)
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0000e0 e}
Algebraic proof for SSYTs:
_6 s ! 3& [Ikeda-Naruse, Kreiman]:
bl W "
6 b/\; ¢ w = v —Grassmannian permutations
1 15 s S Schubert class X, localization at v:
9
,\)‘9 \)‘7
T Xl = >0 I Owteey = wa-isn)-
1 2 3. | ° De&(N/u) (i.j)ED
‘ o

o
v = 245613, w = 361245
Factorial Schur functions:
d
det[(x —a1) - (x — aHier*")]i,j:l

H1§i<j§d (xi = x;)

std)(x|a) =

)

[Knutson-Tao, Lakshmibai—-Raghavan—Sankaran] Schubert class at a point:

Xull, = (15 (vyays s Yoy Y1 - - s Y1),

where v — XA and w — v
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Algebraic proof for SSYTs:
[Xull,= Z H (Yu(dsj) = Yu(d—i+1))-

De&(N/u) (ij)€D

d
det[(x —a1) -+ ( — 3w+d—i)]i,j:1

H1§i<j§d (xi —x)

)

s,(,,d)(x|a) =

X, = (1D (v1)s - yuoy s yao1)-
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O0000e 0000 0000

Algebraic proof for SSYTs:
(Xwl|, = Z H (Yu(dsj) = Yu(d—i+1))-

De&(X/p) (i.J)ED
d
det[(xj —ar) - (XJ - aHerdfi)],‘,j:l

(d) —
sy (x|a) ==
" H1§i<j§d (xi = x7)

Xull,= (18D (yyay, oo vu@ v,y yo1)-

h(i.j)

—_—
Aj+d+1—i, d7Aj+j(1_q)\; + X —i—j+ 1)

Yv(d+j) " Yv(d—i+1) = 4
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Algebraic proof for SSYTs:
(Xwl|, = Z H (Yu(dsj) = Yu(d—i+1))-

De&(A/p) (i-j)eD
d
det[(xj — a1) - (x5 — ara— )]i,jzl

H1<,<j<d( =)

s&d)(x|a) =

)

Xull,= (18D (yyay, oo vu@ v,y yo1)-

h(i.j)
—_——~
j rd1—i d—A+j AN+ A —i—j+1
Set yj + ¢ and xi < yy(y = My —Yu(d—ivn = ¢ Y (1-q Y It

oI VA - ) = Xl = s0(q'@, . 1L, q,..)

De&(N/u) (ij)€D

+d
_ det[T}% I CaRnie )

T (i = ) = ...[simplifications]...
i<j
1
= (factor) det - - = 1,q,...
(factor) de [(1 -q)1-¢*)---(1- q*"””"*’)] — ua)
Jacobi-Trudi
i (1,05)
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Increasing Tableau

Standard Increasing Tableau
[ 11 12]6]8] 1[2[3]5]
A [] 2|3[8] g 3]4]




Skew SYTs
0000

A

m(T) :=max{T(i,j)},

Three proofs Increasing Tableaux Grothendieck polynomial
000000 @000

0000
Increasing Tableaux

Increasing Tableau

1[2[6]38]
213[8]

Standard Increasing Tableau

1[2[3[5]
21314
5]

[(T<i] ={0i0) : T(J) < k}
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Increasing Tableaux
< Increasing Tableau Standard Increasing Tableau
[ 11 17276]8]
AN 2]3]8]

m(T) :=max{T(i,j)},

[Tald ={(i,J) : T(i,j) < k}  eg. [Tou] = EBI
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Increasing Tableaux
< Increasing Tableau Standard Increasing Tableau
[ 1] 12[6[8]
AN

213[8]

(T ={00) : T(J) <k} eg [Ted] = HEF‘
Theorem (Morales-Pak-Panova'21+)

Fixd > 1, B € R. For every A n with ¢(\) < d, we have
m(T) d ) . -1
v 11 <|:H1+/3([T<k]:)+d i+1) 1)
1 (A N 1
L [Ta+8i+d—i+1)™ ]
i=1

TESIT(N) k=1 i=1 1+BNi+d—i+1)
(yer "D

[218]5]
1814

m(T) :=max{T(i,j)},

(K-HLF)
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Theorem (Multivariate K-HLF, Morales-Pak-Panova'21+)
Fix d > 1. For every A F n with £()\) < d we have:

> H <[ﬁ 1+ ’By[T<k]f+di+1:| ) 1>1

TESIT(A) k= i1 1+ Byxtd—it

) 1
H (1 + Byasd—itn)™

n . p— . :
5 (i)EA yd+J—/\J’. YXj+d—i+1
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Theorem (Multivariate K-HLF, Morales-Pak-Panova'21+)
Fix d > 1. For every A F n with £()\) < d we have:

> H <[ﬁ 1+ ’By[T<k]f+di+1:| ) 1>1

o1 1+ Byaed—in

TESIT(A) k=
. 1
ﬁnH(1+5Y>\+d 1) o i
(i.J)EX d+J—/\j i+d—i+1
Corollary:

(™) 1
> T(id) — gl(ijjeniti—l -
> @ H |[T>k]| q Il = gl -

TESIT(N) k=1 (i J)ex
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Theorem (Multivariate K-HLF, Morales-Pak-Panova'21+)
Fix d > 1. For every A n with £()\) < d we have:

5 H ([ﬁl + 5}’[T<k],-+d'—i+1] B 1)

1 1+ Byaed—in

-1

TESIT(N) k=
d
1 2\ 1
= H (1 + Byatd—ir1)” .
B Ydtj—x' — Yxi+d—itl
(hj)ex TdH=X; itd=it
Corollary:
T(i.j) — gX(jexiti—l 1
> H |[T>k1| a H 1= i)
TeSIT(A ) (i j)EX
1 1 1
& 6 +q°

-)i-) Ta-di-Pi-a T-Pi-d)i-0
5 1

R TR T
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Type | move  Type Il move
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()RR

Grothendieck polynomials
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Generalized Excited Diagrams D(\/pu)
Type | move  Type Il move

S IE<T. =
()RR

Proposition (Naruse-Okada)

D(M\/p) = |J {Dpus:scnx(D)},
DEE(N/ 1)
DO/ = > 2Ol
DeE(N/p)
E(N/p) = {Hl} A A%
o

| -

n(D) = {{]} N }/
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Generalized Excited Diagrams D(\/pu)

Type | move  Type Il move

S IE<T. =
()RR

Non-intersecting Delannoy paths[MPP] with forbidden configuration:

Bl Bl
|—-I 132‘ C BJ S E@Z
R TR B




Skew SYTs Three proofs Increasing Tableaux Grothendieck polynomials
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Generalized Excited Diagrams D(\/pu)

Type | move  Type Il move

IR =
o) BB o B )

Non-intersecting Delannoy paths[MPP] with forbidden configuration:

T EEEPT B — [

1 -
sl 5 B
1| o 1

R g ©

Flagged set-valued tableaux:

el = }. |

+—H] — [ — [ — type I excited move

- - - » type II excited move
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Skew K-HLF

Theorem (Morales-Pak-Panova'21+)
Fixd > 1, 8 € R. For every p C X\ with £(\) < d, we have:

O 14 B([Terli+d —i+1) >
: -1
TES;A/;L H <Llj[1 1+Ai+d—i+1)

D N | B(A;+d—'i'+1)+1.

DED(A /1) (iJ)EX\D h(i.j)

(K-NHLF)

Theorem (Morales-Pak-Panova'21+)

For every p C A\, we have:

(™) ghtid)

>, H |[T>k1| = X 11 1— gt

TEeSIT(M/ 1) DeD(A/p) (i,j)EX\D
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Factorial Grothendieck polynomials

(double Grothendieck polynomials for Grassmannian permutations)

Grothendieck polynomials
@000
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Factorial Grothendieck polynomials

(double Grothendieck polynomials for Grassmannian permutations)

x@dy = x+y+ Bxy, xey::%, Ox =

and  [x[y]* == (x @) (xDy2) - (x B yi),

Grothendieck polynomials
@000
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Factorial Grothendieck polynomials

(double Grothendieck polynomials for Grassmannian permutations)

x@y = x+y+pBxy, xeyrzw, Ox = — |
(14 8y) 1+ 8x

and  [x[y]* == (x @) (xDy2) - (x B yi),

[McNamara]: The Factorial Grothendieck polynomials are given by:

H#.

. . d
Gulxty oo xaly) = det ([ [y 94 (1 + By ) :
1<i<j<d (i —x5)

ij=1
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Factorial Grothendieck polynomials
(double Grothendieck polynomials for Grassmannian permutations)
x@y = x+y+pBxy, xey::u, Ox = — |
(1+8y) 1+ Bx

and  [x[y]* == (x @) (xDy2) - (x B yi),

[McNamara]: The Factorial Grothendieck polynomials are given by:

H#.

. . d
Gulxty oo xaly) = det ([ [y 94 (1 + By ) :
1<i<j<d (i —x5)

ij=1

Vanishing property:
evaluation at yx := (O ¥a,1d>© Yaord—1s-- > O ¥Yag+1) for £(A) < d,

0 if uZ A,
i pexOasj-x © yara—is1)  ifp=2A.

Gulyrly) = {



g Tableaux Grothendieck polynomials

@000
Factorial Grothendieck polynomials
(double Grothendieck polynomials for Grassmannian permutations)
x@y = x+y+pBxy, xey::u, Ox = — |
(1+8y) 1+ Bx
and  [x|y]" == (x® ) (xDy2) - (x B wi),
[McNamara]: The Factorial Grothendieck polynomials are given by:
1

I1

. . d
Gulxty oo xaly) = det ([ [y 94 (1 + By ) . -
1<i<j<d (i —x5)

ij=1

Vanishing property:
evaluation at yx := (O ¥a,1d>© Yaord—1s-- > O ¥Yag+1) for £(A) < d,

0 if uZ A,
Gu(yaly) = .
k(s 1Y) {H(i,j)E)\(Yd-H—)\jf O yan+d—it1)  fFu=A

Pieri rule:

Gu(x|y)(1+BGi(x|y) = (1+BGyuly) > B/ G(x]y).

Vi
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Proof of K-HLF

Gulya ly) (wt(Mp) —1) = > ¥ G(yaly),

P
d

1+ rd—i
where wt(\/p) = H %.
i1 14 Byx+d—in
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Proof of K-HLF

Gulya ly) (wt(Mp) —1) = > ¥ G(yaly),

P
d

where wt(A/p) =
,-11 14 Byaj+d—it1

Yd+j—X\ = YXj+d—i+1
G=1 and  Gnly) = [ ————

(e 1+ Byri+d—it1

14 Byu+d—i+1

Grothendieck polynomials
0e00
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Proof of K-HLF

X =yx Gulya ly) (wt(A/p) =1) = > B/ G (yr]y),

P

d
where wt(A/p) = H

G=1 and  Gly) =
(,.EA 1+ Byri+d—it1
T € SIT(A/) is a chain of shapes

)\:V(Tgk) — V(Tgkfl) = I/(Tgl) — V(TSO) = .

m(T)—1 _
Z (T) /3I[Tgk+1]\ [T<ll _ Ga(yaly)

TESIT(A) k=0 wt(A/v(#) — 1 Go(yrly)

Theorem (Multivariate K-HLF, Morales-Pak-Panova'21-+)
Fix d > 1. For every A+ n with £()\) < d we have:

14 Byu+d—i+1
i1 L+ Byxsd—it1

Yd+j—/\j = YXi+d—it1

Grothendieck polynomials
0@00

TESIT(A) k i L+ Byad-in

m -1 i
5 ﬁ <|:IEI 1+ 5)’[T<k]i+d—i+1:| 3 1> _ % - [T, (1 + Byrad—ivn)

(iJ)EX (}/d+j—)\/f = Yai+d—i+1) ’
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)

Grothendieck polynomials
[e]e] o]
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)

[Graham-Kreiman]: Structure constants

KN = S0 (plel T

DeD(A/p) (ij)eD

Ydtj—A] = YAi+d+1-i

1 — yxjdei—i

Grothendieck polynomials
[e]e] o]
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)

[Graham-Kreiman]: Structure constants

KN = S0 (plel T

DeD(A/p) (ij)eD

,Vd+j—AJf — YXj+d+1—i

1 — yxjdei—i

[Lenart—Postnikov] Equivariant K-theory Chevalley formula:

KN — 14wt/
i (S ) & g,

wt! (1) =
’ . 1-— Yi+j—1
where wt'(p) == H T,
(pen -V

Grothendieck polynomials
[e]e] ]o)
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)

[Graham-Kreiman]: Structure constants

KN = S0 (plel T

DeD(A/p) (ij)eD

,Vd+j—AJf — YXj+d+1—i

1 — yxjdei—i

[Lenart—Postnikov] Equivariant K-theory Chevalley formula:

KN — 14wt/
i (S ) & g,

wt' (1) =

, . 11—y

where wt'(p) == H T,
(ryen - Vi
Compare with Chevalley formula for factorial Grothendiecks at 8 = —1:
Gi(yaly) — Gi(yu |)’)) —1
G AT AVell) ) plv/ul=1 g, i
(Y \y)( Tt 5G] > L (va 1Y)

vRu
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Skew K-HLF

Evaluations of factorial Grothendieck polynomials G, (y|y) for p C A
(K-theory of the Grassmannian)

[Graham-Kreiman]: Structure constants

KN = S0 (plel T

DeD(A/1) (jep LT Yadri-i

,Vd+j—AJf — YXj+d+1—i

[Lenart—Postnikov] Equivariant K-theory Chevalley formula:

KN — 14wt/
i (S ) & g,

wt! (1) =
, . 11—y
where wt'(p) == H T,
(ryen - Vi
Compare with Chevalley formula for factorial Grothendiecks at 8 = —1:

Guton |y (SR~ GOV 57 glerni 2 6,3, 1y).

1+ 8Gi(yuly) b=y

General 3: substitute y; + —Sy;

Theorem (Skew K-HLF, Morales-Pak-Panova'21-+)
Fixd > 1, B € R. For every i C X with £(\) < d, we have:

-1

"ﬁ) <|:ﬁ 1+ By”f(T<k)+d*H’1:| - 1> _ Z ﬁ‘D‘,‘M H ﬂ}/)\,+d—f+l +1

Testoym ket \Limr 1+ Byasd—in DEDOV/k) (e Y- T YAidr1—i
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|D(6n+2k/5n)| = 27(5) det[sn_2+;+j]k

ij=1

Grothendieck polynomials
[elefe] }
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