L allice (\)alk. Lrumerdion:
Am\@io, a\ge)amio and geowwelric agpecty

Warvi: Wishna




Humang love 4 9000{
Tol)conom”!

The tree of life as seen by Haeckel in The Evolution of Man (1879)
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A\ge)omio Numbers
Periods
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Pdlional fundionsg

A\ge}amio F/lnd"wngr

Holonomic fundiong
Diﬁf'wfﬂ"wlb\g A\ge}amio Fundions
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Holonomic and Diﬁelm'ﬁﬂb\” A\ge)omiof\AnaTong

goﬁiyflﬂ a linear 1 wilh rohonow\iﬂ\

Holonomic

VPdlional, A\gebmio

coefficienly 0
Dlg(’;( ;";‘:‘5\9 goﬁiﬁzﬁo an o\\ge}amio DL :iﬂonow\io
Diﬁawmab\g {(2)

Tanscondorfal NOT differenliably algebraic I'z) (Holder, 1887)



Classification of (ombindlorial (lagges

A combinatorial class is a set equipped with a size o0
function. Ordinary Generating Functions (OGF) € — C(Z) ¢ — 2 | G Zn
encode enumerative data in the coefficients of 1
formal power series. n=0
Tm"" Of :l. ................................................ R W W dtsnnsnsssssnsnnsnssasnnsnasnssnsnnsnssnsnn | W S A A Y AT TP Alot....... """e)fe}((mwg
Fino Problem:
. Characterize combinatorial classes
with transcendental OGF.
ergivdg wex"liﬁ'a"ﬁ'\'é)'a;% ...................................... e n ..... 0 n .......................... Chomgkgé@dn zonberger
Algebraic dags CHL (ol inherenlly ambiguoug) Ngebraic fundl (19603
Ghuffley of Dyck Paling
7 k-reqular labelled graphy Holonomic gr”“"“") 1930
ST of hounded height

g G pariilions, Differeniliably algepraic Pubd 1937



(A)hl} are holonomic fundiong iV\TMegﬁng'\'o ﬂudw fromThe
combpindlorial rwxgred‘lw/?

“A\WOﬂ'qngfhing i5 non—holonomic unlegs il ig holonomic bw 0‘0)549V\,
~ Hajolel Grerhold £ Galvy

Closure properties mirror combinatorial actions

The DE is a useful data structure for both reasoning and computation
Clear proof strategies (singularity arguments, asymptotic arguments)
Conjecture (Christol, 1990): If a series with positive integer coefficients

has positive, finite, radius of convergence is holonomic, then it can be
written as the diagonal of a multivariate rational function.
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A walk ig 4 gequence of %fwrg

We consider fixed, finite sets of possible steps
Strategy: Encode each walk with a monomial marking its endpoint.

le“ir\l)ing vv\onolmia\jf mﬁumg whal
~—I~* (11) happens when welake gleps in gequence:

x+1/x+y+1/y)yXx+1/x+y+1/y) 1

=x2+ 1/x2+v2+1/ 2+42/ + 2y/x + 2/
P4 12 4y 4+ 1y + 44 2xyf 2uly + 2y/x + 2oy I —z(x+ Ux+y+ 1/y)




F NEQU- walks in vari g

F(2) = Z (#walks of length » that stay In the blue reglon

Rational
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Algebraic

Holonomic

Holonomic

Holonomic
(Gouyou-Beauchamps)

Nasty algebraic
(Bostan & Kauers...)

Slit plane model
Algebraic
(Bousquet-Mélou & Schaeffer)

Holonomic
(Bousquet-Mélou... )

Classification via winding angle
(Excursions: Budd 2017; Elvey-Price)

(Excursions: Denisov & Wachtel 2016)

e(n) ~ ap "nf®




Gwall glep walky inThe quarier plane

. Fix set of vectors & C {(i,)) | i,j € {0,1, — 1} }\{(0,0)}.
Define the generating function which marks the endpoint.

0s(x,y;2) = Qgx,y) := ). ) #walksg(0,0) = (i, j) x'y/z"

n>0 (i,j)eN?
e Theorem (M.&Rechnitzer, 2009) There exist NON holonomic models

 Theorem (Bousquet-Meéelou&M., 2010) There are 79 nontrivial, distinct
models, accounting for models In bijection

» Conjecture (Bousquet-Mélou&M., 2010) O .(1,1) and Q o(x, y) are
holonomic if a certain group is well defined, and of finite order.



A “cerlain grour”

Bousquet-Mélou & M. 2010, M. 2007: Holonomy appears to !N some cases E is an elliptic

be correlated with the finiteness of a certain group. curve, and the group is the group
law of the elliptic curve

It Is a particular group of bi-rational transformations that
fix the Laurent polynomial inventory of the step set (the
kernel):

The GEOMETRIC understanding of

K =1- 'y/ .
(X ) Z(é; Y E gives COMBINATORIAL results
o]
_ 1 i Eg. NESW
Eg. NESW: K, (x,y) =1 —z(x+ 1/x+ y + 1/y) generating E-The zero locus of K, (r,y)  » E(R)

involutions: ¢, : (x,y) = (x,1/y),0, : (x,y) = (1/x,y), sl AT e
generates a group of order 4.

Define E as the compactification of the zero set of K in

Pl x p! (for an evaluation of z). E is an algebraic curve of
genus 1 or 0. Transformations move around the curve.




Gwall glep walky inThe quarier plane o

Bousquet-Mélou & M. 2010, M. 2007: Holonomy appears to be correlated with the finiteness of a certain group.

Qs(x.y)= ) ) #walksg(0,0) — (i, ) x'y/z"

n>0 (i,j)eN?

A decade long, international collaboration determined the classification of Q ¢(x, y)
Qe veferences for delails)
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Histogram: Nature of Q(x,y)



K"Aj idea o ghow Holonomic

o (Uge refleclion rrinoir\e/ / kernel mellhhod 1o NYW@Q(X,\}) 4% The
diqgonq\ of a rdliondal fundion,
(=> 1V\Te,9m\ of a rdfional=> Holonomic)

o IfThewmoded iy (e55enlially) a walk inThe (A)a)\ chamber, The
“9'0‘4"” i5 The oorreﬁ«ronding (Loxeler group.



Ka) L emma To ghow Diﬁe/(m'\"m\\w .Wangwno(m'fa\

 Lemma (Ishizaki-Ozawara) Let g be a complex number, but not a root of unity.
Given f(z) € Cl[[z]][1/z], if there are a(z) and b(z) that are rational functions

over C such that f(gz) = a(2)f(z) + b(2), then f(7) is either rational or
differentiably transcendental.

Principle: If H2) gdligfier a (40) ghifl equdlion AN a DY Then Tig rdlional

e Example: I'(x + 1) = xI '(x)
Since | (x) is not rational, it is differentially transcendental.

o Strategy: Find such a rational parametrization of E (the related elliptic curve)
and use this to find such an equation for the generating function.
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\< A 9('1\\43' O non—holonomic model Dreyfus, Hardouin, Roques
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| Kx,y)=0 (z=0.1)
' Functional equation f
00x,y) = 1+ 2xly + ylx + x9)00x, ) QO He7000,) 3-
- Ke ' ation / / 2-‘
m{(l — z(x/y + y/x + xy)ﬁQ(x, y) = xy — R(x) — R(y) :
K(x, y) w1 I 3 1

- For every (x,y) € E thereis asecond (X,y) € E
0=(x—-Xy—Rx +RX = R(@(s))— R(x(v*s)) = Rational(s, v)

q
- Rational parametrization of E K(x(s), y(s)) = K(X(s), y(s)) = 0

(s) v(l—vz)s (s) (l—vz)s Y " & X 2) (s)
x(s) = V(s) = 7= other root: X(v-s) = x(s
2+ 1) 22410 T 21

GinceThe () ig nal rdfional, i differ M’ﬁﬂbm'\?ﬂnjwno(m’fa\ in X,
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 Lattice walks provide a natural context for studying combinatorial
classes with transcendental OGF

e Most known classes with holonomic OGF in bijection with some kind
of lattice walks model => Evidence for Christol’s conjecture.

* Differentiably transcendental classes occur when the OGF satisfy a
kind of (g-)shift equation



Orm Quegdions £ Tufure (\ork

Complete the classification of univariate OGF
Automate various aspects of the parametrization
Mine the geometry further

o Configuration of base points of E correlates with DA (Hardouin and
Singer 2020) Is there a combinatorial source?

Examine other non-holonomic classes to determine if they are DA

Conjecture (Pak, Yeliussizov 2019) DA OGF & DA EGF => HOLONOMY
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