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e Quantum Schubert polynomials
e Quantum k-Bruhat order
e Monoid structure

@ Future work
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A permutation w € S, is a bijection w: [n] - [n].
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[n] = {1,2,"',71}

A permutation w € S, is a bijection w: [n] - [n].

We write permutations w € S,, in one-line notation
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Permutations

[n] = {1,2,"',71}

A permutation w € S, is a bijection w: [n] - [n].

We write permutations w € S,, in one-line notation
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A permutation w € S, is a bijection w: [n] - [n].

We write permutations w € S,, in one-line notation

[w(l),w(2),,w(n)] - [5,2,4,1,3] or 52413.

Given a permutation w € S,, we define the length as

((w) = {(i,5) i <j, w(i) >w(j)}]
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Permuta

Permutations

[n] = {1,2,"',71}

A permutation w € S, is a bijection w: [n] - [n].

We write permutations w € S,, in one-line notation

[w(l),w(2),,w(n)] - [5,2,4,1,3] or 52413.

Given a permutation w € S,, we define the length as

((w) =[{(2,5) [i<j, w(i) >w(j)} — €(52413) = 7.
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54, for a # b € N denotes the permutation fixing all but a and b.
We refer to such permutations as transpositions.

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Permuta

Permutations

54, for a # b € N denotes the permutation fixing all but a and b.
We refer to such permutations as transpositions.

Notation: s, = 54,441-

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Permuta

Permutations

54, for a # b € N denotes the permutation fixing all but a and b.
We refer to such permutations as transpositions.

Notation: s, = 54,441-
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54, for a # b € N denotes the permutation fixing all but a and b.
We refer to such permutations as transpositions.

Notation: s, = 54,441-

Left Action: s, pw Right Action: wsg

swaps values a and b

s24[5,3,2,1,4] = [5,3,4,1,2]
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Permutations

54, for a # b € N denotes the permutation fixing all but a and b.
We refer to such permutations as transpositions.

Notation: s, = 54,441-

Left Action: s, pw Right Action: wsg

swaps values a and b swaps positions a and b

s24[5,3,2,1,4] = [5,3,4,1,2]
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Permuta

Permutations

54, for a # b € N denotes the permutation fixing all but a and b.
We refer to such permutations as transpositions.

Notation: s, = 54,441-

Left Action: s, pw Right Action: wsg
swaps values a and b swaps positions a and b
5274[57 37 21 11 4] = [57 37 47 17 2] [57 37 27 17 4]82,4 = [57 17 27 31 4]
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Posets

Poset

(P,=<)
o (Reflexive) z < x
o (Antisymmetric) z <y and y <z, implies x = y

o (Transitive) x <y, y < z implies = < 2z
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Posets

Poset

(P,=<)
o (Reflexive) z < x
o (Antisymmetric) z <y and y <z, implies x = y

o (Transitive) x <y, y < z implies = < 2z

Example: P=[4],1<2<3,4
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Poset

P=[4],1<2<3,4
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Posets

Poset

P=[4],1<2<3,4 . ,
[4], 12+ @ Covering Relation <

© Hasse Diagram
@ Interval [u,v]
Q@ Chain
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Posets

Poset

P=[4],1<2<3,4

Nick Mayers

Q@ Covering Relation <
© Hasse Diagram

@ Interval [u,v]

@ Chain

@ Mazimal Chain
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Posets

Poset

P=[4],1<2<3,4

Nick Mayers

Q@ Covering Relation <
© Hasse Diagram

@ Interval [u,v]

@ Chain

@ Mazimal Chain

@ Isomorphic
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Schubert Polynomials

Schubert polynomials are indexed by permutations:

ueS, > 6, ¢ ZZO[xlv"'yl'n]-
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Schubert

Schubert Polynomials

Schubert polynomials are indexed by permutations:

ueS, > 6, ¢ ZZO[xlv"'yl'n]-

Definitions in terms of
o divided difference operators
@ reduced pipe dreams

@ bumpless pipe dreams

compatible sequences
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Schubert

Schubert Polynomials

Schubert polynomials are indexed by permutations:

ueS, > 6, ¢ ZZO[xlv"'yl'n]-
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Schubert

Schubert Polynomials

Schubert polynomials are indexed by permutations:

ueS, > 6, ¢ ZZO[xlv"'yl'n]-

Example:

65k=$1+l’2+---+xk
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Schubert

Schubert Polynomials

Schubert polynomials are indexed by permutations:

ueS, > 6, ¢ ZZO[xlv"'yl'n]-

Example:
Gsk =T1+xg+ -+ Tk

Example: For each Schur polynomial sy(xz1,-, x), there
exists v(\, k) € Sy, such that

Sy(rk) = Sa(T1, 0, Tk )-
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Schubert

Schubert Polynomials

Schubert polynomials are indexed by permutations:
u € Sn - 6u € ZZO[xlv 71'71]

Example:
Gy, =21+ T2+ + 1

Example:

2 2
Gaa13 = 52.1(21,22) = 122 + 125
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Schubert

Schubert Polynomials

Schubert polynomials are indexed by permutations:

ueS, > 6, ¢ ZZO[xlv"'yl'n]-
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Schubert

Schubert Polynomials

Schubert polynomials are indexed by permutations:

ueS, > 6, ¢ ZZO[xlv"'yl'n]-

For geometric reasons, the expansion 6,6, = Y, ¢,,,Ow has
coeflicients c;.,, € Zso.
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Schubert

Schubert Polynomials

Schubert polynomials are indexed by permutations:

ueS, > Gy € ZZO[xlv 71'71]
For geometric reasons, the expansion 6,6, = Y, ¢,,,Ow has
coeflicients c;.,, € Zso.

Open Problem: Find a combinatorial construction for the ci.,.
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Schubert

Monk’s Formula

Monk’s Formula: For u € S, and k € [n—1],

GUGSk = Z 6usa,b'

1<a<k<bsn
Z(usa7b)=£(u)+l
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Schubert

Monk’s Formula

Monk’s Formula: For u € S, and k € [n—1],

GUGSk = Z 6usa,b'

1<a<k<bsn
Z(usa7b)=£(u)+l

k—Bruhat Order

Poset on S, defined by covering relations:
u < w if f(w) =£L(u) +1 and w = us,, where 1 <a<k<b<n.
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k-Bruha

2-Bruhat Order on S3

32/1

/

31[2 23|1

e

21|13 132
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k-Bruha

k—Bruhat Order

Poset on S,, defined by covering relations:
w < w if f(w) =£l(u) +1 and w = us,p where 1 <a <k <b<n.
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k—Bruhat Order

Poset on S,, defined by covering relations:
w < w if f(w) =£l(u) +1 and w = us,p where 1 <a <k <b<n.

Iterating Monk’s rule, one finds that CZUU( Ak = 0 When u {r w
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k-Bruha

k—Bruhat Order

Poset on S,, defined by covering relations:
w < w if f(w) =£l(u) +1 and w = us,p where 1 <a <k <b<n.

Iterating Monk’s rule, one finds that CZUU( Ak = 0 When u {r w
and

v _ |/ maximal chains in [u,w]) satisfying
uv(Ak) some condition imposed by v(\, k) ||
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k-Bruha

k—Bruhat Order

Poset on S,, defined by covering relations:
w < w if f(w) =£l(u) +1 and w = us,p where 1 <a <k <b<n.
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k-Bruha

k—Bruhat Order

Poset on S,, defined by covering relations:
w < w if f(w) =£l(u) +1 and w = us,p where 1 <a <k <b<n.

Proposition (Bergeron-Sottile, 1998)

Let u,w e Sy,. Then u <, w if and only if
(i) a <k <b implies u(a) <w(a) and u(b) > w(b).
(ii) if a <b, u(a) <u(b), and w(a) >w(b), then a <k <b.
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k—-Bruhat

k—Bruhat Order

Poset on S,, defined by covering relations:
w < w if f(w) =£l(u) +1 and w = us,p where 1 <a <k <b<n.

Proposition (Bergeron-Sottile, 1998)

Let u,w e Sy,. Then u <, w if and only if
(i) a <k <b implies u(a) <w(a) and u(b) > w(b).
(ii) if a <b, u(a) <u(b), and w(a) >w(b), then a <k <b.

Theorem (Bergeron-Sottile, 1998)

Suppose that uw < w, x <; z, and wu™ = z&"t. Then v - vu 'z

induces an isomorphism between [u,w]i and [z, z];.
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k-Bruha

25(314 625/314
15(324 24|315 615[324 624|315
14/325 23)415 614/325 623[415

13)425 613[425

<o <
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k-Bruha

25(314 625/314
15(324 24|315 615[324 624|315
e 7
14/325 23)415 614/325 623[415

13)425 613[425

<o <

(25314)(13425) 7" = (625314)(613425) 7! = 21534
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k-Bruha

25(314
51,2
15|324 24315
51,2
S4.5 34
14]325 23415
13]425
<2

625/314
615(324 624315
545 53,4
614325 623|415

613425

<3

(25314)(13425) 7" = (625314)(613425) 7! = 21534
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k-Bruha

k-Bruhat Order

Theorem (Bergeron-Sottile, 1998)

Suppose that u < w, x <; 2z, and wu™t = za=t. Then v - vu'x

induces an isomorphism between [u,w] and [z, z];.

1
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k-Bruha

k-Bruhat Order

Theorem (Bergeron-Sottile, 1998)

Suppose that u < w, x <; 2z, and wu™t = za=t. Then v - vu'x

induces an isomorphism between [u,w] and [z, z];.

1

Grassmannian Bruhat Order

For &,m € Sy, let n < £ if there exists u € S, and k € [n — 1] such
that uw <g nu <i &u.
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Grassmanian Bruhat Order

For &,m € Sy, let n < £ if there exists u € S,, and k € [n — 1] such
that v <g nu <i &u.
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Grassma

Grassmanian Bruhat Order

For &,m € Sy, let n < £ if there exists u € S,, and k € [n — 1] such
that v <g nu <i &u.

Theorem (Bergeron-Sottile, 1998)

Suppose u,C € Sy. If u <, Cu, then v — vu induces an
isomorphism between [e,(]< and [u,Cu].
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Grassma

25(314 21534
15324 12534 21435
sS4
14]325 12435 21345
13425 12345
< <

(25314)(13425)7" = 21534
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Grassma

25(314
51’2
15324 241315
51,2
54,5 53,4
14]325 23|415
5‘3’4
13[425

21534
a
12534 21435

51,2
54,5 53,4
12435 21345

12345

<

(25314)(13425)7" = 21534
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Monoid

Monoid Structure

Let F,, be the free monoid generated by the symbols

{vap | a <bwith a,be[n]}u{0}.

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Monoid

Monoid Structure

Let F,, be the free monoid generated by the symbols
{vap | a <bwith a,be[n]}u{0}.
Define an action of F,, on S, u{0} by
0-u=vyp-0=0

and
Sapt, if u <5, pu
0, otherwise.
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Monoid

Monoid Structure

Let F,, be the free monoid generated by the symbols
{vap | a <bwith a,be[n]}u{0}.
Define an action of F,, on S, u{0} by
Oepu=v,,e,0=0

and

Sa bW, if u < Sqpu
Vab @ U=14 o
0, otherwise.
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Monoid

V475V172V374 L] 13425 = 25314
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Monoid

V475V172V374 L] 13425 = 25314

25|314
51,2
15|324 241315
S4.5 83,4
14325 23|415

51,2

13]425

<2
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Monoid

Grassmannian Bruhat Monoid

vi =ve € My, if and only if vi -w = vy - w for all w e S, if and
only if vy e w =vg e w for all we S, and k € [n—1].
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Monoid

Grassmannian Bruhat Monoid

vi =ve € My, if and only if vi -w = vy - w for all w e S, if and
only if vy e w =vg e w for all we S, and k € [n—1].

M, is the monoid that has a 0 and generators v, ; indexed by
integers a < b € [n] subject to the relations

(1) VB~Vy,6Vany = VE5Va,gVey if a< B <y <,
(2) VanyV~,6VB~y = VE4Va,aVas if a< B <y <,
(3) Va,8Vys=VyVs, if f<yora<y<d<f,
(4) VaqVgs =VeyVany =0, if a<f <y <,
(5)

V8 Va,8VBy = Va,sVeaVa,s =0 if a<f<y.
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Monoid

Grassmannian Bruhat Monoid

M, is the monoid that has a 0 and generators v, ; indexed by
integers a < b € [n] subject to the relations

(1) VB~AVy6Vany = VE5Va,gVey if a<f <y <,

(2) VanyV~,6VB~y = VE4Va,aVas if a<f <y <,

(3) Va,8Vy,6 =VyVs, if f<yora<y<d<p,
(4) VayVes=VeaVay =0, if a<f <y <6,
(5)

5) VByVa,8VEy = VaaVa,Vas=0if a<f<y.
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Monoid

Grassmannian Bruhat Monoid

M, is the monoid that has a 0 and generators v, ; indexed by
integers a < b € [n] subject to the relations

(1) VB~AVy6Vany = VE5Va,gVey if a<f <y <,

(2) VanyV~,6VB~y = VE4Va,aVas if a<f <y <,

(3) Va,8Vy,6 =VyVs, if f<yora<y<d<p,
(4) VayVes=VeaVay =0, if a<f <y <6,
(5)

5) VByVa,8VEy = VaaVa,Vas=0if a<f<y.

V1,3V24V14
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Monoid

Grassmannian Bruhat Monoid

M, is the monoid that has a 0 and generators v, ; indexed by
integers a < b € [n] subject to the relations

(1) VB~AVy6Vany = VE5Va,gVey if a<f <y <,

(2) VanyV~,6VB~y = VE4Va,aVas if a<f <y <,

(3) Va,8Vy,6 =VyVs, if f<yora<y<d<p,
(4) VayVes=VeaVay =0, if a<f <y <6,
(5)

5) VByVa,8VEy = VaaVa,Vas=0if a<f<y.

1 2 3 4
Vl73V2’4V174 o -
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Monoid

Grassmannian Bruhat Monoid

M, is the monoid that has a 0 and generators v, ; indexed by
integers a < b € [n] subject to the relations

(1) VB~AVy6Vany = VE5Va,gVey if a<f <y <,
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Monoid

Grassmannian Bruhat Monoid

M, is the monoid that has a 0 and generators v, ; indexed by
integers a < b € [n] subject to the relations
(1) VB~AVy6Vany = VE5Va,gVey if a<f <y <,
) VarVy,6VB~y = VE4Va,aVas if a<f <y <,
3) Va,8Vy,5 = Vo5, if f<yora<y<d<p,
) VayVE,s =VeaVay =0, if a<f<y<d,
) VBAVa,8VE~y = Va,gVEyVa,s =0 if a< B <.

V13V24V1i4 —
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Monoid

Grassmannian Bruhat Monoid

M, is the monoid that has a 0 and generators v, ; indexed by
integers a < b € [n] subject to the relations
(1) VB~AVy6Vany = VE5Va,gVey if a<f <y <,
) VarVy,6VB~y = VE4Va,aVas if a<f <y <,
3) Va,8Vy,5 = Vo5, if f<yora<y<d<p,
) VayVE,s =VeaVay =0, if a<f<y<d,
) VBAVa,8VE~y = Va,gVEyVa,s =0 if a< B <.

V13V24V1i4 —
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Monoid S

Grassmannian Bruhat Monoid

M, is the monoid that has a 0 and generators v, ; indexed by
integers a < b € [n] subject to the relations

DESINIESE I =
S EEE=T
SRESINPE S —
Sl

MSU Combinatorics and Graph Theory Seminar
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Monoid

Grassmannian Bruhat Monoid

vi =ve € My, if and only if vi -w = vy - w for all w e S, if and
only if vy e w =vg e w for all we S, and k € [n—1].
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Monoid

Grassmannian Bruhat Monoid

vi =ve € My, if and only if vi -w = vy - w for all w e S, if and
only if vy e w =vg e w for all we S, and k € [n—1].

Poset Level:
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Monoid

Grassmannian Bruhat Monoid

vi =ve € My, if and only if vi -w = vy - w for all w e S, if and
only if vy e w =vg e w for all we S, and k € [n—1].

Poset Level:

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Monoid

Grassmannian Bruhat Monoid

vi =ve € My, if and only if vi -w = vy - w for all w e S, if and
only if vy e w =vg e w for all we S, and k € [n—1].

Poset Level:

uy
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Monoid

Grassmannian Bruhat Monoid

Poset Level:
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Monoid

Grassmannian Bruhat Monoid

Poset Level:
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Monoid

Grassmannian Bruhat Monoid

Poset Level:

25(314
512 \
15[324 24|315
512
S4.5 834
14/325 23415
534 51,2

Nick M
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Monoid

Grassmannian Bruhat Monoid

Poset Level:
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Monoid

Grassmannian Bruhat Monoid

Poset Level:

25|314 25[314
51,2 54,5 91/ \,
15[324 24|315 15/324 241315
51,2 51,2
S45 834 84,5 53,4
PN

14/325 23415

13425
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Classical

{vapla,be[n], a<b}u{0}

Theorem
(Bergeron-Sottile, 1999)
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Classical

Classical Quantum

{vapla,be[n], a<b}u{0} {vap|a,be[n], a+b}u{0}

Theorem
(Bergeron-Sottile, 1999)
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Classical t

Classical Quantum

{vapla,be[n], a<b}u{0} {vap|a,be[n], a+b}u{0}

Theorem
(Bergeron-Sottile, 1999)

v

Nick Mayers MSU Combinatorics and Graph Theory Seminar



The Quantum Case
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Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:

ue Sy > & eZlq, - qn-1][w1, -, an]-
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Quantum

Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:
ue Sy, > & €Zlq,  qn-1]lz1, -, 20 ).

Plugging in 0’s for ¢’s results in &,,.
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Quantum

Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:
ue Sy, > & €Zlq,  qn-1]lz1, -, 20 ).
Plugging in 0’s for ¢’s results in &,,.

Definitions in terms of
@ Schubert polynomials (SEM basis)
e Quantum bumpless pipe dreams (2024)
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Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:

ue Sy > & eZlq, - qn-1][w1, -, an]-
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Quantum

Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:

ue Sy > & eZlq, - qn-1][w1, -, an]-

Example:

ng=$1+$2+---+xk
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Quantum

Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:

ue Sy > & eZlq, - qn-1][w1, -, an]-

Example:
ng =1 +xo+ -+ Tk

Example: Quantum Schur polynomials s} (1, 1) = GZ(/\,k)‘
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Quantum

Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:

ueS, > 6L eZlq, - gn-1][z1, - 0]

Example:
&4

Sk:m1+x2+---+xk

Example:

g _ ) 2
Souiz = 5271(951, T2) = XT2 + T1T5 + Q1T + Q122 — G271
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Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:

ue Sy > & eZlq, - qn-1][w1, -, an]-

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Quantum

Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:

ue Sy > & eZlq, - qn-1][w1, -, an]-

q q_ wd (d g4
For geometric reasons the expansion & x &5 = Xy, ¢y ¢“ G
has coefficients c, d ¢ Z.
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Quantum

Quantum Schubert Polynomials

Quantum Schubert polynomials are indexed by permutations:
ue Sy, > & €Zlq,  qn-1]lz1, -, 20 ).

q q_ wd (d g4
For geometric reasons the expansion & x &5 = Xy, ¢y ¢“ G
has coefficients c, d ¢ Z.

Open Problem: Find a combinatorial construction for the

wd
uv

C
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Quantum

Quantum Monk’s Formula

Quantum Monk’s Formula: For u € S,, and k € [n - 1],

q q _ q q
SHEESHIE Z Gusa,b + Z qaibgusa,b
1<a<k<bs<n 1<a<k<b<n
Z(usayb)=Z(u)+1 Z(u.ea7b)+2(b—a)=i(u)+l

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Quantum

Quantum Monk’s Formula

Quantum Monk’s Formula: For u € S,, and k € [n - 1],

q q _ q q
SHACHIE Z 6usa,b + Z qa?bgusa,b
1<a<k<b<n 1<a<k<b<n
E(usa,b)=(’.(u)+1 E(u.sa,b)+2(b—a)=1’.(u)+1
Classical Quantum

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Quantum

Quantum Monk’s Formula

Quantum Monk’s Formula: For u € S,, and k € [n - 1],

q q _ q q
SHACHIE Z 6usa,b + Z qa?bgusa,b
1<a<k<b<n 1<a<k<b<n
E(usa,b)=(’.(u)+1 E(u.sa,b)+2(b—a)=1’.(u)+1
Classical Quantum

where Qa,b = 9aa+1"""qb-1-
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Quantum k£-Bruhat Order
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Quantum

Quantum k£-Bruhat Order

Quantum k-Bruhat Order: Poset on
Sald] = {q"w | we S, aeN""}

with relation <? defined by covering relations:
Q w <] wsqy if a <k <band ((w)+1=L(wsqp);
Q w <} qabwsyyp if a <k <band l(w)+1="C(wsep) +2(b-a);
and
@ extend g-multiplicatively: u S% v if and only if q%u SZ q“v
for u,v € S,,[q] and any a e N*7L,
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Quantum 2-Bruhat Order on S3[q]

q1g212|3 ¢231]2 2231 ¢312)3

~ — ~ —
32]1 @213 2132
31‘|2 2?‘,|1 q21‘2\3
213 S 132
123
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Quantum 2-Bruhat Order on S3[q]

019212/3 0312 ¢223|1 ¢312)3
321 @21]3 2132

\ 1 \
2301 ¢212]3

1312

B
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Quantum 2-Bruhat Order on S3[q]

q1g212|3 ¢231]2 2231 ¢312)3
32|11 21|3 21312

\ 1 \

31)2 231 2123

S

21)3 Classical 13]2

,/
123
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Quantum 2-Bruhat Order on S3[q]

q1q2 Copy q2 Copy
019212/3 0312 ¢223|1 ¢312)3
321 @21]3 ¢213[2
\ 1 \
312 231 212]3

21)3 Classical 13]2

,/
123
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Structur

Quantum Structure Constant Result

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Structure

Quantum Structure Constant Result

Theorem (Benedetti et al., 2024)

LetueS,, a<k, andb<n-k. Then

s(wu™t) -1

q 4 o .
63 * S(b,1a—1)(5517 k) = Z (ht(wu ~a)

)q°‘63;

where the sum is over all minimal intervals [u,q*w]] such that
l(¢“w)-l(u)=a+b-1.
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Structure

Quantum Structure Constant Result

Theorem (Benedetti et al., 2024)

Let uweS,. Then
6% " pg($1’ 7$,k) _ Z(_l)ht(wu*1)+1qa6%

where the sum is over all minimal intervals [u,q*w]] with
1(q®w) = 1(u) = such that wu™" is a cycle.
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Quantum k£-Bruhat Order
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Quantu

Quantum k£-Bruhat Order

Problem: Given q%u,q’w € S,,[q], establish a method to
verify whether or not q®u <Z q®w utilizing only «, 8, u, w, and
no other elements of S,[q].
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Quantum

Quantum k£-Bruhat Order

Problem: Given q%u,q’w € S,,[q], establish a method to
verify whether or not q®u <Z q®w utilizing only «, 8, u, w, and
no other elements of S,[q].

Problem: Determine whether there exists a quantum
Grassmannian Bruhat order.

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Quantum

Quantum k£-Bruhat Order

Problem: Given q%u,q’w € S,,[q], establish a method to
verify whether or not q®u <Z q®w utilizing only «, 8, u, w, and
no other elements of S,[q].

Problem: Determine whether there exists a quantum
Grassmannian Bruhat order.

Problem: Determine relations of quantum version of M,,.

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Quantum

Quantum k£-Bruhat Order

Problem: Determine whether there exists a quantum
Grassmannian Bruhat order.

Problem: Determine relations of quantum version of M,,.
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Quantum

Quantum k£-Bruhat Order

Problem: Determine relations of quantum version of M,,.
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Monoid

Monoid Structure

Let F,! be the free monoid generated by the symbols

{vap | a#bwith a,be[n]}u{0}.
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Monoid

Monoid Structure

Let F,! be the free monoid generated by the symbols

{vap | a#bwith a,be[n]}u{0}.

Define an action of ;! on S,[q] U {0} by 0 e, w =v,;e;0=0,

SabW, a<b, w<} sqpw
Vab Ok W = QijSqpW, a>b, w <Z QijSapw (w(i) = a,u(j) =b)

0, otherwise,

and extend to Sy,[q] U {0} by setting v, ®; (q“u) = q%vyp o) w.
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Monoid

V1,3V3,1V1,2V23 ®2 123 = 2231
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Monoid

V1,3V3,1V1,2V23 ®2 123 = 2231

q19212[3 @231[2 32231 31213

~ 2~
32/1 ©21)3 @132
S13
312 px] . 4212]3
21[3 1312
123 %23

Nick Mayers MSU Combinatorics and Graph Theory Seminar



Monoid

Monoid Structure

We refer to generators v, with a < b as classical, and those
with a > b as quantum.
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Monoid

Monoid Structure

We refer to generators v, with a < b as classical, and those
with a > b as quantum.

V1,3V24Vi4 —
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Monoid

Monoid Structure

We refer to generators v, with a < b as classical, and those
with a > b as quantum.

V13V42V1i4 —
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Monoid

Monoid Structure

We refer to generators v, with a < b as classical, and those
with a > b as quantum.

V13V42V1i4 —
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Monoid

Monoid Structure

We refer to generators v, with a < b as classical, and those
with a > b as quantum.

V13V42V1i4 —

Elements u, v € 5! are equivalent, denoted v = u, if and only if
ve,w=ue,w for all we S, and all ke [n-1].
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Monoid

Monoid Structure

We refer to generators v, with a < b as classical, and those
with a > b as quantum.

V13V42V1i4 —

Elements u, v € 5! are equivalent, denoted v = u, if and only if
ve,w=ue,w for all we S, and all ke [n-1].

Problem: Characterize the set of equivalences u=v and u=0
satisfied by the elements of JF..
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Monoid

Classical Equivalences

Equivalences from classical case carry over.
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Monoid

Classical Equivalences

Equivalences from classical case carry over.

S I S B P L=
s 2=k
== o
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Equivale

Flattening
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Equivale

Flattening

Define Supp(va, by Va, by ) = {@1,b1, -, G, bn }.
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Equivale

Flattening

Define Supp(va, by Va, by ) = {@1,b1, -, G, bn }.

Lemma (Colmenarejo-M., 2025+)

vy =va #0 implies Supp(vi) = Supp(va).
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Equivale

Flattening

Define Supp(va, by Va, by ) = {@1,b1, -, G, bn }.
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Equivale

Flattening

Define Supp(va, by Va, by ) = {@1,b1, -, G, bn }.

2 4 6 7 10

— %
*.......:........: ....... + _—
! *—o

Nick Mayers
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Equivale

Flattening
Define Supp(va, by Va, by ) = {@1,b1, -, G, bn }.
2 4 6 7 10 1 2 3 4 5
- e r -
: *.......‘........: ....... + —_ : +...............‘ ....... *
1 e ‘ 1 o

Theorem (Colmenarejo-M., 2025+)
Q vy =vy if and only if 7(v1) = 7(va).

@ v =0 if and only if 7(v1) = 0.
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Equivale

Flattening

Theorem (Colmenarejo-M., 2025+)

Q vy =vy if and only if 7(v1) = 7(va).
@ v =0 if and only if T(v1) = 0.
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Equivale

Flattening

Theorem (Colmenarejo-M., 2025+)
Q vy =vy if and only if 7(v1) = 7(va).

@ v =0 if and only if T(v1) = 0.

1 2 3 4 1 2 3 4
TR I S G onreeslonnonsnionssnenty
. e—e | _ L e—e
o—o = . e—e
PR J : [ pRe duvenean ¢
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Equivale

Flattening

Theorem (Colmenarejo-M., 2025+)
Q vy =vy if and only if 7(v1) = 7(va).

@ v =0 if and only if T(v1) = 0.

ety O —
. e—e | e
—o | = | e&—e

I @eseses dososese ®
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Equivale

Horizontal Flip
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Equivale

Horizontal Flip
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Equivale

Horizontal Flip

Theorem (Colmenarejo-M., 2025+)

Q@ vi =vy if and only if h(v1) = h(va).
@ vy =0 if and only if h(v1) = 0.
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Equivale

Vertical Flip
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Equivale

Vertical Flip
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Equivale

Vertical Flip

Theorem (Colmenarejo-M., 2025+ )

Q v =vy if and only if p(v1) = p(v2).
@ v =0 if and only if p(v1) = 0.
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Equivale

Cyclic Shift
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Equivale

Cyclic Shift
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Equivale

Cyclic Shift
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Equivale

Cyclic Shift
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Equivale

Cyclic Shift

Theorem (Colmenarejo-M., 2025+ )

Q@ vy =vy if and only if o(v1) = 0(v2).
@ v =0 if and only if o(vy) = 0.
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Finding

Characterizing Low Order Zero Equivalences
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Finding

Characterizing Low Order Zero Equivalences

o Consider only elements with first generator quantum and
indices as small as possible.
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Finding

Characterizing Low Order Zero Equivalences

o Consider only elements with first generator quantum and
indices as small as possible.

@ Determine which are equivalent to 0.
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Finding

Characterizing Low Order Zero Equivalences

o Consider only elements with first generator quantum and
indices as small as possible.

@ Determine which are equivalent to 0.

e Throw out any resulting from a lower order zero
equivalence.
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Finding

Characterizing Low Order Zero Equivalences

o Consider only elements with first generator quantum and
indices as small as possible.

@ Determine which are equivalent to 0.

e Throw out any resulting from a lower order zero
equivalence.
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Finding

Characterizing Low Order Zero Equivalences

o Consider only elements with first generator quantum and
indices as small as possible.

@ Determine which are equivalent to 0.

e Throw out any resulting from a lower order zero
equivalence.
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Finding

Characterizing Low Order Zero Equivalences

o Consider only elements with first generator quantum and
indices as small as possible.

@ Determine which are equivalent to 0.

e Throw out any resulting from a lower order zero
equivalence.
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Finding

Characterizing Low Order Zero Equivalences

o Consider only elements with first generator quantum and
indices as small as possible.

@ Determine which are equivalent to 0.

e Throw out any resulting from a lower order zero
equivalence.
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Finding

Characterizing Low Order Zero Equivalences

(]

Consider only elements with first generator quantum and
indices as small as possible.

Determine which are equivalent to 0.

(]

Throw out any resulting from a lower order zero
equivalence.

Apply equivalence preserving transformations to those
found to generate all of fixed order.
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Order 2

Characterizing Order 2 Zero Equivalences
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Characterizing Order 2 Zero Equivalences
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Finding

Characterizing Low Order Nonzero Equivalences
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Finding

Characterizing Low Order Nonzero Equivalences

e Group up all nonzero elements based on support and
number of quantum generators.
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Finding

Characterizing Low Order Nonzero Equivalences

e Group up all nonzero elements based on support and
number of quantum generators.

e Within each group, determine which pairs of elements are
equivalent.
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Finding

Characterizing Low Order Nonzero Equivalences

e Group up all nonzero elements based on support and
number of quantum generators.

e Within each group, determine which pairs of elements are
equivalent.

Theorem (Colmenarejo-M., 2025+)

Suppose that vy and vo satisfy S = Supp(vy) = Supp(va) with
N =|S|. Then vy = va if and only if flat(vy) e u = flat(va) e u
for allue Sy and ke [N —-1].
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Finding

Characterizing Low Order Nonzero Equivalences

e Group up all nonzero elements based on support and
number of quantum generators.

e Within each group, determine which pairs of elements are
equivalent.
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Finding

Characterizing Low Order Nonzero Equivalences

e Group up all nonzero elements based on support and
number of quantum generators.

e Within each group, determine which pairs of elements are
equivalent.

@ Throw out any which are a consequence of an equivalence
of smaller order.
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Order 2 Nonzero Equivalences
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Order 2

Order 2 Equivalences

Theorem (Colmenarejo-M., 2025+ )

All order 2 equivalences can be formed from the classical ones
by applying sequences of equivalence preserving transformations.
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Order 2

Order 2 Equivalences

Theorem (Colmenarejo-M., 2025+ )

All order 2 equivalences can be formed from the classical ones
by applying sequences of equivalence preserving transformations.

Theorem (Colmenarejo-M., 2025+ )

Suppose V = Vg, b, Va, b, With |Supp(v)|=2n-1 or2n. If
v = 0, then the equivalence is a result of an order 2 zero
equivalence.
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Order 3

Order 3 Zero Equivalences
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Order 3

Order 3 Zero Equivalences

Theorem (Colmenarejo-M., 2025+ )

All order 8 zero equivalences can be formed from the classical

ones by applying sequences of equivalence preserving
transformations.
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Order 3

Order 3 Nonzero Equivalences
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Order 3

Order 3 Nonzero Equivalences

Lo | [ ee
*.......: ....... * = H :
- Lo
bt | [T vt
o |z -
? ------ * ? ...... J‘ ------- *
T
: H = ?.......: ....... *
R

Nick Mayers

| [ e
[ ST — o |Z| oo
| —e L ° !

| e
Sl e

: * ...... *

O IR
H = *.......: ....... ,
—e —

MSU Combinatorics and Graph Theory Seminar



Order 4

Order 4 Zero Equivalences
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Order 4

Order 4 Zero Equivalences

Theorem (Colmenarejo-M., 2025+ )

Suppose vV = Vg, by Va, b, With |Supp(v)|=2n-2, 2n-1, or 2n.
If v =0, then the equivalence is a result of an order 2 or 3 zero
equivalence.
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Order 4

Order 4 Zero Equivalences

Theorem (Colmenarejo-M., 2025+ )

Suppose vV = Vg, by Va, b, With |Supp(v)|=2n-2, 2n-1, or 2n.
If v =0, then the equivalence is a result of an order 2 or 3 zero
equivalence.
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Order 4

Order 4 Nonzero Equivalences
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Order 4

Order 4 Nonzero Equivalences
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Low Order

Theorem (Colmenarejo-M., 2025+)

The order 2, 3, and 4 zero equivalences are those of the
following forms along with those related to them by sequences of
equivalence preserving operators.
| ¢—¢HH—-‘E‘H‘§0
e——9 | T|le—e | o
3 T T ) : T 3 T )
o | = e— =0
: H ‘. ------ J‘ ------- ? :
S —
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Low Order

Theorem (Colmenarejo-M., 2025+)

The order 2, 3, and 4 nonzero equivalences are those of the
following forms along with those related to them by sequences of
equivalence preserving transformations.
e e ) e e
oo | [ e e | [
i L e—e |5 e—e | } 0 | |Z| et
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Arbitrar

Equivalences of Arbitrary Order
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Equivalences of Arbitrary Order
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Arbitrar

Equivalences of Arbitrary Order
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Results

The quantum monoid satisfies the following equivalences along
along with those related to them by sequences of equivalence
preserving transformations.

=) =)
EEx]jzE

1.
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Results

Conjecture (Colmenarejo 2025+)

The quantum monoid is defined by the following equivalences
along with those related to them by sequences of equivalence
preserving transformations.

=) =)
EEx]jzE

1.
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Future Work
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Future Work

Problem: Given q%u,q’w € S,,[q], establish a method to
verify whether or not q®u <% q®w utilizing only «, 8, u, w, and
no other elements of S,[q].
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Grassmannian Bruhat order.
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Problem: Given q%u,q’w € S,,[q], establish a method to
verify whether or not q®u <% q®w utilizing only «, 8, u, w, and
no other elements of S,[q].

Problem: Determine whether there exists a quantum
Grassmannian Bruhat order.

Problem: Complete characterization of equivalences defining
the quantum version of M,,.
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Future Work

Problem: Given q%u,q’w € S,,[q], establish a method to
verify whether or not q®u <% q®w utilizing only «, 8, u, w, and
no other elements of S,[q].

Problem: Determine whether there exists a quantum
Grassmannian Bruhat order.

Problem: Complete characterization of equivalences defining
the quantum version of M,,.

Problem: Determine structure constant consequences.
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