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distribution of random GUE matrices as n
-> 0
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Theorem (Rhoades)

Escw) : weOn] descends to a basis of

C[Xnxn]/In .

This is the standard monomial basis

w . r .t the Toeplitz order.
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Graded Module Structure

Recall that In isgenerated by
Xi

G : What is the

Xij
·

Xiij graded) GuxOn

Xoij ·Xiij representation structure

Xi
, 1 +Xi2 + --- +Xin of KIXnxn]/In ?

Xij + Xzj +...
+Xnij
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Orbit Harmonics

f(x ,y)
= x3+y3+2xy +3x=+ y2 + xy

+2

iCf) = x+ y3 +zxy

1[([XN] ideal

gr2 = < +(f) : Fz]

↑ associated graded ideal
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* CIEL ECIXN]/1LE) EC[Xm]/gr I (E)

↑ orbit harmonics

R(Z) := ([Xn]/grI(z)
-
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new , I= Led(y,"
., xn) : kdan] [C[ X ,
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CEX1 ,
- ... Xn]/ cinvariant ring

z = ((w() , w(z) , ... , w(n)) : woGr3 Im
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Vladan ,
ed(x1 - -- xn) - ed(112 , ,n)

e](z)

so 1[grI(z)
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Example

IEgr I(Z),

n ! = dim RCZ) [dim ([X1 ,.. xn]/I = n !

= 1 =gr[(z).

we recover Chevally's result that

CTX ..
. . .

. xn]/2 ECIOn]
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Orbit Harmonics

point locus Z R(Z)

regular En-orbit Coinvariant ring (Kostant

Snorbit u/stabilizer En Tanisaki quotient Rn (Garsia- Procesi)

Ordered set partition locus Delta-Conjecture ceinvariant ring

(Haglund - Rhoades - Shimozona

interior Lattice points of zonotopes Rings yielding Donaldson - Thomas invariants

(Reineke - Rhoades - Tewari)

X-tableau Garsia-Haiman module Vx (Haiman
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Theorem (Rhoades)

In =gr](5n)
Note that I(On) contains

Xij - Vij

Xij
· Xiij'

Xoj ·Xij
Xii +Xi+..

- +Xin - 1

Nig + Nig
+... + Xhij - 1



What other matrix loci can
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One-line notation w = [4 2537765 ,3
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Colored Permutations

* = (X ,
X, . .

., Xt) is an r-partition

if each Xv is a partition and

= n
.

Conjugay classes of
Shir are labelled by

r-partitions of n.
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w = [73671842576683
C , (w) = G(2,3) , (6 .4)]
((w) =&(3 ,6) ,

(8 ,5)3

S(Co(w) = 3 (4,73 , (7 , 813

S(W) = X213 ·X6 . 4
· X36 · 4855 ·Xi · Xis



Theorem (L .) Ini =gr](Enir), and

Escus : woEnir] descends to a basis of

R(Gn ,r) .

This is again the
SUB

writ .

The Toeplitz order.



Cor

ron-r . Lis (Cocus)--2) . Kicus)
Hild (RIGmr) ;9)=



Cor

ron-r . Lis (Cocus)--2) . Kicus)
Hild (RIGmr) ;9)=

rn- k
= [Cnink 9

where

Chirk = #[WEGnir : r . Lis(ou)+-i) (Cicul = (2)



Unimodality
For [Chirik3 , log-concavity fails in
general.

e .g. for r=2
, fails for nx9.

-

&



Unimodality
For [Chirik3 , log-concavity fails in
general.

e .g. for r=2
, fails for nx9.

But we do conjecture that ECnrk] is
unimodal

.

&



Distribution

[Chir ,k] when r =2 and n=40.
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EnirXGhir acts on

Fin] by ceted right multiplication

C[5n, r] E (EXnxn]/2(duir) ER(Gnir)·
as Gnir*Ghir modules graded
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Graded Structure

Theorem (L .)

(R(Gnr)an End (V
*)

r · xi+ (x =r-d

(*) End(V
*
) = v
* @ v
*

where A = (X; X* x, ..., x)
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Rook Placements

⑨

R= . = [6
,5, 3

⑨

[
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UEnimor =L Enomirs "Upper rook placement""
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Rook Placements

En , mir
: harder to analyze
· no "clean" formula

· no basis for RLZnimir).

(Ehu ,
2025 studied the properties)

We'll focus on UEnimir.

* when n= m= r. Unimir = En
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when r =0
, UEnimso =Gall rook placements

Thm (L.,
Zhu

, 2025)

gr](UEnim ,
o) is generated by :

Xij· Xij' Ex... x... ]
Xij · Xi; [ I

Furthermore
,
[MCR) : R is a rook-placement) descends to the

SMB of R(UEmmio)
W .r.t .

the Toeplitz order.



Thm (L
.,
Zhu , 2025)

For general n ,mir, gr](UEnimir) isgenerated by

Xij · Xiij
Xij ·Xij
n-r+1

T
171 (Xic ,j) product of (n-rt) column sums

mxiji) product of (-rt new
susas
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Generalized Shadow

R= &(2 ,3)
,
(3 .4) · (5 , 2) ,

18 . 53 384E8 . 6, 2

6-

5 · for isIRI-r :

4 ⑧ add a point at (i,i)
3 ·

T columns Itr form
T - increasing pattern

Z

I
⑧

·

·

IJ -
-

4 -rows I- Fr form
5 · increasing pattern
-

= 551345678

EXCR) Gutm-r



Generalized Shadow

R= &(2 ,3)
,
(3 .4) · (5 , 2) ,

18 . 53 384E8 . 6, 2

-
· ↳

4 ⑧ ⑨

3 · ⑨

2 · ⑨

f ·

T I ->J -
- -4 -

5 · ↳

Z· Lu-
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T = 3412345678

SCEX(R)) =&( , 1)
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(4 . 3) , (5 ,4) , 16 .233
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· X 2
, 6 · X43 · X 5 , 4 · X6
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Thm (L .,
Zhu 2025)

& eSCR) : REUEnimor] descends to a basis of R(UEn , mir).

This is the SMB writ the Toeplitz
order.

Cor

Hild (R(UEnimir)i9) =Equtm-r-LisEXCI



Graded Structure

CIUEnim
, r] ERCUEnimor) as ungraded

GnxSm-modules

Thm (L .,
Zhu 2025)

R(UEnmor)dE[[Suhn-d Suhm-d3x
, xn+m-d-r

Mrd
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Question To what distribution does

Hilb(RLGnin); 9) converge to as -
D?

What if we also let r->D ?

[Chir ,k] when r =2 and n=40.



Equivariant log-concavity
V=Vd graded G - representation.

G - equivariant log-concave :

77 : Va-Vat
-> Vavd

that commutes with the action of G.
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Conjecture (Rhoades)
RISn) is SuxGriequivariant log-concave.

Conjecture (L ... zhn)

R(UZn
,mir) is GnX6m- equivariant

log-concave



Other Matrix Loci

· G(rip, n) (Onir =G(r , 1 , n) (

· Weyl groups Is
and Fy

· Involutions (L .,
Ma,

Rhoades
. Zhn)

· Contingency tables (Oh-Rhoades)

·Other cycle types in Su



Thanks for Listening !

· Increasing subsequences, matrix Loci , and orbit harmonics (Rhoades
, 2024)

· Viennot shadows and graded module structure in colored permutation groups (L ., 2025)

· An extension of Viennot's shadow to rook placements
via orbit harmonics (L.,

Zhu, 2025)


