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THE PROBLEM

PROBLEM PROPOSED BY FRANK SOTTILE DURING THE
COMBINATORICS SEMINAR AT THE FIELDS INSTITUTE

1'd like to know how to multiply efficiently quantum Schubert
polynomials and | would like to try a particular idea | have.
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WHAT DO I MEAN BY multiplying?

» Schubert polynomials are generalizations of Schur polynomials
» Symmetric polynomials world Ve AN
o Power sum (multiplicative) basis: p, = x{ + -+ X/
(multiplicative) basis: pr =x{ +-+ %1 (a(ale)

o Schur basis: sy = Y7 x" E
o Ao b

[P(r) =S(r) = S(r-1,1) Fooo F (—1)r_15(1r)J

(Murnaghan—Nakayama rule [Mur'37, Nak'40]j

pr(x) -5 (x) = Y (-1)" s, (x),
n

where the sum ranges over all u such that p/A
is a border-strip with r boxes.

v,
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How DO WE GET THERE?

[P(r) =S = S(r-1n) Tt (—1)HS(1')J ~ [Pr(X) s\(x) = Z,u,(_]-)ht(“/)\)sﬂ(x)]

o Multiplication by a box s,

o Multiplication by a column SE and a row s
o Multiplication by a hook s&j

o Hope that your combinatorial model behaves well with the
alternating signs so that only one object survives.

(Let's do it for Schubert polynomials]
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FLAG VARIETY [F/, & 1TS COHOMOLOGY H*F/,
» GL, acts on flags: for g € GL,,

FircFc---cF,=—g(F1)cg(F)c---cg(F,)
GL,: group of invertible linear transformations of C”

» Flag variety F/,: GL,-orbit of a flag F F¢, = GL,/Stab

v

Schubert cells X,,: orbits in F¢,, under the action of Stab
Xy ={bw(F)| be Stab} (weS,)

v

Cohomology of the flag variety H*IF/,,

v

Schubert classes [ X, |: distinguished basis of H*F/,,.

Product: (generic) intersection [7‘,] . [X_W] = [X_VOX_W]
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SCHUBERT POLYNOMIALS — ALGEBRAIC GEOMETRY

Borel proved that

H*an ~ Z[X]_,- --,Xn]/<e17,. .,en);

e; : elementary symmetric polynomial in the alphabet {xi,...,x,}
Algebraic geometry Algebraic combinatorics
intersection > multiplication
[ X ] Sw
<>
Schubert classes Schubert polynomials
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SCHUBERT POLYNOMIALS — RECURSIVE DEFINITION

_ _ o n-1,n-2 1
For wo=(n,n-1,...,1), Gy, =x{" "Xx§ “x;_4

For w # wg with w(i) < w(i+1), &, = 0;Gys, where

ai:sz\’hc.---m = PIX, .. '*‘*;f'} LX)

, divided differences operator
Xi = Xi+1

EXAMPLE:

4.3.2
Gsa321 = X7 X5 X3 X4 Go4531 =7

54321 2 45321 5, 45231 2 49531 2 94531

So4531 = 0102030165431 = X1X22X32X4 + X12X22X3X4 + X12X2x32X4
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SCHUBERT POLYNOMIALS [LAscoux - SCHUTZENBERGER (1982)]

4321
S s
3421 4231 4312
3241 2431 3412 4213 4132
3214 Bﬁ/ 3142 2413 4123 1432
3124 x 1342 2143 1423
1324 2134 1243
1234
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S CHUBERT POLYNOMIALS [LAscoux - SCHUTZENBERGER (1982)]
*\ e
Gugm=aia3rs 2C XHMQ': >

N

2.2 s .3 3,2
Gayo1=w11513  Guo31=17T273 Suzio=1713

ST

2 .
Gaon=r1T213 Sazi=1] 213+111215 Gia12=1175 Suoi3=17T2 6415271 12+l Z3
\ / >< / \ / 22rotx i+ aie
S — 1l L1l Tl
(CENIVES 901902 G301 =11T2T3 Si1a0= Ilzfrﬂﬁlm Soyiz= 1112+901902 Syi= Il Siyz=

+x1 T3+ 5T

\W\%

Gos1a=2122  S340=0122+T123+T2T3 621437114—-1 To+2123 6112571 +1112+12

\\K/\/

Gizou=mr1+72 Ga131=11 Gipu3=w1+22+ 13
Gigz=1
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SCHUBERT POLYNOMIALS [LAscoux - SCHUTZENBERGER (1982)]

— 32,
Guzo1=w71573

N

2.2 s .3 3,2
Gayo1=w11513  Guo31=17T273 Suzio=1713

RIS

2,2 3 . 3
=1 ry Souz1 =i woas 411232 Gia2=1175 Sunz=w312 Supizo=riro 773
— 1 2 1 2 1 3
63214—901902 Gogn=11T2T3 Si1a0= Iﬂfr%m 6241371112+11I2 64123711 Siyz=

+L11213+12x;

R e Y

.2 . . 7. " 2
Gz14=17 Gozu=w172  G1340=1 T2+ 11 73+7273 Gous=13+a1 0241173 (‘51.1257~1/1+-lf|-l/2 €Ty

T N

Sigu=u1+12 Ga131=11 Gipu3=w1+a2+13

N

6123-’1:1
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SCHUBERT POLYNOMIALS [LAscoux - SCHUTZENBERGER (1982)]

— 32,
Guzo1=w71573

N

2.2 s .3 3,2
Gayo1=w11513  Guo31=17T273 Suzio=1713

N

. .3 3
6245173” Towstr1r3ry Szi0=50(71, T2) 64215*3” L2 Supizo=riro 773

avah-ara \

222+ 23423y
. 142 142 143
63214—901902 bzsquf"m x1, T2 G3142 1112+901903 bz-llj*"zl Ll,Tz Guaz=s3(z ) Siyz=

\W \ % +L11215+12r$

Gy14= 52(901 G2314—911(901 Tz) 61342—‘11 Tl T2, Ts 621437114—-1 Tot+x1x3 61423—59 T1 I2)

e R

Gizpa=51(71,72) Gaiza=s1(71) Grasz=51(21, 29, 73)

~ 17

Si231=50
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SCHUR POLYNOMIALS AS SCHUBERT POLYNOMIALS
Look at the permutations with one single descent in position k.

w=(2,4,7]1,3,5,6) — Descent in position k =3

k=2 A=(4,2,1)
1 2 3
2 4 7 k=3
1 2 4
—
n-k=4

Every partition A ¢ Ry ,_x corresponds to a permutation in S, with
a unique descent in position k, and we denote it by v(\, k).

(Gv()\,k)(x) =s\(x1, .. ,Xk)]

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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Open problem

Find combinatorial rule to compute the
coefficients d;y, in

Gu(x) 6y (x) = X dpGuw(x)

» Avoid linear algebra and computing the polynomials.
» Compute the coefficients d,?, using information from u, v, w.

» The answer is know for several particular cases.

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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Schub(rL polynomials

Open problem

Combinatorial rule for d,

Gu(x) 6y (x) = Z dle/GW(X)

[k—Bruhat order in S,,]

u < u(i Y iff
i<k<j & u(i)<u(j)
Ai<l<j& u(i)<u(l)<u))
o 0(u(i,j)) = (u) + 1

L. Colmenarejo (NCSU)

Classical world
©0000

Monk's Rule

For ueS, and k < n,

6(k,k+1)(X) . 6U(X) = zV:GV(X)
=

Qu antum wor\d

ja)

Multiplying Schubert polynomials

[Example n=7, k= 4J

2, Slf £612)
3146|257 <, 3147|256
3146|257 <, 3156(247
62 é[us)
S(a,5) - S3146257 =
G3147256 + G3156247 +

Nov 30, 2022
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MULTIPLYING BY A HOOK

THEOREM [Sottile, '96]

Let ue S, I <k, and m< n—k. Then
6u(x) : s(m,l’—l)(xla o9 7Xk) = z Gend('y) (X)
2 v

summing over all pe%/ess'{”;ins of height / and length m+ /- 1.
Q- q 4512~ M(’é\

u/ N\ Peak(lgss chavl‘ri,c;f helgh’F I & length r
35412 43512 w ")H- : u(i) P
* b u<u(i,j)~u—=>u(ij)

245\ [\ n m

25013 34512 41532 4513 v = (u — U —> e —> Uy = end(’y))

45\23/ \14/34 /]'2 'L?\‘?—Z331>"'>al<al+1<"'<ar
24513 31542 41523 ) R
14\23 ‘ ﬁ‘l -s., 2 \’
w2 Y<2<3 Ga1543(x)s31(x1,%2) = 184s312(X) + -

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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ANOTHER EXAMPLE

THEOREM [Sottile (1996)]

6u(x) : s(m,l’—l)(xla e 7Xk) = Z 6end('y) (X)
v

G135246 (x)53(x1,x2,%3) = 16246135(x) + -

135246 (X)S21(x1,%2,X3) =26246135(x) + -

135246 (X)s111(X1,%2,%3) = 16246135(x) + -

5
v
<5 1<3

R<Ww

1<3<5

L. Colmenarejo (NCSU)

H<W<Oo
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246135
245136 236145 146235
235146 145236 136245
N 3%
135246
Nov 30, 2022
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MULTIPLYING BY A HOOK
THEOREM [BBCSS (2022)]

Let ue S, I <k and m< n—k. Then

6u(x)* S(marny (51, %) = 2 (02 ) Sculx),

over minimal permutations € S, s.t. u <, Cuand L({)=m+/-1.

[k—Bruhat order on S,: u <, VJ (Grassmannian Bruhat order on S,,J

[u,v]e = [e,¢=wvu ]k n=(Ciff JueS,, keZsy s.t.
.'J t-)]"q] u<gnu<gCu

Ranked order with £({) = ¢(Cu) — ¢(u)

s((C) := # cycles in the disjoint factorization of ¢

supp(¢) = {i e [n] | (i) # i} & ht(C) :=#{ie[n] |i<((i)}

¢ is minimal if £(¢) = #supp(¢) —s(¢)

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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M-N RULE FOR H*F¢, [BBCSS (2022)]]

Let ue S,. Then

Su(x) pr(xt,. .y xx) = (-GS, (x),

summing over all minimal cycles ( € S, s. t. u <k (uand L(¢) =r.

o QOur proof uses the multiplication by a hook rule together with
understanding when the coefficients are zero (unless unless
L(¢) = r and ¢ is minimal). For those initially non-zero
coefficients, these are

O+l gy —he o) SO -1Y _ O, if s(¢) # 1,
( 1) ;( ]-) (ht(C) —/) - {(_1)ht(g)+1’ if S(C) -1.

o Our proof differs from those given by Morrison (2014) and by
Morrison and Sottile (2018).

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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7 =39~ 9., b g-WORLD

Algebraic geometry Algebraic combinatorics
qH*(an) oL Z[le"'axn]l:qu"'7qn71]/(El)"'aEn)
* =
H Fen ®z Z[Qla--~7Qn—1] q_uusim a‘p
mm. jpo nomi

13
» The g-Schubert polynomials G}, (x) € Z[q, x] are the image als.
of the g-Schubert classes under the isomorphism above.

Open problem

Find a combinatorial rule g-Monk’s rule 60
for d¥.(q) in o 1
Multiplying by a g-hook 5&::!

SHAICHE ; du (9)S7, g-Murnaghan—Nakayama'’s rule ?&

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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[Quantum k-Bruhat order in S,,[q]]

> (Classic case: v <} u(i,j) if

6los®
a5¢ 6.4]

(F"“-" s i<k<j & u(i)<u(j) &

pween & =L g (i) < u()) < u())
i \oofwee” = 0(u(ij)) = 6(u) + 1

> Quantum case: v <} gjju(i,)) q’;f?ih” -7)'" L (q‘.): 2

.t i<k<j & u(i)>u(j) &
o&h"k“s w Vici<l<j & u(i)>u(l)>u())
u\ o ugl u u
\pk‘:;wwp <> L(u(i,j))=0(u)+1+2(i-})

Example: For n=7 and k =4,

2746|135 <] q252146|735
46eU1 1)

L. Colmenarejo (NCS

with g25 = q293q4
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QUANTUM k-BRUHAT ORDER IN S,[q]

Q1q2q3q§23ﬂ45
51 41
’r—
9142351 91523415 —0
*—e
45 12
91423451 91513425 —
0
*—e
52 51 23
53401 91512485 —
—_—
X\ / (23y <$

52481

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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CyYCLIC SYMMETRY
e q q’ -1
uja’(ap)u = cu<) i ayc(as)ciau J
) .
23145 - \ 45312
91929395 2314 c (L) - \¥ A
s/ Nl L 2/ \3
142351 1523415 Ck"‘\ v 45213 45132
45 | ‘ 12 12 ‘ ‘ 34
c2

1423451 41513425 — 451p3 35142

5& %1 &3 2& /3 \5
534p1 q1512485 25143 34152

2& %1 4& /3

52431 24153

=0 =0 *—0
*—e (o} r—y c *—9
—e - —o - —o
L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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g-HOOK CASE
Our first attempt [BBCSS (2022)]]

q q _ a(v)xa

giL(.Xhm’Xk)*Gu § qz q GW(’Y)
57 viu=>a®* M w(v)

3itcl () pure classic

shape(cmin ()= 4L
w

o Study some properties of the quantum k-Bruhat poset
(equivalent and zero diagrams with 2 and 3 operators).

o Study and understand the terms that do appear in our
summation (sequences of operators that cannot happen).

o Understand the cyclic shift transformation for the intervals we
have (when they become purely classic).

o Show that those are the terms appearing in the end (including
that no other terms can appear).

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022



Motivation Schubert polynomials Classical world Quantum world

000 000000 00000 00000@0000
2
9192939523145
5/ N\a
*—e *—e *~—e
*—e
414231 41523415 —e —e [ —
c
45 12 l«
9142341 91513425 —_ . — —
C=—0 ~—e *—e
~—e e *~—e
1€
534p1 q1512435
*—e O O
23 51 —s _ . —s -
*—e *—e *—e
52481

q q  _ 24
So11(X1,%2,X3) * Gryzy = 19102G3G,6553145  +

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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g- MURNACHAN-NAKAYAMA’S RULE

Our (hopefully) theorem

p(r](Xl,...,Xk) *63 = Z (—1)3_1(]&63,
qYw: 37:ul>2qa w

Hi:ci('y) purely classic, connected

Ja,b:a+b=r, shape(c"’i"('y))=aIL
57

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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EXAMPLE
2
9192930, 23145
F/ \41 e —
*—o
O
9142351 91523415 e
C
45 12 \L
9142341 9151345 — . . .
C=——=0
—e
©
5341 1512485
o>—9
23 51 -3 o
*—e
52431

2
Py (x1,%0,x3) * Gogar = (-1)% 1929395 G105 +

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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IN THE RECENT MONTHS...

Theorem [BBCSS (2022)]]
Let ueS,, I<kand m<n-k. Then

(wu™)-
GU*s(qm,l,,l)(XL s Xk) = Z(}ft(wu_l) /) 9"Gw,

over all minimal intervals [u, g*w]] s. t. £(q®w)—£(u) =m+/-1.

Corollary [BBCSS (2022), conjectured by Morrison (2014)]

Let ue S,. Then

Sy * pl(x1,....x) = L~V e,

-1

over all minimal intervals [u, g*w]{ of rank rs. t. w™'u is a single

cycle.

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022
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OUR PROOF

_ “w X w _( s(wut)-1 o
[SU * S,k =2 Cj(/\,k),uewj [C‘i’(/\yk)# = (ht(wu—l)—/) q* or O]

> Part 1: If [u, q®w]{ is a minimal interval, then there is a hook
partition A with |\| = £(g®w) — £(u) such that C% ()\ K 0.
o Study of chains in the interval [u, g*w]{ in terms of certain
left operators

» Part 2: “quantum equals classical” using a result by Leung—Li
(2012) that essentially says
o If CY ()\ K 0 for some partition A, then there are y,z € S,

with y <x z, zy™* = wu™?, and the correct length, and such
that for all partitions p with |u| = |)], Cf(ﬂvfk) 0 =9 k)

o If Xis a hook partition, then the interval [u, g*w]] is minimal.

o The result follows then by using the classical result.

L. Colmenarejo (NCSU) Multiplying Schubert polynomials Nov 30, 2022



Motivation Schubert polynomials Classical world Quantum world
000 000000 00000 9000000000

iMuchas gracias!
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