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let X be an algebraic variety which admits
an algebraic action of the group
L Gun Q x GL na x x GL ok O En n

We will assume that X is not terribly singular

For example assuming that X is normal is good

We want to keep track of the restriction

of this action to two special subgroups

BL Bln Q x BL E x X B Nk E
I 01

TL T G E x Tla E x x T nite
Here B M E is the groupof all uppertriangularmatrices

from GLCm G Then G is the groupof all diagonal
matrices from Ghan E

Note Th Tat tha as I
maximal
torus in
GL ne



dimof
0 I dinX g

satin If there is a trinal Bjork
in X then we call X a spherical L variety

If there is a D codimensional T orbit in X then

we call X a toric variety

Thetheoryofspherical varieties is well developed

Thetheory oftoric varieties can be viewed as a
special case of the theory of spherical varieties

Choose n m2 na 1

There are important representationtheoretic reason

forcaringabout spherical varieties

Thecoordinateringof a spherical L variety is a

multiplicity free representation of h



More generally we can speak about the

complexities of the actions of Bu and TL

let HEEBL.TL 642,07 642,07
acts on MateQ
via CAB X AXEcomplexity

BL2 w.Ba2i4UBL29idB12 k W

The generic modality of the action ofH is the minimum B129 B

codimension of an H orbit in X

Rosenlicht 1956 Thegenericmodalityofthe action

H x X X is equal to the transcendencedegreeof
the field of invariantrational functions on X
over 0

Notation

CH X thegenericmodalityof the H action on X

4
also idled the complexity

minimum codimension of an H orbit
in X



Definition

let X be a spherical L variety If additionally

holds then we call X a nearlytoric variety

Set up The variety of full flags in G

oar vac cvn en dink i

É
A Schubert variety in Fla e is the

Closure of a Bln e orbit in Glen E Ben e



The schubert varieties in Fln e are

parametrized by the elements of the
symmetric group Sn

This is a consequence of the Bruhat
decomposition

GL ne L1 Bln4 w BAE
WESn

We will use to denote the Schubert

variety defined by

Blue W BLE BGC E FL n G

Fact Schubert varieties are normal



Questions

Which Schubert varieties are spherical
Which Schubert varieties are toric
Which Schubert varieties are nearly toric

letsstartwith

Theorem Karuppuchamy 2011

let WE Sn The Schubert variety Xu

is a toric variety if and only if the
permutation
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We continue with question 1

Two conjecturesof Gao HodgesYong

Xw is a spherical L variety iff w can

be written in the form we Wo c where

Wo is the longest element of the subgroup

Si ie I E Sn

and c is a Coxeter type element St

I w l wat llc

Xw is a spherical L variety iff w avoids

Thefirstconjecture wasproved independently byCan Saha
and GaoHodgesYong 237

Thesecondconjecturewas proved by Gaetz 227



We will now focus on question 3

Relevant to this discussion are the worksof
Daniel Daly and Bridget Tenner

An WE Sn wavoids3412 contains 321 ante

Bn WESn w avoid 321 contains 3412inte

Daly fusingTenner'swork showed that

D1 VEAn iff F reduced decomposition of VW
having Diii as a factor
with no repetitionsofsimpletranspositions

021 VE Bn iff F reduced decomposition of v
having sisiti as a factor
with no repetitionsofsimpletranspositions

D there is a bijectionbetween In and Bat

Daly's work was around 2010 2013



In Fl n E

Theimportance of these results were recognized by
Lee Park Masuda who observed that

20217

LPM1 CqXw
1 and Xw is smooth

iff WE An
LPM2 cy Xw I and Xw is singular

iff we Bn



Wedefine

Un we su
Wavoids3412 contains321once

and contains253140

Theorem C Diaz 23

There is a bijection Y Mnt Bn

Thismapanalyzes whether I appears in w or not

Theorem C Diaz237

TXw E Fl n a best cqlXw d

Then thefollowing assertions hold

Xw is a singularnearly toricvarietyoff WE Bn
Xw is a smooth nearly toric variety iff we Mn



C Diaz237

let bn But rn Mal
Let Fm denote the m th Fibonacci number

Then we have

Pdf bn 214 7 En gt 7h 23Fa z
5

Ktn



Martin
See Develin Reiner paper

Definition A Schubert variety Xw is called

a partition Schubert variety if w is 312avoiding

ThereSchubertvarieties are closely related to the took
placements in Young diagrams

Question What canwesay
about the toric nearly toric

or sphericalityproperties of such rarities

A useful combinatorial method here is due
to Bandlow Kilpatrick 2021 who showed

that there is a nice bijection between the

set of 312 avoiding WE Sn and the

set of Dyck Pats of size n



EI t
s Sn53Su OO

W 2926 3423423SI
21 6 54 87 3

Using this bijection and exploitingthe concrete

nature ofDyckpaths we showed the following
result



TheoremCCDiaz2

Let Nidenote the setof nearly toric
varieties X EFlln.G such that w avoids

312 Then

INTI I Ln 2 2n

Next we want to see whichDyck paths
correspond to the spherical Schubert
varieties Xw where w avoids 312

Weare not worried about q Xw d anymore



Definition Thesubpathsystemsof aDyckpath are
defined as in the following picture

p o
it
b

0thdiagonal

T T T
Te 0th subpath

The 1stsubpath
system

The2ndsubpath
system

system

The ledgesand elbowsof Ti Ti and Ti are

defined as in the following picture
ledge elbow

OF



160
Definition

Let T be a Dyck path of size n

Wesay that it is a sphericalDychpate

either an elbow or a ledge as in Cal above

either an elbow or a ledge whose Eextension
is the initial step of a connected component

of Il as in b above

The E extension of RENEE is the lattice

path ENNENEI



Theorem C Diaz 2023

312avoiding permutationfrom Sa

let it denote the Dyckpath corresponding to w

under the Bandlow killpatrick bijection Then

Xu is a sphericalvariety
TaisasphericalDydipath

RI Wefound someothergraphtheoretically
significant numbers while enumerating certain
subfamilies of sphericalDyckpaths



THIS IS THE END UNTIL

NEXTTIME

THANK YOU FOR TUNING IN


