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Clebsch—Gordan (1800s), Kashiwara (1990s)



sl, crystals

Any sl representation V has a crystal:

A crystal is a vertex-weighted directed graph,
e if x — y then wt(y) = wt(x) — 1,
® connected components are paths,

® it is weight-symmetric.

Connected components correspond to irreducible representations.
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® New recursive formulas for plethysm of Schur polys

Definition 1.1 (Plus operator). Given f =Y d; - [i] welet f,; =Y d; - [i +j].

Theorem 1.2. The character of A3 Sym” C? satisfies the recursion

=[], rE s

where the sum ranges over all k > 0 such that 4k < r —1 — 25, ,44.

Theorem 1.3. The character of A* Sym” C? satisfies the following recursion:

r+1]  [r r—6k—1—30; cven r—6k —4—30, odd
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Corollaries

® Rediscover combinatorial formulas for plethystic coefficients by
Orellana—Saliola—Schilling—Zabrocki‘24
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* New combinatorial proof for a formula for the number of constituents of Sym? Sym” C2,
Sym?3 Sym” C2, by Almkvist—Fossum'78
® New recursive formulas for plethysm of Schur polys
Q: What about n =5 and beyond?

Q: What about other posets?
Q: How to obtain these recursive formulas in general?
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The formulas, again

Theorem [G.‘26]

Let [n]4; = [n+j]. Then, for n < 4,
[r + 1] _ [r] N Z [whatever]
n nj ., n—2

Consider An(q;2) =D 1 > m aﬁ[m]qkz’". The theorem says

An(q; Z)é = An(a:2)q" + p(q, 2)An—2(q; 2).
That is,
An(qiz) = MAn—2(q; z).

1—zq"
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Theorem [G.-Orellana-Saliola-Schilling-Zabrocki‘25+]

An(qg; z) is a rational function.

Let
Au(xt, o Xmi Y1y Ym) = ZZ af;[V]X”y’\,
VoA

where aﬁlu] is the coefficient of sy in s,[s,].

Theorem [G.-Orellana-Saliola-Schilling-Zabrocki‘25+]

A,(q; z) is a rational function.
In particular, plethysm coefficients satisfy linear recurrences.



