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sl2 crystals

Any sl2 representation V has a crystal:

A crystal is a vertex-weighted directed graph,

• if x −→ y then wt(y) = wt(x)− 1,

• connected components are paths,

• it is weight-symmetric.

Connected components correspond to irreducible representations.
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Q: What about n = 5 and beyond?
Q: What about other posets?
Q: How to obtain these recursive formulas in general?
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An(q; z)
1

z
= An(q; z)q

n + p(q, z)An−2(q; z).

That is,

An(q; z) =
z · p(q, z)
1− zqn

An−2(q; z).
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Theorem [G.–Orellana–Saliola–Schilling–Zabrocki‘25+]

An(q; z) is a rational function.

Let
Aµ(x1, . . . , xm; y1, . . . , ym) =

∑
ν

∑
λ

aλµ[ν]x
νyλ,

where aλµ[ν] is the coefficient of sλ in sµ[sν ].

Theorem [G.–Orellana–Saliola–Schilling–Zabrocki‘25+]

Aµ(q; z) is a rational function.
In particular, plethysm coefficients satisfy linear recurrences.


