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Abstract

In this paper, we will show that the higher moments of the natural parametrization of
SLE curves in any bounded domain in the upper half plane is finite. We prove this by
estimating the probability that an SLE curve gets near n given points.

1 Introduction

A number of measures arise from statistical physics are believed to have conformally invariant
scaling limits. In [I4], a one-parameter family of measures on self-avoiding curves in the upper
half plane, called (chordal) Schramm-Loewner evolution (SLE}) is defined. Here we only work
with chordal version so we omit chordal. By conformal invariance, it is extended to other simply
connected domains. Later, it was shown that SLFE describes the limits of a number of models
from physics so answering the question of conformal invariance for them. These models include
loop-erased random walk for x = 2 [9], Ising interfaces for x = 3 and x = 16/3 [17], harmonic
explorer for k = 4 [15], percolation interfaces for x = 6 [16], and uniform spanning tree Peano
curves for k = 8 [9].

In order to define SLE, Schramm used capacity parametrization. We will see the definition
of SLE as well as capacity parametrization in the next section. Capacity parametrization
comes from Loewner evolution and makes it easy to analyze SLE curves by Ito’s calculus. In
all the physical models that we have above, in order to show the convergence, we have to first
parametrize them with discrete version of the capacity and then prove the convergence to SLE.
This parametrization is very different from the natural parametrization that we have for them
which is just the length of the curve.

In order to prove the same results with the natural parametrization, we need to define a
natural length for SLE curves. In [2], it is proved that the Hausdorff dimension of SLE,
is d = min{2,1 + §}. In [8], the authors conjectured that the Minkowski content of SLE
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should exist. They defined the natural parametrization in a different way using Doob-Meyer
decomposition and proved the existence for k < 5.021.... Moreover, they conjectured that the
natural length of SLE can be defined in terms of d-dimensional Minkowski content. Here is
how it is defined (see [6] for more details). Let

Conty(~[0,t];7) = r¢=2Area {z : dist(z,7[0,1]) < r}.
Then the d-dimensional content is

Contg(v[0,t]) = llg(l] Contg(7][0,t];7), (1.1)
provided that the limit exists. If k > 8 the curve is space filling and d = 2 so this is just the
area and the problem is trivial. For k < 8, the existence was shown in [6]. We assume for the
purpose of this paper that x < 8. We call this parametrization, natural length or length from
now on. Also a number of properties of the natural length were studied in [6]. For example the
authors computed the first and second moments of the “natural length”. Basically, this function
is the appropriate scaled version of the probability that SLE hits given point(s). Precisely, the
n-point Green’s function at z1,--- , z, is

G(z1,...,2n) = lim 0]}:[17"212P[Dl{dist(zk,'y) <7}, (1.2)

T1yeeesTm—>

provided that the limit exists. The covariance rule of the Green’s function is obvious, that is,
if F maps (H; 0, c0) conformally onto (D; w1, ws), then

G(D;w1,w2)(217 EER) Zn) = ’(Fﬁl)/(z)‘QidG(H;O,oo) (F71(21)7 EERE) Fﬁl(zn)% (13)

if the Green’s function at either side exists. Here we use G(p.y, w,) t0 denote the Green’s
function for SLE, in D from w; to ws.

It is proved in [I0] that a modified version of 1-point and 2-point Green’s function using
conformal distance instead of distance exist. In [6], the authors prove the above limit exist
for n = 1,2. Lawler and Werness mentioned in [10] that the argument can be generalized to
define higher order Green’s function. So they conjectured the existence of multi-point Green’s
function. For n =1 the exact formula is given in [6] which is

G(2) = Gy,00)(2) = C|z|72 sin§+%_2(arg z) = CTm(2)% 2 sin® " (arg 2), (1.4)

where C = Cj; > 0 is an unknown constant. In arbitrary domain the exact formula of the
1-point Green’s function can be found by the covariance rule.
We now state the main theorems of this paper. Throughout, we fix £ € (0, 8), the following

constants depending on k:
K 8
d=1+ -, a=——1
8 K
We will use C' to denote an arbitrary positive constant that depends only on k, whose value

may vary from one occurrence to another. If we allow C' to depend on k and another variable,



say n, then we will use C),. We introduce a family of functions. For y > 0, define P, on [0, c0)
by
[y Crdg2d g <y
R ={ 0 ey

Since « > 2 —d >0, if 0 < x1 < x2, then

(1.5)

The first main theorem is:

Theorem 1.1. Let 2, ..., 2, be distinct points on H such that zg = 0. Let y, = Im z,, > 0 and
lp = dist(2x,{2; : 0 < j <k}), 1 <k<mn. Letry,...,r, > 0. Let v be an SLE,, curve in H
from 0 to oo. Then there is C, < oo depending only on k and n such that

P,
Pldist(y, 2%) < mp, 1 <k <n] < Cy ] By (e A )

N k=1 Pyk (lk)
Remark. The quantity on the righthand side of the above formula depends on the order of the
points zi, ..., z,. However, if r;’s are sufficiently small, say, r; < dist(z;,{z0,...,2n} \ {2;}),

then if we exchange any pair of consecutive points, i.e., z; and zp41, then the new quantity is
no more than C' times the old quantity, where C' > 0 depends only on . Thus, if we permute
those n points, the quantity will increase at most C™ times.
The second main theorem answers a question in [6].
Theorem 1.2. If~ is an SLE curve from 0 to co in H, then for any bounded D C H, we have
E[Conty(yND)"] < oo, me€N.
Remarks.

1. An immediate consequence of Theorem is that the right-hand side of ((1.2)), with lim
replaced by lim sup, is finite. This result may help us to complete the proof of the existence
of multi-point Green’s functions for SLE.

2. In fact, Theorem implies an upper bound of the Green’s function G(z1,--- ,2,) for
the above =, if it exists. That is

n ya7(2fd)
G(z1y.-.,2n) < C, k
" ! kl;[l P, Yk (lk>
A natural question to ask is whether the reverse inequality also holds (with smaller C),).
The answer is yes if n < 2. In the case n = 1, the right-hand side is C' ya;i;@ , which agrees

with the right-hand side of (1.4). In the case n = 2, the right-hand side is comparable to
a sharp estimate of the 2-point Green’s function given in [7] up to a constant. Thus, we
expect that it holds for all n € N.



3. We guess that the C}, in Theorem can be taken as C™. If we have this then we can
show E[e*Conta(ND)] < o0 for some A > 0 in any bounded domain D. This is nice because
we can study natural length by its moment generating function.

4. If the Green’s function G(z1,- - , zy,) exits, the left-hand side of the displayed formula in
Theorem 1.2 equals to [, G(z1, ..., zn)dA(21)...dA(zp).

5. Theorem also provides an upper bound for the boundary Green’s function, which is
the scaled version of the probability that SLE hits given boundary point(s). The scaling
exponent will be « instead of 2 — d so that the Green’s function does not vanish. To be

more precise, for the above 7y, the boundary Green’s function at z1,...,z, € R\ {0} is
5 n n
Glar,. .. 1) = ml,i;gﬁokﬂl o kﬂl{distm, VR (1.6)

provided that the limit exists. Lawler recently proved in [5] that the 1-point and 2-
point boundary Green’s function exist, and gave good estimates of these functions. Using
Theorem we can derive the following conclusions. First, the right-hand side of ,
with lim replaced by limsup, is finite. This result may help us to prove the existence
of multi-point boundary Green’s functions for SLE. Second, if G (x1,--- ,xy) exits, then
é(:pl, o y) < Cp [Ty 1, where I = ming<;< [z — x;| with 2o = 0. Similarly, we
get upper bounds for mixed Green’s functions, where some points lie on the boundary,
and others lie in the interior.

The organization of the rest of the paper goes as follows. In the next section we review the
definition of SLE and some fundamental estimates for SLE. In the third section, we will prove
two main lemmas. At the end, we will prove the two main theorems.

2 Preliminaries

2.1 Definition of SLFE

In this subsection we review the definition of SLE and its basic properties. See [3| [4], 10, [6] for
more details.

A bounded set K C H = {x + iy : y > 0} is called an H-hull if H \ K is a simply connected
domain, and the complement H \ K is called an H-domain. For every H-hull K, there is a
unique conformal map gx from H \ K onto H that satisfies

c _
g (2) =2+ -+ 0(]217), |2| = o
for some ¢ > 0. The number c is called the half plane capacity of K, and is denoted by hcap(K).

Suppose that v : (0,00) — H is a simple curve with v(0+) € R and () — oo as t — oo.
Then for each t, K; := 7(0,¢] is an H-hull. Let g, = gk, and a(t) = hcap(K;). We can



reparameterize the curve such that a(t) = 2¢. Then g, satisfies the (chordal) Loewner equation

2

Ahgi(z) = m7

9o(2) = z, (2.1)

where Vi := limp g,5.-5+(1) 9¢(2) is a continuous real-valued function.

Conversely, one can start with a continuous real-valued function V; and define g; by .
For z € H\ {0}, the function ¢t — g.(2) is well defined up to a blowup time T3, which could be
oo. The evolution then generates an increasing family of H-hulls defined by

Ki={zeH:T,>t}, 0<t<o0,

with g, = gk, and hcap(K}) = 2t for each t. One may not always get a curve from the evolution.

The (chordal) Schramm-Loewner evolution (SLE,) (from 0 to oo in H) is the solution to
where V; = /KBy, where k > 0 and B(t) is a standard Brownian motion. It is shown in
[13, 9] that the limits

()= Jim g7 (2), 0<t< oo,
exist, and give a continuous curve v in H with (0) = 0 and lim; ;. 7(t) = co. Only in the
case K < 4, the curve is simple and stays in H for ¢ > 0, and we recover the previous picture.
For other cases, 7 is not simple, and H; := H \ K} is the unbounded component of H \ (0, ¢].

We can define SLE, in other simply connected domains using conformal maps. Roughly
speaking, SLFE,, in a simply connected domain D ;Cé C is the image of the above 7 under a
conformal map F' from H onto D. However, since « in fact lies in H instead of H, the rigorous
definition requires some regularity of D. For simplicity, we assume that 9D is locally connected
(c.f. [12]), and call such domain D regular. This ensures that any conformal map F from H
onto D has a continuous extension to H, and so F o+ is a continuous curve in D.

Now we state the definition. Let D be a regular simply connected domain, and wg, ws be
distinct prime ends (c.f. [I2]) of D. Let F' : HH — D be a conformal transformation of H onto D
with F(0) = wp, F'(00) = Wee. Then 4 := F o~ is called an SLE,; curve in D from wp t0 wee.
Although such F' is not unique, the definition is unique up to a linear time change.

Now we state the important Domain Markov Property (DMP) of SLE. Let D be a regular
simply connected domain with prime ends wg # we, and v an SLE, curve in D from wg to
Weo. For each tg > 0, let Dy, be the connected component of H\ v(0, 9] which is a neighborhood
of weo in D, and A% (t) = y(tg +t), 0 < t < oo. Let T be any stopping time w.r.t. 7. Then
conditioned on (0, T] and the event {T" < oo}, a.s. 7(T') € 0Dt determines a prime end of Dr,
and T has the distribution of SLE, in D7 from (the prime end determined by) v(T') to weo.

2.2 Crosscuts

Let D be a simply connected domain. A simple curve p : (a,b) — D is called a crosscut in D
if limy_,,+ p(t) and lim,_,;— p(t) both exist and lie on 9D. We emphasize that by definition the
end points of p do not belong to p, and so p completely lies in D. It is well known (c.f. [12])



that as t — a™ or t — b, p(t) tends to a prime end of D. We say that these two prime ends
are determined by p. Thus, if f maps D conformally onto D, then f(p) is a crosscut in D. So
we see that D \ p has exactly two connected components.

For the ease of labeling the two components of D \ p, we introduce the following symbols.
Let K be any subset of C such that K N D is a relatively closed subset of D, and let S be a
connected subset of D\ K. We use D(K; S) to denote the connected component of D\ K which
is a neighborhood of S in Dj; and let D*(K;S) = D\ (K U D(K;S)), which is the union of
components of D\ K other than D(K; S). For example, D(K; z1) # D(K; z2) means that z; and
z9 are separated in D by K. If p and n are disjoint crosscuts in D. Then D\p = D(p; n)UD*(p;n)
and D\ n = D(n; p) U D*(n; p); and we have D*(p;n) C D(n; p) and D*(n; p) C D(p;n).

The symbols D(K;S) and D*(K;S) also make sense if S is a prime end of D such that
D\ K is a neighborhood of S in D. If D is an H-domain, and S is the prime end co, then we
omit the oo in D(K;00) and D*(K;00). For example, for the SLE,, curve v in H from 0 to oo,
the corresponding H-hull K satisfies that H \ K; = H(~(0,t]).

Lemma 2.1. Let D C D be two simply connected domains. Let p be a Jordan curve in 5,
which intersects D, or a crosscut in D. Let Z1 and Zs be two connected subsets or prime ends
of D such that ]_3(,0; Zj), j = 1,2, are well defined and not equal. In other words, D \pisa
neighborhood of both Z1 and Zs in D, and Z; is disconnected from Zy in D by p. Suppose D is
a neighborhood of both Z1 and Zy in D. Let A denote the set of connected components of pN D.
Then there is a unique \i € A such that D(\1; Z1) # D(M\1; Z2), and if D(X; Z1) # D(\; Z2)
for some X\ € A, then D(\;Z1) C D(X\; Z1) and D(A1; Z2) D D(X; Z2).

Remark. Every A € A is a crosscut in D. We call the A; given by the lemma the first
sub-crosscut of p in D that disconnects Z; from Zs.

Proof. Let Ag = {\ € A : D(\;Z1) # D(\; Z2)}. We first show that Ag is finite. Let v be
any curve in D connecting Z; with Z3. Since vy M p is a compact subset of [ Jyc, A, and every
A € A is a relatively open subset of p, we see that ~ intersects finitely many A € A. From the
definition of Ag, = intersects every A € Ag. Thus, Ag is finite. We emphasize here that the
above argument does not exclude the possibility that Ag is empty.

Next, we show that Ag is nonempty. We choose 7 such that it minimizes A(y) := {\ €
A sy N X # 0}, which can not be empty since (Jycp A = p N D disconnects Z; from Z; in D.
Let Ao € A(v). Let w; and we be the first point and the last point on 7, which lies on )y,
respectively. Let /\6 be the sub curve of Ay with end points wy and ws. There is € > 0 such that
dist(Aj, A) > € for any A € A\ {Ao}. Suppose Ao € Ag. Then D(\; Z;) = D(X; Z). We may
choose for j =1, 2, w;- on the part of v between Z; and wj;, which is very close to w;, such that
there is a curve 7, connecting w} and w4 in D(Ag; Z1), which stays in the e-neighborhood of A;,.
Construct a new curve 4’ in D connecting Z; and Z5 by modifying 7 such that the part of v
between w) and w) is replaced by ~.. Then we find that A(7") = A(7) \ {\o}, which contradicts
the assumption on . Thus, Ag D A(7) is nonempty.

Finally, we need to show that there is A\; € Ag, which minimizes {D()\; Z1) : A € Ao} and
maximizes {D(\; Z2) : A € Ag}. This follows from the finiteness and nonemptyness of Ay and



the facts that for any A1, Ao € Ag, one of D(A1; Z1) and D(Ag; Z1) is a subset of the other, and
the inclusion relation is reversed if Z is replaced by Zs. O

Lemma 2.2. Let D be a simply connected domain and p a crosscut in D. Let wgy, wy and
Weo be connected subsets or prime ends of D such that D\ p is a neighborhood of all of them
in D. Suppose that p disconnects wy from ws in D. Let v(t), 0 <t < T, be a continuous
curve in D with v(0) € dD. Suppose for 0 <t < T, D\ v[0,t] is a neighborhood of wy, w;
and weo i D, and wy,w; C Dy := D(7[0,t];ws). For 0 < t < T, let p; be the first sub-
crosscut of p in Dy that disconnects wq from weo as given by Lemma [2.1. For 0 <t < T, let
f(t) =1 if wy € Di(pr;wee); = 0 if w1 € Dj(pr;weo). Then f is right-continuous on [0,T),
and left-continuous at those to € (0,T) such that v(to) is not an end point of py,.

Remark. It is easy to see that (D;)o<i<7 is a decreasing family of H-domains. But (p:)o<t<r
may not be a decreasing family.

Proof. We first show that f is right-continuous. Fix ¢y € [0,7). From the definition of py,,
there exist a curve 5y in Dy,, which goes from wy to wee, crosses py, for only once, and does
not visit p\ pt, before py,. Let S = ws or wg depending on whether f(tp) = 1 or 0. Then there
is a curve (1 in Dy, \ py, that connects wy with S. Since () € Dy, and -y is continuous, there
is t1 € (tg,T) such that v[to,t1) is disjoint from [y and ;. Fix t € (to,t1). Then Sy, B1 C Dy.
From Lemma there is the first sub-crosscut of p;,, denoted by py, ¢ in D; that disconnects
wo from wo. From the properties of By, piy+ is the connected component of py, N D; that
contains Bg N py,. Since By does not intersect p before By N py,, we have p; = piy+ C py,- Thus,
B1 is a curve in Dy \ p; connecting w; with S, which implies that f is constant on [tg, ).
Suppose (tg) is not an end point of p;, for some ¢ty € (0,7). We now show that f is
left-continuous at tg. There exists t; € [0,%p) such that (t1,%y] does not intersect py,. Fix
t € (t1,t0]. Then py, is a crosscut in D;. Let (o, .S, 51 be as above. Then 5y and /31 are also
curves in D;. From the properties of Sy, we see that p; = p,. Thus, 81 is a curve in Dy \ pt
connecting wy with S, which implies that f is constant on (¢, to]. O

2.3 Estimates

We give some important estimates for SLE in this subsection. The first one is the interior
estimate. To begin with, we quote the following theorem proved in [2].

Theorem 2.1. Suppose v is an SLE, curve from wy to we in a simply connected domain D.
If z € D, then
P[dist(7, 2) < 7] < CG(Dyuy wn) ()17,

where G (D, w,) 15 the 1-point Green’s function for the .
A stronger estimate is obtained in [6]: P[dist(v, 2) < 7] = 172G p.up, wy) (2)[1+0(r¥)], o > 0.

Using 1) |D and Koebe’s 1/4 theorem, we find that G p..,, w,)(2) < Cdist(z, 0D)%2. So
we have the following interior estimate which is a corollary of Theorem



Lemma 2.3. [Interior estimate] For any z € D,

r 2-d
Pldist(v, 2) < 7] < c(m) .

We will state the boundary estimate for SLE in several different forms. The original one
comes from [I], which is the following theorem.

Theorem 2.2. [Boundary estimate v.0] Let v be an SLE,, curve in H from 0 to co. Then
for any xo € R\ {0} and r > 0,

P[dist(7y,zo) < 7] < C(’;O‘)a.

We will express the above theorem in another form using the notation of extremal distance.
The reader may refer to [12] for the definition and properties of extremal distance (length).
We use dp (L1, L2) to denote the extremal distance between L; and Lg in D. Suppose K is a
nonempty H-hull with K NR_ = (). Let 7 = max{K NR} and 7y = max{|z —xg|: 2z € K}.
It is well known that there are absolute constants C' and M such that ;—}; < Ce~mdu(KR-) jf
dp(K,R_) > M. So the above theorem implies the following corollary.

Lemma 2.4. [Boundary estimate v.1] Let v be as above. Then for any H-hull K with
KNR_ =0, we have
PlyN K # (] < Ce™omda(KR-),

The same is true if R_ is replaced with R .

Using conformal invariance and comparison principle of extremal distance, we immediately
get the following version of boundary estimate from the previous one.

Lemma 2.5. [Boundary estimate v.2] Let D be a regular simply connected domain, and
wo and ws be two distinct prime ends of D. Let p and n be two disjoint crosscuts in D such
that D(p;n) is not a neighborhood of both wy and ws. For wy, the condition means that either
D\ p is a neighborhood of wg and D(p;wo) = D*(p;n), or wg is a prime end determined by p;
and likewise for we,. Let vy be an SLE, curve in D from wg to ws. Then

Py N (nU D*(n;wee)) # 0] < Ce=omdnom),

We now combine the interior estimate and the boundary estimate to get the following one-
point estimate, which implies the case n = 1 in Theorem

Lemma 2.6. [One-point estimate] Let D be an H-domain with a prime end wy # oco. Let
v be an SLE,, curve in D from wq to co. Let zg € H, yo = Imzy > 0, and R > r > 0. Let
p={z€eH:|z—2 =R} andn={z€H: |z— 2| =r}. Suppose {z€H:|z—2| <R} CD
and wy & {x € R: |z — 29| < R}. Then

Ply N7 # 0] SC%-



Proof. We consider different cases. Case 1: yg > R. The conclusion follows from the interior

estimate because % = (%£)?>~% and dist(29,0D) > R. Case 2: yo < r. We have 1%’;((;)) =

()* By increasing the value of C, we may assume that R > 4r. The conclusion follows

from the boundary estimate because p and 7 are separated in D by the two crosscuts {z € H :
|z —Rezp| =2r} and {z € H: |z — Rezy| = R/2}, and the extremal distance between them in
D is log(R/(4r))/m. Case 3: R > yo >r. Let p' = {z € H : |z — 20| = yo}, which separates p
from 1 in D. Let T be the first time that ~ hits o/, and 47 (t) = y(T +1), 0 < t < o0, if T < c0.
Then T is an stopping time, and {yNn # 0} = {y" Nn # 0} C {T < oo} almost surely. From

the result of Case 2, P[T < oo] < C’go ((12)) From DMP, conditioned on v[0,7] and {T" < oo},
0

the 47 is an SLE, curve in D(v[0,T]) from v(T) to co. Since dist(zg, D7) = yo, from the

result of Case 1, we get Py Ny # 0|y[0,T],T < oo] < C';DZO(ZO)). Combining this with the

estimate for P[T" < oo, we get the conclusion in Case 3. O

The following version of boundary estimate will be frequently used in this paper.

Lemma 2.7. [Boundary estimate v.3] Let D be an H-domain with a prime end wy # oo.
Let v be an SLE,; curve in D from wq to co. Let p be a crosscut in D such that D*(p) is not a
neighborhood of wg in D, and S C D*(p). Let D be a domain that contains D, and p a subset
0fl~? that contains p. Let 11 be a Jordan curve in ZN?, which intersects 0D, or a crosscut in D.
Suppose that 1 disconnects S from p in D. Then

PlyN S # 0] < Ce~mdp P,

Proof. From Lemma 7 contains a sub-crosscut in F, denoted by 7, which disconnects S
from p. Since S C D*(p), we have n C D*(p) and S C D*(n). Thus, D(p;n) = D*(p) is not a
neighborhood of either co or wg in D. Using the boundary estimate v.2, we get

PlyN S # 0] < Plyn D*(n) # 0] < Cem ™00 < Cemmdp(P),

3 Main Lemmas

In this section, we let v be an SLE), curve in H from 0 to co. Given any set S, let 7¢ = inf{t >
0:~(t) € S}; we set inf() = oo by convention. Let (F;) be the right-continuous filtration
generated by . For tg > 0, let 4%0(t) = y(tg + 1), 0 < t < oo, and Hy, = H(v[0,%0]). Recall the
DMP: if T is an (F;)-stopping time, then conditioned on Fr and T < oo, 47 is an SLE, curve
in Hr from (the prime end of Hy determined by) v(7T') to oco.



Theorem 3.1. Let m € N, z; € H and R; > r; >0, 0 < j < m. Letgj—{\z zi| = Rj},
& ={lz— z]|—7"3} andD ={lz—zj| <R;j},0<j<m. Supposethat0€D3,0<]<m
andDoﬁD =0,1<j<m. Letr € (0,r9) and &, = {|z — z0| = r(y}. Let

E={rg, <12 <7¢, <--- <712

3 & <7, < g < oo}

Let y; =Imz;, 1 < 5 <m. Then we have
m( T0 /4 'F%j(rj)
< — _—
P(E| P, < C™( RO) ]Hl PR

Discussion. From the 1-point estimate, we see that, given v up to hitting @-, the probability
y] (r3)

that it reaches §; is at most C'p P () The DMP allows us to put these estimates together
j J

to get the product on the rlghthand side of the above formula. The key point of the proof is
to use the boundary estimate to derive the factor (}%)O‘/ 4. Recall that the boundary estimate
can be applied when the SLE curve is required to cross a disjoint pair of crosscuts from the
unbounded component to the bounded component determined by these crosscuts. But whether
a given set lies in the bounded component may vary as the SLE curve grows. So we have to
carefully keep track of the changes of the “topology” situations.

Proof. Let Z be the set of ;, Ej, 0 <j <mn,and &,. By Theorem for any £ € Z, v almost
surely does not visit £ NR. By discarding an event with probability zero, we may assume that
7 does not visit { N R for any £ € E. Then for any § € =, 7¢ = 7¢qm. Thus, it suffices to prove
the lemma with each £ € = replaced by £ NH. This means that every £ € Z is a Jordan curve
or crosscut in H. After that, we see that 7¢ < oo implies that v(7¢) € ¢ NH, and v does not
visit H*(&) before &.

Let 10 = 7¢,, Tj = T, and 7; = 7, 1 < j < m, and T4 = Tel - From the DMP and
one-point estimate (Lemma, we get

Plrj < ool P ] < CZ25 1<j<m. (3.1)

Thus, PIE|F,,] < C™ T, ﬁj (5. Tt Ry = ro, the proof is finished.

Suppose Ro > 9. Let p = {z€H:|z—20| = VRoro}. Then p is a Jordan curve or crosscut
in H, which lies between &y and &gy, and

IOg(Ro/To).

o (3.2)

dH(pv €O)a dH(pv gﬂ) >

Also note that p disconnects &) from co. Let T' = inf{t > 0: { ¢ H;}. For 10 <t < T, &
is a connected subset of Hy, and p intersects dH;. Thus, we may use Lemma to define p; to

10



be the first sub-crosscut of p in H; that disconnects &) from oo for 7p <t < T. Note that every

pt is Fy-measurable.
Let I ={(j,j+1):0<j<m}U{(4,4) : 1 <j<m}, and define (A,),cs by

Ay =A{T > 10} N {H*(&) C Hy,(pry)} € Fry;
Ay =T >} N {H"(&) € Hy, (pr,_ )} N {HT (&) C HY (pr))} € Fryy 1< 5 <y
A g = T > 75} 0 {H (&) C Hyy(pr)} 0B (€41) € HY (pr)} € Fryy 1< <m— 1,
Aty =A{T > T} N {H (&) C Hr,o (pr)} € Fry-

Suppose E occurs. Then « does not visit & at any time ¢ < 7,,. So § is a connected subset of
H\7[0, 7,,]. Then we must have £, C H,,, because y™ visits &), and ¥y C H, C H,, UY[0, Tp,)].
Thus, T' > Ty, > Typ—1 > --- > 71 > 79. Similarly, since H*(;) is not visited by ~ at any time
t < 75, we conclude that H*(§;) C Hy for t < 7;. Since H*(;) is disjoint from p D p;, we
conclude that H*(&;) is contained in either Hy(p;) or H; (p;) for any ¢t < 7;.

Define a strict total order on I such that (0,1) < (1,1) < (1,2) < (2,2) < --- < (m—1,m) <
(m,m) < (m,m+1). Define a family of events E,, « € I, such that &, = E\J,.,,~, Av. Using
induction, one can prove that

E, C{H" (&) € H7 (pr,)} v = (t,02) € IN{(m,m+ 1)}

Tig

Especially, we get

Ei=E\ |J A c{H)CH;(pn)} C Agy):
en{(0,1)}

Thus, we have E C |J,¢; A.. We will finish the proof by showing that

a/a P, (r;
) / wi) o (3.3)

PIENA,|F,] <C™(— )

Case 1. Suppose A1)y occurs and 79 < 7i. Since ¢ and H*(&1) are subsets of H*(gl) Ué,
which is a connected subset of (H \ [0, 70]) \ pr,, from H*(&) C H (pr,), We conclude that
& C H> (pr,). Note that p disconnects £ from &, in H, and intersects 0H,,. Applying Lemma
we get a sub-crosscut of p, denoted by p’TO, that disconnects fAl from &, in H,,. Since both 4/-‘\1
and &) lie in H> (pr,), so does p/ . Thus, H (p. ) C H} (pr,). Since pr, is the first sub-crosscut
of p in H,, that disconnects &) from oo, we see that ,o’TO does not disconnect &, from oco. Thus,
£ C Hyy(pl,), and & C H> (pl,) as pl, disconnects & from &) in H;,. See Figure 1.

Since H* (o) is a connected subset of Hy, \ o , and contains & and a curve that approaches
1(70) € o, we conelude that Hry (o1,:7(70)) = Hro(0ys€4) = Hro(ply). Thus, Hoy (i &) =
H> (p},) is not a neighborhood of 4™ (0) = (7o) in Hy,. Since 79 < 71, 71 < oo implies that

11
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Figure 1: This figure shows the event A ;) with v stopped at 7o = 7¢,.

the SLE, curve v™ in H,, (conditioned on F,) visits El Since a) disconnects El from p D pf
in H, and intersects 0H,, from the boundary estimate v.3 (Lemma and (3.2), we get

a/d
P[Tl < OO|.FTO,A(O 1), 70 < 7'1] < Ce™ Ode(ng) < C(R ) 5
0

which together with (3.1]) implies that (3.3) holds for ¢ = (0, 1).

Case 2. Suppose for some 1 < ] <m—1, A(jjt1) occurs and 7; < 7j11. Using the argument in
the previous case with 79 and 51 replaced by 7; and §J+1, respectively, we get a sub-crosscut of
p, denoted by pT]., that disconnects £]+1 from & in H;, and conclude that H;f]_ (pT].) C H: (pT])
€ C Hy,(pl,), and &1 C HZ (pl,).

Since H*(§;) is a connected subset of H, \ pr;, and contains a curve that approaches (1) €
§j, we conclude that Hr, (pr,;v(7;)) = Hr, (ij;H*(gj)) =H,, (pT]) Thus, H (p7,) C H (pr;)

J
is not a neighborhood of 77 (0) = v(75) in Hr;. Since 7; < 7']+1, Tit1 < o0 1mphes that the

SLE, curve v in H,. (conditioned on 7)) Vlslts £j+1 Since {0 disconnects §]+1 from p D ,OT
in H, from Lemma and (3.2), we get

~ — —an 2 a/4
PTj1 < 0ol Frys Agjtn), 7j < Tj] < Ce du(pdo) < C(R()) )

which together with (3.1]) implies that (3.3) holds for c = (5,7 +1),1 <j <m — 1.

Case 3. Suppose A, m+1) and 7o, < Timy1 occur. Since H*(§,,) is a connected subset of H,, \
prm, and contains a curve that approaches ¥(7,,) € &, we conclude that H.  (pr,.;7(Tm)) =
H., (pr; B (§m)) = Hr,, (pr,,). Thus, HY (pr,,) is not a neighborhood of 4™ (0) = v(7,,) in
H, . Since Ty < Tit1, Tmt1 < oo implies that the SLE, curve 4™ in H,  (conditioned on
Fry) Visits §) C H* (pr,,). Since &y disconnects &) from p in H, and intersects 0H,,, we may

Tm

apply Lemma [2.7] - and . ) to get
dis(€0.p) o/t
Pl7int1 < 00| Frps Apmmt 1) Tm < Tm1] < Cem THEOP) < C’(R ) ,
0

which together with implies that holds for ¢ = (m,m + 1).

Case 4. Finally, we consider in the case « = (j,7). Fix 1 < j < m and define
oj =inf{t > 7j_1 : H'(&;) € H{ (pr)}-

From Lemma and the right-continuity of (F;), we have

1. Every o; is an (F;)-stopping time.
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Figure 2: This figure shows the event Fy, a sub event of A, ), with v stopped at o}, the first
time after 7,_1 = Tei that &; lies in the bounded component of Hy \ p;.

2. If oj < oo, then H*(§;) C H (po,)-
3. If A(; ;) occurs, then 7,1 < 0; < 7;.
4. If 7;_1 < 0 < 00, then (o) is an endpoint of p,,.

Note that the last property implies that H;ij (po;) is not a neighborhood of either (o) or oo
in Hy,. Let F. = {o; <7;} and F> = {7; < 0; < 7;}. Then A(; jy C F< UF>.

Case 4.1. Suppose F> occurs. Let N = [log(R;/rj)] € N. Let (; = {z e H: |z — 2| =
(RY~Frk)l/N} 0 <k < N. Note that ¢y = &; and (y = §;. Then F> C ;L Fy, where

F = {’I'C,%1 S0j<TCk}7 1<k <N.

If F occurs, then ¢y C Hy (po,) because H*((x) U (x is a connected subset of (H \ [0, 0;]) \ p
that contains both ¢ and H*(;), and H*(§;) C H; (po,). See Figure 2.
From Lemma and (3.2), we get
70

P[Tck < oo’faj,Fk] < Ce—mdu(pCr-1) < Ce—aﬂ(dH(p,a))+dH(<o7<k_1)) < C<R)a/4 (7)
0

From Lemma [2.6] we get
,, ((RY—H+1k=1) 1)

J TJ

Pyj (Rj)

P[Tj < OO‘ngkyFk] <C P]l\l;_(k])k TN
P yj((Rj Tj) /)
The above three displayed formulas together with (1.5 imply that

P[Fk"FTj—lvTj—l < 7/:]] < ¢

P[r; < oo, Fi|Fr

1)

Since F> C Uszl F}, by summing up the above inequality over k, we get

_ (Tiya/2
| en ro \o/4 By, (rj) [y y—on 11— (&)
P[T] < OO,FZ|.F7-]-71,T]—1 < T]] S C(Ri(]) Pyj (Rj) (_R]) W . (34)
J

By considering the cases R;j/r; < e and R;/r; > e separately, we see that the quantity inside
the square bracket is bounded by the constant 1_:7:/4.

13



Case 4.2. Suppose F. occurs. Then H*(ﬁj) U §] is a connected subset of (H\ v[0,0;]) \ p that
contains H*(§;). So we get £J C H; (po;; H*(&5) = Hy (posy)- Since & disconnects p from 5] in

H, applying Lemmam 2.7 and (| ., we get
/4
PIF; < ool y,, Fe] < Cememlalo®) < o(12)"
0

which together with (3.1)) implies that

ro \ %/4 Py~( )
Pr; < oo, F<|F,. <c<7) i 35
[T] ©.¢) <’ J—l] — RO Pyj (R]) ( )
Combining (3.4) and ( ., we get
a/4 P ( )

Plr; A | Fri s <C ,

[T] < 0, (j,j)| o1 Ti—1 < TJ] (RO> Pyj(Rj)
which together with (3.1]) implies that (3.3]) holds for ¢ = (5,7), 1 < j < m. O

Let = be a family of mutually disjoint circles with center in H, each of which does not pass
through or enclose 0. Define a partial order on = such that £ < & if & is enclosed by &;. One
should keep in mind that a smaller element in = has bigger radius, but will be visited earlier
(if it happens) by a curve started from 0.

Suppose that = has a partition {Z. }eeg with the following properties:

1. For each e € £, the elements in =, are concentric circles with radii forming a geometric
sequence with common ratio 1/4. We denote the common center z., the biggest radius
R., and the smallest radius 7.

2. Let A. = {re < |z — 20| < R} be the closed annulus associated with Z., which is a single
circle if Re = re, i.e., |Z¢] = 1. Then the annuli 4., e € £, are mutually disjoint.

Note that every =, is a totally ordered set w.r.t. the partial order on =.

Theorem 3.2. Let y. :=Imz. > 0, e € £. Then there is Cig| < 00, which depends only on k
and |&|, such that

[ﬂ{vﬂﬁ%@}} <C\5|H (R)

{e= ec& ye

Discussion. Suppose v visits all £ € 2. For &1,& € =, if £ < &9, then v will visit &; before &;.
Other than these constraints, v can visit the elements in = in any order. The simplest case is
that « does not jump back and forth between different groups {=Z. : e € £}. This means that
first visits all circles in =, for some e; € £ before all other circles in =, then visits all circles
in Z,, for some ez € €\ {e1} before circles in =\ (E, UZE,,), and so on. In this case, we can
easily use the 1-point estimate and DMP to get the righthand side of the above formula. We
use Theorem to deal with the general cases. The key point is that v has to pay a price to
jump back and forth between different =.’s due to the factor (]%00)0‘/ 4 given in Theorem
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Proof. We write N, for {k € N: k <n}. Let S denote the set of bijections o : Njg| — = such
that £ < & implies that 071(&1) < 07(&). Let E = Neez{yN§ # 0} and

E? = {1,0) < To2) < -+ < Ty(g)) < 0}, o0 €S.

Then the above discussion gives
E=|]JF". (3.6)
ces
We will derive an upper bound of P[E?] in (3.9).
Fix o € S. For e € £, we label the elements of =, by £§ < --- < £, where Ne = |Z| — 1.
Let
Je={1<n<Ne:o H(&) > o7& 1) + 13U {0},

In plain words, n € J. means that either n = 0 or after visiting £’_;, v does not immediately
visit £ without visiting other circles in = that it has not visited before. In the latter case, after
visiting &, v visits the circles in (J./_, Ees before &7.

Order the elements of J. by 0 = s.(0) < - -+ < s¢(Me), where M, = |J|—1. Set sc(M.+1) =
N, + 1. Every Z, can be partitioned into M, 4 1 subsets:

Eeg) =168 1 se(f) Sn<se(j+1) =1}, 0<j< M.

The meaning of the partition is that, after v visits the first element in =, ;), which must be
556 () it then visits all elements in =, ;) without visiting any other circles in = that it has not
visited before. Let I = {(e,j) : e € £,0 < j < M,.}. Then {Z, : ¢+ € I} is another partition of
Z, which is finer than {Z. : e € £}. Note that every c~1(Z,), ¢ € I, is a connected subset of Z.

For ¢ € I, let e, denote the first coordinate of ¢, z, = 2., and y, = Im z,. Let P, = %.

Recall that if ¢ = (e, j), minE, = €6, () and max =, = £ 4y ;. From Lemma we get

IP’['ﬁnaxEL < OO’]:minEL] < CPL7 vel. (37)

Let P, = 11;;‘:((;2)), e € €. From 1} we get

M.
I Pejy 4P, ecé. (3.8)
j=0

We have [I| = Y .c(Mc + 1). Considering the order that +y visits Z,, + € I, we get a
bijection map & : Nj; — I such that ny < ny implies that max 0*1(53(,11)) < min 0*1(53(n2)),
and n1 = no — 1 implies that max a_l(Ea(m)) = min a‘l(Ea(m)) — 1. We may now express E?
as

EU = {TminEg(D < TmaXEa(l) < TminEg(Q) < Tmang(Q) < T < TminEa:(III) < TmaXEE;(HD < OO}

Fix eg € €. Let n; = 5 1((e0,4)), 0 < j < M,. Then nji1 >nj+2,0<j <M,

o — L.

Fix 0 < j < Mg, —1. Let m = njy1 —nj — 1. Applying Theorem to 20 = min =,
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= — = [A— in= — in= — in=
§o = MaxZ(e, j) = MaxTg(n;), § = MINE (e, j11) = MiNZ54,,,,), & = MinSg, ) and
§k = Max Z5(n; 4 k), 1 < k < m, we get

njp1—1
o mg—a/4(seq(3+1)—1) 2.
]P)[ [maXEa<nj),minEg(nj+1)}| TmaxEE(nj)] <C™ 0 H PU(n)>

n=n;+1

where E[maan(nj)aminEg(nHl)] is the F7, ;. Ea(ﬂjﬂ)—measurable event

{Tmang(nj) < TminEg(nj+1) < Tmaan(anrl) < < Tmaan(anrm) < TminEg(nj+1) < OO}
Letting j vary between 0 and M., — 1 and using (3.7) and we get
P[E°] < C|I\4—a/4231510 (8¢9 (7)—1) HPL'
el
Using (3.8)) and |I| = > (M. + 1), we find that the right-hand side is bounded by
Me .
ClE1 O cee Mey=F 2527 50 () H P,
ec&
Taking a geometric average over ey € £, we get
PE7) < O eee Meg il Zece Z5 O TT . (3.9)

eef

So far we have omitted the o on I, M., s.(j) and etc; we will put o on the superscript if
we want to emphasize the dependence on o. From (3.6) and the above result, it follows that

P[E] < O] > S0t e ) | C e Mea ™31 Dece Zi5i O TT (3.10)
(M6§(36(j))?ieo)eeé' =

where

S(Me,(se(j))) = {O’ IS Mg = Me,ng) = Se(j),o <j3< M, e e M},

and the first summation in l) is over all possible (M,; (se(j))?ieo)eeg, namely, M, > 0 and
0=5c(0) < se(l) < -+ 8c(M) < N, for every e € €. It now suffices to show that

a Me .
Z ‘S(Me,(se(j)))|czeef Me4fm Deee Zj:1 se(J) < Clg\’ (3‘11)

(Me;(se(j))]‘]\iel)eef

for some C|¢| < oo depending only on |£| and k.
We now bound the size of S(y, (s.(j)))- Note that MJ and sZ(j), 0 < j < M7, e € &,
determine the partition =, ¢ € I?, of Z. When the partition is given, ¢ is then determined by
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0 : Njpo — 17, which is in turn determined by ez(,y, 1 <n < |[I7] = Y o (MJ + 1), because

if ez(,) = eo, then G(n) = (eo,jo), where jo = min{0 < j < Meo : (e0,J) & o(m),m < n}.
Since each ez(,) has at most |€| possibilities, we have [S(az, (s.(j)))| < |E|2=eee(Met1) | Thus, the
left-hand side of (3.11] - is bounded by

‘g‘lg\ Z H(C’g’)M%—ﬁZﬁi se(d)

(Me;(se (j))yieo)ees €

Ne
=1 T S (clen™e 3 D)

ecE M.=0 0=5¢(0)<-<se(Me)<Ne
<1l Z (clen™ i f: Srs0)
ecE M=0 1)=1 =M

< |5’|5|H Z (CIE]) MH Z 4 aErsl) _ [|5| Z < C|€| >M48|£M(M+1)] ISI'

T alE
ec& M=0 J=1s(j)=j H

The conclusion now follows since the summation inside the square bracket equals to a finite
number depending only on x and |€]. O

4 Proofs of the Main Theorems

First, we are going to use Theorem to prove Theorem What we need to do in the proof
is to use the radii 7;’s and the distances [;’s to construct a group of circles = and a partition
e, € € &, that satisfy the conditions in Section [3] and prove that the upper bound given by
Theorem is comparable to the upper bound in Theorem

Proof of Theorem[I.1, We assume that any r; is of the form % for some integer h;. If not,

it is between two of them and by changing C), in the theorem and using we can get the
result easily. Also we can assume h; > 1 for every j because otherwise the corresponding term
Py; (rAl)
Pyj (lj)
from Theorem so we want to construct a family =. Consider

on right-hand side i.e is 1 so we can just ignore it. We want to deduce this theorem

l; .
é‘j:{’z ZJ‘_E 1 <5 <n, 1§S§hj.

The family {{; :1<j<n, 1<s<h;} may not be mutually disjoint. To solve this issue,
we will remove some circles as follows. For 1 < j < k < n, let Dy, = {|z — 2| < l;/4}, which
contains every &, 1 <r < hy, and

Iie ={& :1< s < hj, &N Dy # 0} (4.1)
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Then Z:= {&§ : 1 < j <n,1 <5 < hi}\ Uycjepen Lk is mutually disjoint. If dist(y, 2;) < rj,
then v intersects every £7, 1 < s < h;. So we get

n hj
Pldist(7,2) <1 <j <nl <P[ () (rng #0}) <P[{rne£0}].  (2)

j=1s=1 ez

Next, we construct a partition {Z. : e € £} of Z. First, Z has a natural partition =Z;,
1 < j < n, such that Z; is composed of circles centered at z;. For each j, we construct a graph
G, whose vertex set is Z;, and & # § € E; are connected by an edge iff the bigger radius is
4 times the smaller one, and the open annulus between them does not contain any other circle
in Z. Let & denote the set of connected components of GG;. Then we partition Z; into Z,
e € &;, such that every =, is the vertex set of e € £;. Then the circles in every =, are concentric
circles with radii forming a geometric sequence with common ratio 1/4, and the closed annuli
A, associated with Z, e € &, are mutually disjoint. From the construction we also see that
for any j < k, and e € &;, A, does not intersect Dy, which contains every A, with e € &;,. Let
&= U;l 1&j. Then A, e € £, are mutually disjoint. Thus, {E : e € £} is a partition of = that
satisfies the properties before Theorem [3.2] So we get

P[Nrne#0)] <0 [] 52 = g I [T e (4.3)

£e= 665 e j=1le€cé&; j

Here we set Heegj =1if & = (. We will finish the proof by comparing |£| with n and the

Py(re) ... Py(rj)
product J[.ce Py;(Re) with Py;(Rj)'

Here is a useful fact: every I, defined in (4.1)) contains at most one element. The reason is

maxzepk{]z—zj]} _ ’2]' —Zk’ +lk/4 < lk+lk/4

. = < < 4.
maneDk{\z—zﬂ} ]zj—zk]—lk/ll lk—lk/4

The above formula also implies that, for j < k, UfeEké C Dy, intersects at most 2 annuli from
{l;/47 < |z — zj| <1;/4"71}, 2 <7 < hj. If j > k, by construction, Ugez, € is disjoint from the
annuli {I;/4" < |z — zj| <1;/4"'}, 2 <r < hj, which are contained in D;.

We now bound |£;|. We may obtain G by removing vertices and edges from a path graph
@j, whose vertex set is {5]5 : 1 < s < hj}, and two vertices are connected by an edge iff the
bigger radius is 4 times the smaller one. Every edge e of CA}j determines an annulus, denoted
by A.. The vertices removed are the elements in I, k > j; and the edges removed are those
e such that A, intersects some £ € Zf with k # j, which may happen only if & > j. Thus, the
total number of vertices or edges removed is not bigger than >, (1 +2) = 3(n — j). So we

get |€;| <1+ 3(n—j). Thus, |€] <n+ "( U This means that C|e| may be written as Cp,.

Finally we compare Heee- 1133: ((R )) with P, ((R.)) If A is an annulus {r < |z — 29| < R} for
¢ 3

some zy € H with yop € Imzg > 0 and R > r > 0, we define Py = Pyo(( )) Let A; = {l;/4° <
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‘Z - Zj| < lj/4871}, 1<s< hj, and Sj = {S S Nh]. : Ajﬁ; C UeeEj Ae}. Then

j(r') d
P, (lj,) - HPAjvS’ H Ajse

AN s=1 e€; SES;

Using (|1.5)), we get
H Pyj (r(i) < 404‘Nhj \S]| Pyj (T])
5, R = P, ()

Now s € Np; \ §; only if s = 1 or there is some k > j with D, N A # (. Since for k > j, Dy
intersects at most two Aj s, we find that |[Nj, \ S;| <14 2(n —j). Thus,

om2 - Pj(re)
HPy (Re)

j=1ec&; j=1"Y

Combining the above formula with (4.2)) and (4.3)), we complete the proof. O

Proof of Theorem[1.3. As we mentioned before we can define natural length of SLE in a
domain by Minkowski content. See equation . Similarly if D is a bounded subset of the
upper half plane we can define Conty(y N D) as the natural length of SLE in the domain D in
the obvious way.

The main theorem of [6] becomes

lim Contgy(y N D;r) = Conty(y N D),
r—0
with probability 1. Now we compute

E[Contg(y N D;r)"] = E[r™4=2) (Area(z € D |dist(z,~) < r)")

:r”(d_Q)IE[(/D1dist(zn)<rd‘4(z)>n]

= / rM=DP(dist(z1,7) < 7, ..., dist (2, 7) < r)dA(21)...dA(2).

For the above equality, we changed expectation and integral which is allowed because the
integrand is always positive. We will find an upper bound for

sup{r”(d 2p P(dist(z1,7) <7, ...,dist(z, ) <7)},

which is integrable over D". By Theorem [I.1] we know that this is bounded above by

Tn(de)Cn - Py, (r ANli) '
k=1 Pyk: (lk)
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Now assume that r is smaller than [;,, ..., l;, and bigger than the rest. Then by equation (|1.5)
and the definition of P, we get that the above quantity is bounded by

k —

H <c Hld2

We have the last inequality because if » > [ then 7?72 < [%=2. So now we should show

n

n
f(z1y ey 2n) = H 172 = H min{|z, — 20|, |2k — 21)s - -, |2k — 2h1|}0 72
k=1

k=1

is integrable over D™. This is true because for every 1 < k < n,

k—1
/ min{|z — 20|, |26 — 21, - - -, |2k — 26—1|}92dA(z) < Z/ 2 — 2T 2d A(2,)
D - D
7=0

diam(DU{0})
< k/ |2|972dA(2) = 27rk/ r?tdr < oo,
|z|<diam(DU{0}) 0

as d > 0. Finally, we may apply Fatou’s lemma to conclude that

E[Contgq(y N D)™ / / H le(z1,. .., 2n)dA(21) - - - dA(zp) < 0.
Dj,

References

[1] T. Alberts and M. Kozdron (2008). Intersection probabilities for a chordal SLE path and
a semicircle, Electron. Comm. Probab. 13, 448-460.

[2] V. Beffara (2008). The dimension of SLE curves, Annals of Probab. 36, 1421-1452.
[3] G. Lawler (2005). Conformally Invariant Processes in the Plane, Amer. Math. Soc.

[4] G. Lawler (2009). Schramm-Loewner evolution, in statistical mechanics, S.Sheffield and T
Spencer, ed., IAS/Park City Mathematical Series, AMS (2009), 231-295.

[5] G. Lalwer (2014). Minkowski content of the intersection of a Schramm-Loewner evolution
(SLE) curve with the real line. In preprint.

[6] G. Lawler and M. Rezaei (2012), Minkowski content and natural parameterization for the
Schramm-Loewner evolution, to appear in Annals of Probab.

20



[7]

G. Lawler and M. Rezaei (2013), Up-to-constants bounds on the two-point Green’s function
for SLE curves, preprint.

G. Lawler and S. Sheffield (2011). A natural parametrization for the Schramm-Loewner
evolution. Annals of Probab. 39, 1896-1937.

G. Lawler. O. Schramm, and W. Werner (2004). Conformal invariance of planar loop-erased
random walks and uniform spanning trees, Annals of Probab. 32, 939-995.

G. Lawler and B. Werness. Multi-point Green’s function for SLE and an estimate of Beffara,
to appear in Annals of Probab.

G. Lawler and W. Zhou, SLE curves and natural parametrization, to appear in Annals of
Probab.

Christian Pommerenke. Boundary behaviour of conformal maps. Springer-Verlag, Berlin
Heidelberg New York, 1991.

S. Rohde and O. Schramm (2005). Basic properties of SLE, Annals of Math. 161, 879-920.

O. Schramm (2000). Scaling limits of loop-erased random walks and uniform spanning
trees, Israel J. Math. 118, 221-288.

O. Schramm and S. Sheffield (2005). Harmonic explorer and its convergence to SLE(4),
Annals of Probab. 33, 2127-2148.

S. Smirnov (2001). Critical percolation in the plane: Conformal invariance, Cardy’s for-
mula, scaling limits. C. R. Acad. Sci. Paris Ser. I Math. 333 239-244.

S. Smirnov (2009). Conformal invariance in random cluster models. I. Holomorphic
fermions in the Ising model, Ann of Math. 172 1435-1467.

21



	Introduction
	Preliminaries
	Definition of SLE
	Crosscuts
	Estimates

	Main Lemmas
	Proofs of the Main Theorems

