CHAPTER 2 LIMITS AND CONTINUITY

2.1 RATES OF CHANGE AND TANGENTS TO CURVES
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Af _ f3)—1f(2) _ 28-9 __ Af _ fDH-f(-D _ 2-0 _
Ax T T 3-2 T 1 =19 (b)ﬂ_p(fl)—T_]
Ah _ h(%)—h(’%) — =1 _ _ 4 (b) Ah _ h(%z_ll(%) — 0*_\/5 — *3\/5
At Iz z ™ At -z z ™
RQ-RO) _ 8r1-V1 _ 3-1 _ 1
-~ T"2-0 2 -2 =
Ay _ (@ oo (@03) | swaneiio3ol bk g4 h Ash— 0,4+ h— 4= at P(2, 1) the slope is 4.

h
y—1=4x-2)=y—-1=4x—-8=y=4x—-7

Ax h h
P(2, —3) the slope is 2.
y—(-3)=2x-2)=y+3=2x—-4=y=2x—-T.

Ay _ (@rW?-200W 23 = (o200 _ 44t R 430003 L e _ g L b Agh - 0,24 h — 2 = al

3 2 3
% — (2-‘,—h})1 —23 — 8+12h+4}t1h2+h378 — 12h+4}¥1h +h3 —_ 12—|—4h—|—h2ASh—>O, 12+4h—|—h2 _ 12’ = at
P(2, 8) the slope is 12.

y—8=12(x—-2)=>y—-8=12x—-24 =y =12x — 16.

A (1+h)* —12(1+h) — (13— 12(1) 1+43h+3h%+h3— 12— 12h — (—11 _ 24

A LR ) = ' (1) — =9he3wh! — g4 3h 4 k2 Ash — 0,
—9+3h+h?>— — 9= atP(1, —11) the slope is —9.
y—(—11)=(-9)x-1)=>y+11=-9x+9=>y=-9x -2

Q Slope of PQ = 22
Q1(10,225) 650-22 — 42.5 m/sec
Q:(14,375) 650375 — 45.83 m/sec
Q;(16.5,475) 650273 = 50.00 m/sec
Q4(18,550) 650=2%0 = 50.00 m/sec
At 't = 20, the sportscar was traveling approximately 50 m/sec or 180 km/h.
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2000 01 02 03 04

Year

Ap _ _174-62  _ 112 _
Ar = 5001200 = 3 = 6 thousand dollars per year
The average rate of change from 2001 to 2002 is% = % = 35 thousand dollars per year.
The average rate of change from 2002 to 2003 is% = ﬁ = 49 thousand dollars per year.

So, the rate at which profits were changing in 2002 is approximatley %(35 + 49) = 42 thousand dollars per year.
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24 Chapter 2 Limits and Continuity

19. (a) A = @2l _ V21 40414213 As _ U3 -s) _ VIS-1 () 449489
Ag _ gl+h—g) _ y/1+h-1
Ax — (d+wm—-1 — ~ n
®) gx) = V/x
I+h 1.1 1.01 1.001 1.0001 1.00001 1.000001
V1+h 1.04880 1.004987  1.0004998 1.0000499 1.000005  1.0000005
(\/1 +h— 1) /h | 0.4880 0.4987 0.4998 0.499 0.5 0.5
(c) The rate of change of g(x) at x = 1is 0.5.
(d) The calculator gives lim - Hhh*l = %
h—0
NOTE: Answers will vary in Exercise 21.
21. (a) [0,1]: & = 1=0 = 15mph; [1,2.5]: 28 = 2213 = W mph; [2.5,3.5]: 28 = 22=20 — 10 mph

(b) At P(%, 7.5): Since the portion of the graph from t = 0 to t = 1 is nearly linear, the instantaneous rate of change

will be almost the same as the average rate of change, thus the instantaneous speed at t = % is 13=75 — 15 mi/hr.

1-0.5

At P(2,20): Since the portion of the graph from t = 2 to t = 2.5 is nearly linear, the instantaneous rate of change will

20—20

be nearly the same as the average rate of change, thus v = 55 = 0 mi/hr. For values of t less than 2, we have

Q Slope of PQ = %
Qi(1,15) 13220 — 5 mi/hr
Q2(1.5,19) 22 = 2 mi/hr
Q3(1.9,19.9) 199-20 — 1 mi/hr
Thus, it appears that the instantaneous speed at t = 2 is 0 mi/hr.
AtP(3,22):

Q Slope of PQ = £¢ Q Slope of PQ = &¢
Q:1(4,35) 2-22 — 13 mi/hr Q1(2,20) 20-22 = 2 mi/hr
Q:(3.5,30) P2 = 16 mi/hr Q1(2.5,20) P2 = 4 mi/hr
Q5(3.1,23) B=22 — 10 mi/hr Q5(2.9,21.6) 2L6-23 — 4 mi/hr

Thus, it appears that the instantaneous speed at t = 3 is about 7 mi/hr.
(c) Tt appears that the curve is increasing the fastest at t = 3.5. Thus for P(3.5, 30)

Q Slope of PQ = &¢ Q Slope of PQ = &¢
Q1(4,35) 2=20 = 10 mi/hr Q:1(3,22) £=2 = 16 mi/hr
Q2(3.75,34) 25— = 16 mi/hr Q2(3.25,25) 155 —= = 20 mi/hr
Qs(3.6,32) 2=39 = 20 mi/hr Qs(34,28) 230 = 20 mi/hr

Thus, it appears that the instantaneous speed at t = 3.5 is about 20 mi/hr.

2.2 LIMIT OF A FUNCTION AND LIMIT LAWS

1. (a) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to asx — 1.

®) 1

3. (a) True
(d) False
(g) True

() 0 (d) 0.5
(b) True (c) False
(e) False (f) True
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Section 2.2 Limit of a Function and Limit Laws

11m ‘ I does not exist because 7 K= x= = 1ifx > 0and \XI = = = —1ifx < 0. As x approaches 0 from the left,

| I approaches —1. Asx approaches 0 from the right, - approaches 1. There is no single number L that all the

> ¥

function values get arbitrarily close to as x — 0.

Nothing can be said about f(x) because the existence of a limit as x — X does not depend on how the function
is defined at xy. In order for a limit to exist, f(x) must be arbitrarily close to a single real number L when

x is close enough to xo. That is, the existence of a limit depends on the values of f(x) for x near X, not on the
definition of f(x) at x itself.

No, the definition does not require that f be defined at x = 1 in order for a limiting value to exist there. If f(1) is
defined, it can be any real number, so we can conclude nothing about f(1) from lim1 f(x) = 5.
X —

lim_(2x+5) =2(-7+5=-14+5=-9 13. lim 8(t—5)(t—7)=8(6—-5)(6-7) =~
X — — —
X]iLnQ 23— 243 3 17. Xgrrl 32x — 1)2 =3Q2(=1) = 1) =3(=3)> =27

 lim 5 =" =15 - (—=3)]3 = (®)"3 = (®)"%) =2' =16

h—0 V3h+1+1  BO+T+1 ~ Vi41 2

i X=5 x=5 _ _ 1 _ 1 _ 1
x1£n5 x*—25 _xlins) x+5x—35) xlgng) X+5  5+5 10

i X43x=10 _ y; E+HHE=2) _ g Y E 9
Jim SR = i S = im (- 2)= <5 2= T

im PHl=2 iy GERE=D o 2 142 3
tlgnl -1 7th—r>n1 (t—1>(l+1)*th_r,nl tH1 — 1+1 2

: —2x—4 __ —2(x+2) . 2 _ -2 _ 1
x1—1>m—2 xI+2x7 T h —9 X’(x+2) —X1_1>1'1'1_2 X2 T 4 T T2

im 2ot L5 - 1-x 1 - 1

lim *— = lim ‘]:hm( '—]):hm —- =1
x— 1% x— 1% x—1 X X= x—1 X

i u? — 1 W+ E+hu-1) @W+DE+1) _ d+DA+D _ 4
ulgnl w—1 _ulg)nl (W +u+1)u=-1) _ulgnl wv4+u+l T I+1+1 T3

lim Y22 = fim "% _ im _1
x—9 x79 x—9 (=3 (/X3 — x—9 VX3 o436

1 1 1

. x—1 T (x—1) (v/x+3+2) T x—D(V/x+3+2) . ( )
A T AT (A A eyl (VRS

=V4+2=4

V12— 4 lim (\/x2+1 )(\/x2+1 +4) lim (x24+12)— 16
x—2 2 Txon ep(Verizes)  x—2 oo (Vi)

=D+ _ x42 4 1

lim —2=22272 lim =
b oo y(ViEriz+d) Y Vri2ta | Jisrd 2
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26 Chapter 2 Limits and Continuity

(V7))

2
41. lim 2=¥Y¥-5 _ lim — lim —4--5
X— -3 X+3 X — -3 (x+3)(2+\/x275> X — -3 (x+3)(2+\/x275>
— lim 9—x2 — lim B=xC+x) — lim 3-x __6 _ 3
x= =3 x+3)(2+Vx2=5) T x— -3 a4y (24VR-5)  x— -3 24VA-5 T 244 T 2
. . _ . _ _ . _ . 1 _ 1 _ 1 _
43. Xlin (2sinx —1) = 2sin0—-1=0—1=—1 45. xlinosecx— xllnO s T w0 =1=1

. 14+x+4sinx _ 140+4sin0 _ 14040 __ 1
47. xllj}no 3cosx ~ 3cosO0 T 3 -3

49. lim _y/x+4cos(x+m) = lim_\/x+4 - lim cos(x+m) =/ —m+4 -cosO=4d-—m-1=+/4d—7

51. (a) quotient rule (b) difference and power rules
(c) sum and constant multiple rules

53. (1) lim_ f(x) g(x) = [xliLnC f(x)} [lemc g(x)} — (5)(=2) = —10

(b) lim_26(x) g(x) = 2 [Xlgnc f(x)} [xlgnc g(x)} — 2(5)(=2) = —20
() Jim_[f() +3g(0)] = lim_f(x) +3 Jim_g(x) = 5+ 3(~2) = —1

. fx) Jim, f(x) _ 5 _s
@ im0 = o fmew 5 7

55. (@ lim [f(x) + (0] = lim 0+ lim g00 =7 +(=3) = 4
() lim £09-2(x) = | lim f60] [ lim e(0] = ((=3) = ~21

(d) Xlgllb fx)/gx) = xlgllb f(x)/xlgnb g(x) = =5 3

2_ 12 . 2 . .
57. lim =L o fim  LEEhol o gy BEED o jim (24 h) =2
h—0 h—0 h—0 h—0
59. lim BEEW==B@-d  jip 3h— 3
9 m, h h—o b

) Aih-vT v (\/7+h—\ﬁ) (\/7+h+\ﬁ) L T+hy—7
61. hlgno h —hlgn() h(m+ﬁ) _hl

) h(V7+h+7)
= lim ——" _ — lim —f = _1_
h—0 h (\/7+h+\/7) h—0 V7+h+V/7 — 27
63. lim V/5—2x2 = /5 -2(0)° = \/5 and lim_ V5 —x2 = /5= (0)2 = \/5; by the sandwich theorem,
X— X —

lim f(x) = /5
x—0

i _x —1-90_— 1 — 1 : : xsinx
65. (a) xhin0 (1 6 ) 1—%=1land Xlgn0 1 = 1; by the sandwich theorem, XlgnO Snx_ —
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Section 2.2 Limit of a Function and Limit Laws 27

(b) Forx # 0,y = (x sin x)/(2 — 2 cos x)
lies between the other two graphs in the
figure, and the graphs converge as x — 0.

y = (x sin x)/(2 — 2 cos x) y

-2 -1 1 2
67. (a) f(x)= (x> —9)/(x +3)
X -3.1 —3.01 —3.001 —3.0001 —3.00001 —3.000001
f(x) —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
X -2.9 —2.99 —2.999 —2.9999 —2.99999  —2.999999
f(x) -5.9 —-5.99 —5.999 —5.9999 —5.99999  —5.999999
The estimate is lim 5 f(x) = —6.
X — —
(b)

f)=0?—-9)/(x+3)

_xX*-9 _ x+3x-3) _ ; ; _ _
(C) f(X)— X13 = x+3 —X—31fX7é—3,andxliIIlg(X—3)— -3 —-3=-6.

69. (a) G(x) = (x + 6)/ (x2 + 4x — 12)

X -5.9 -5.99 —5.999 —5.9999 —5.99999 —5.999999
G(x) —.126582 —.1251564 —.1250156 —.1250015 —.1250001 —.1250000
X —6.1 —6.01 —6.001 —6.0001 —6.00001 —6.000001
G(x) —.123456 —.124843 —.124984 —.124998 —.124999 —.124999
(b)
y
10
-6 2 S
-10
-20 G(x)=(x+6)/(x’+4x—12)
(¢) G(x) = (xzf&ﬁflz) = (x+X6;Ex672) = xT12 if x # —6, andXEm,G xsz = 76172 == % = —0.125.
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28 Chapter 2 Limits and Continuity

71. (@) f(x)=(x>—=1)/(|x| - 1)

X -1.1 —1.01 —1.001 —1.0001 —1.00001 —1.000001

f(x) 2.1 2.01 2.001 2.0001 2.00001 2.000001

X -9 —-.99 —.999 —.9999 —.99999 —.999999

f(x) 1.9 1.99 1.999 1.9999 1.99999 1.999999
(b) y

2

|

I

.

! f@&x) =2 =1/(x| -1
1

X

-1 1

x+DhHx—-1
. ——7—=x+1,x Oandx#1
f(x) = X‘_l = { !

1 x+DhHxx-1 __
wfl—x, x <0andx # —1

©) cand lim (1-x)=1-(-1)=2

[x

73. (a) g(@) = (sin H)/0

0 1 .01 .001 .0001 .00001 .000001
g(0) 998334 999983 1999999 999999 .999999 .999999
0 —.1 —.01 —.001 —.0001 —.00001 —.000001
g(0) 998334 999983 .999999 1999999 .999999 .999999
i, €0 = 1
b
(b) 5
1 sin 0

y= e (radians)

L | |~ jp— | 0
-5 —47 =37 2w 0 ™~"2w 37 4w 57

NOT TO SCALE

75. lim_f(x) exists at those points ¢ where lim x* = lim_x?. Thus,c¢* =c?> = c¢?(1 -c?)=0=c=0, 1,0r —1.
X—C X —C X—C

Moreover, lim f(x) = lim x> =0and lim f(x)= lim f(x) = I.
x — 0 x—0 X — —1 x—1

- 1 foo—=5 _ Jm feo— lim 5 lim 093 lim f L) lim f(x)=2+5 =
7. 1—Xgn4 x—2 = Imx—Im2 _  4-3 - MM, x)=5=201) = L, x)=2+5=17

Xx—4 X—

= lim_f(x) = 5.
X — 2

4.0~ 1m f0=57Tr; _ - = i
b) 0=4-0 [Xlgrl2 Py } [xlgn2 (x 2)} = Xlgn2 f(x) = 5 as in part (a).

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.



Section 2.3 The Precise Definition of a Limit

1

81. (a) lim xsin+ =0 y
x—0 X

b)) —1 gsiniglforx;éO:

x>0 = —x<xsin % <x = limO X sin % = 0 by the sandwich theorem;

x<0 = —x xsin

X —

1

X

X = lim0 X sin % = 0 by the sandwich theorem.
X —

2.3 THE PRECISE DEFINITION OF A LIMIT

11

13

1 s 7
Stepl:  [x—5]<éd = —6<x—=5<8 = —6+5<x<6+5
Step2: 6+5=7 = 6=2,or—=6+5=1 = 6=4.
The value of 6§ which assures [x — 5] < § = 1 < x < 7 is the smaller value, § = 2.
1 Y x
—7)2—3 —1;2
Step 1 x—(=3)|<éd = -6<x+3<éd=>—-6-3<x<6-3
Step2: —6-3=-1=é6=Lo6-3=-1=6=3.
The value of § which assures |x — (=3)| < § = f%<x<f%isthesmallervalue,ﬁz%.
¢ I Y} >
4}9 172 4;7
Stepl:  |x—1| <8 = -d<x-Li<8= b+i<x<b+]
Step 2: 76+%:gé6:%8,0r6+%:%:>5:ﬁ.
The value of § which assures |x — §| <§ = § < x < 7 is the smaller value, § = .
Stepl: |x—=5|<6 = —6<x—-5<86 = —6+5<x<6+5
Step 2:  From the graph, -6 +5=49 = 6§ =0.1,or6 +5=5.1 = 6 = 0.1; thus 6 = 0.1 in either case.
Stepl: [x—1]<6 = =6<x—-1<d = —6+1<x<é+1
Step 2: Fromthegraph,f6+1:% = 6:%,0r6+1:% = 6:19—6;thu56:17—6.
Stepl: [x—=2[<éd = —0<x—2<éd=> —6+2<x<b6+2
Step2:  From the graph, —=6 +2=1/3 = 6 =2 — /3~ 0.2679,0r6 +2=1+/5 = 6 = /52~ 0.2361;
thusé:\/gfz
Stepl: x—(—D|<d = —d<x+1<6d=> -b-1<x<b—-1
Step2:  Fromthe graph, =6 — 1= -1 = §=1~077,0r6 —1=—-1 = 2 =0.36; thus § = % = 0.36.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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Chapter 2 Limits and Continuity

Stepl:  |(x+1)—5]<0.01 = |x—4|<0.01 = —0.01 <x—4<0.0l = 3.99 <x<4.01
Step2: |x—4] <6 = —6<x—4<é = —6+4<x<d+4 = §=001

Step 1: ‘\/x+1—1‘<0.1 = —01<yx+1-1<01 = 09<x+1<Ll = 08l <x+1<121

= —0.19 <x<0.21
Step2:  |[x—0] <6 = —§ <x< 6. Then, -6 = —0.19 = § = 0.19 or 6 = 0.21; thus, 6§ = 0.19.

Step 1: ‘\/19—x—3‘<1 = 1<y/19-x-3<1=2</19-x<4=4<19-x<16

= 4>x—-19>-16 = 15>x>3o0r3<x<15
Step2: |x—10] <6 = —6<x—10<86 = —6+10<x <8+ 10.

Then -6 +10=3 = 6 =7,or6 +10=15 = § = 5;thus 6 = 5.
Stepl: [ —1]<005 = —005<1-2<005=02<:<03=D>x>R0orl<x<s
Step2: [x—4] <6 = —6<x—4<6 = —6+4<x<i+4

Then76+4:g—ooréz%,0r6+4:50r6:1;thu36:%.

Stepl:  [x?—4]<05=-05<x>-4<05=35<x2<45=/35< x| <45 = —/45<x<—/35,
for x near —2.

Step2:  |x—(=2)|<éd = —6<x+2<bd=> —6—-2<x<6-2.
Then —6 —2 = —+v/45 = 6§ =+/45—-2=0.1213,0or6 —2=—+/35 = 6 =2—+/3.5~0.1292;

thus 6 = /4.5 -2~ 0.12.

Stepl:  |(x2=5)—11|<1 = [x2—16/<1 = —-1<x2—16<1 = 15<x2<17 = /15<x</17.
Step2: [x—4] <6 = —d<x—4<6=> —6+4<x<é+4
Then =6 +4=1+/15 = 6§ =4 — /15~ 0.1270,0r 6 + 4 = /17 = § = /17 — 4 ~ 0.1231;
thuséz\/ﬁ—4z0.l2.

Step 1:  |mx —2m| < 0.03 = —0.03 < mx —2m < 0.03 = —0.03 +2m < mx < 0.03 4+ 2m =

2003 oy 0y 003
Step2: [x—2| <6 = —6<x—-2<6 = —6+2<x<6+2.

Then —6 +2=2—98 = §=00 or§42=240208 = 5= 08 [yeijther case, § = 205,
Stepl:  |[(mx+b)— (B +b)|<c = —c<mx—9<c=> —c+P<mx<c+d = L-S<x<i+E
Step2:  |x—1i| <6 = —d<x—-3<é=> b6+i<x<s+1

Then—6+%=%—%:>5:%,0r6+%=%+%ééz%.lneithercase,ézé.

lim, (3 -2 =3-203) = -3
X —
Stepl:  |(3—2x)—(—3)] <002 = —0.02<6—-2x<0.02 = —6.02 < —2x < —5.98 = 3.0l >x>2.99or

2.99 < x < 3.01.

Step2: 0<|x—3]<éd = —6<x—-3<6=> —-0+3<x<6+3.
Then —6 +3 =299 = §=0.01,oré6 +3 =3.01 = 6 =0.01; thus 6 = 0.01.

lim =2 — ljm &£2x-2 _ lim (x+2)=2+2=4x#2
X —

X — Xx—2 X — 2 (x=2)

Step 1: ‘(:;) —4‘ <005 = 005 < 2D 4 20,05 = 395 <x+2 <405, x#£2

= 195 <x <205 x#2.

Copyright © 2010 Pearson Education, Inc. Publishing as Addison-Wesley.
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Step 2:

Section 2.3 The Precise Definition of a Limit

x—=2|<éd = —6<x—-2<6 => —6+2<x<b6+2.
Then -6 +2 =195 = §=0.05,0or 6 +2 =2.05 = 6 = 0.05; thus 6 = 0.05.

x£n13\/1—5x:\/1—5(—3):\/17:4

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

‘\/175%4‘ <05 = —05</1-5x—4<05= 35<+/1-5x<45 = 1225 < 1 — 5x < 20.25

= 1125 < -5x < 19.25 = —3.85 <x < —2.25.
x—(-3)]<éd = -6<x+3<éd=> -6-3<x<6-3.
Then —6 —3=-3.85 = §=0.850r6 —3 =-225 = 0.75; thus 6 = 0.75.

[(O—x)—5|<e=>—€e<d—x<e=>—-€—4< x<e—-4=et+d>x>4d—e=>4d—e<x<4d+e

x—4|<éd = —6<x—4<b6=> —6+4<x<b+4.
Then -6 +4=—-€+4 = 6 =¢c,or6 +4=c¢+4 = 6 =¢. Thus choose 6 = ¢.

’\/x—5—2‘<e & e /X—5-2<e = 2—e<\/x-5<24¢c= 2-e2<x—5<2+e)?

= 2-e2+5<x<2+€?+5.

Xx—9]<éd = —0<x—9<é6=> —-6+9<x<6+09.

Then -6 +9 =€ —4¢4+9 = §=4e— €%, 0or6+9=¢€>4+4e +9 = & = 4e + 2. Thus choose
the smaller distance, § = 4e — €2.

Forx# 1, [x2—1|<e = —e<x*—1<e=>1-e<x*<1l4+e = V]I-e<[x|<1l+e¢

= /1—e<x<+1+enearz =1.

x—1<é6 = —06<x—1<é6 = —6+1<x<6+1

Then —6+1=+1—¢ = §=1—+/1—¢cord+1=+/14+€¢ = 6 =+/1+¢— 1. Choose

6 = min {1 —V1I—€614+e€e— 1}, that is, the smaller of the two distances.

1-ll<e=> —e<i-1<e=>1l-e<i<l4e= - <x<i-
x—1]<éd = -6<x—1<é6=>1-6<x<1+56.

_ 1 _ 1 € _ 1 _ 1 _ €
Thenl—éfl—“:>571—1—+€71—+(,0r1+6—m:>67m—171_(
Choose 6 = 1%(, the smaller of the two distances.

‘(’f;?)*(*6)‘<6 = —e<(x=3)+6<e6,x# -3 = —e<x+3<e=> —e—3<x<e—3.
x—(-3)]<éd = -6<x+3<éd=>-6-3<x<6-3.

Then -6 —3=—-€—3 = 6=¢c,or6 —3=¢—3 = 6 =¢. Choose 6 = ¢.

x<1:[4—-2x)—-2]<e = 0<2—-2x<esincex < 1.Thus, 1 — § <x <0;
x 1:|(6x—4)—2|<e = 0<6x—6<esincex 1.Thus,1<x<1+¢.
x—1l<éd = —d6<x—1<6=>1-6<x<1+6.

Thenlfézlfg = 6:;,or1+5:1+§ = 6:%. Chooseé:%.

By the figure, —x < x sin % <xforallx >0and —x X sin % x for x < 0. Since lim0 (—x) = lim(J x=0,
X — X —

then by the sandwich theorem, in either case, lim0 X sin % =0.
X —

As x approaches the value 0, the values of g(x) approach k. Thus for every number € > 0, there existsa 6 > 0
suchthat 0 < |[x — 0] < ¢ = |g(x) — k| <e.
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32 Chapter 2 Limits and Continuity

53. Let f(x) = x. The function values do get closer to —1 as x approaches 0, but lim0 f(x) = 0, not —1. The
X —

function f(x) = x? never gets arbitrarily close to —1 for x near 0.

55. |[A—9] <001 = —0.01 <7 (3)?-9<00l = 899< ™ <90l = #(899) <x*< (9.0
= 24/ % <x <24/ 9% or 3.384 < x < 3.387. To be safe, the left endpoint was rounded up and the right

endpoint was rounded down.

57. (@) —6<x—-1<0=>1-6<x<1 = f(x) =x. Then |f(x) —2| =[x —2|=2—x>2—1=1. Thatis,
[f(x) =2 1 3 nomatter how small § is taken when 1 — 6 <x < 1 = lim1 f(x) # 2.
X —
b) 0<x—-1<8§=1<x<14+86 = f(x) =x+1. Then [f(x) — 1| = |[(x+ 1) — 1| = [x| = x > 1. Thatis,
|f(x) — 1| 1 no matter how small § is taken when 1 <x <146 = lim] f(x) # 1.
X —
© —6<x—-1<0=1-6<x<1 = f(x)=x. Then|f(x) — 15| =[x — 1.5| = 1.5—x > 1.5—1=0.5.
Also,0<x—1<8 = 1<x<1+8 = f(x)=x+ 1. Then |f(x) — 1.5| = |x + 1) — 1.5| = [x — 0.5]
=x—0.5>1-0.5=0.5. Thus, no matter how small ¢ is taken, there exists a value of x such that
—6<x—1<é6butlfx)— 15 3 = 1im1 f(x) # 1.5.
X —
59. (a) For3—6<x<3= f(x) >48 = |f(x) —4| 0.8. Thusfore < 0.8, [f(x) —4| € whenever
3 — § < x < 3 no matter how small we choose 6 > 0 = lim3 f(x) # 4.
X —

(b) For3<x<3+46 = f(x) <3 = [f(x)—4.8] 1.8. Thusfore < 1.8, |f(x) —4.8] e whenever3 <x <3+
no matter how small we choose 6 > 0 = lim3 f(x) # 4.8.
X —

() For3—6<x<3 = f(x) >4.8 = |f(x) —3] 1.8. Again, fore < 1.8, [f(x) — 3| € whenever3 —46 <x <3
no matter how small we choose 6 > 0 = lim3 f(x) #£ 3.
X —

2.4 ONE-SIDED LIMITS

1. (a) True (b) True (c) False (d) True
(e) True () True (g) False (h) False
(i) False (j) False (k) True (1) False

3. (@ lim f(x):%+1:2, lim fx)=3—-2=1
x — 2" X — 2
(b) No, lim_f(x) does not exist because lim f(x) # lim f(x)
X — 2 x — 2% X—2
: _ 4 _ : _ 4 _
© lim f09=%+1=3 lim feo=3+1=3
(d) Yes, lim f(x) =3 because 3 = lim f(x) = lim f(x)
X — 4 x — 4 x — 4%
5. (a) No, liII(l) . f(x) does not exist since sin (%) does not approach any single value as x approaches 0
X —
(b) lim fx)= lim 0=0
x—0 x—0

(¢) lim f(x) does not exist because lim f(x) does not exist
x— 0 x — 0
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11.

13.

15.

17.

19.

21.

23.

25.

27.

29.

x°, x#1
1+ y=
0, x=1

(a) domain: 0 <x <2
range: 0 <y<landy =2
(b) xlian f(x) exists for ¢ belonging to

0,Hu,2)
) x=2
d x=0

/ /=05+2 __ /32 _
XH 057 —05+1 12 f

tim - (29) (359) = (55) (&) =@ ()

X — —2%

(b)

(¢) Yes, lim1 f(x) = 1 since the right-hand and left-hand
X —

Section 2.4 One-Sided Limits

lim f(x)=1=
X — 17

i, 9

limits exist and equal 1

1 1<x<2

|V1 x, 0<x<1
y=

2, x=2

™

lim \/h2+4h+ Vhirahys5-/5 _ lim (\/h2+4h+ —\/5) (\/h2+4h+5+ﬁ>
h— 0+ T ho ot h V2 +4h+5+4/5
lim (h2+4h+5) 5 lim h(h +4) 044 2
h—>0+ h(m+\/_) h—>0+h(\/m+\/—) V55 s
. x+2| 1 (x+2) _
@) X_I}rily (x+3) x+2 T X_l}n_12+ x+3) (x+2) (x+2[=
— lim x+3)=((-2+3)=1
X — —2%
. x+2] _ . —(x+2) _
©) timy (x4 3) B = im0+ 3) [555) (x+2 =

= lim (x4 31 =—(-2+3) = -

im 10l —3_—
@ tim [ =3=1 (b)
elimo S“:[—\[ae = hm0 sinx — (where x = \/20)
— X —

lim sin 3y _1 lim 3 sin 3y _3 lim sin 3y _3 lim sin 0
y*>0 4y 4)’*>0 3y 4Y*>0 3y 40_>0 [
sin 2x .

lim @2 — iy &3 o iy sin2e (i 2
X — 0 X X — 0 X X — () Xc0s2x X — (0 €08 2x

lim =

X — 0 cos 5x

: X+XCOSX _ 1;
Xlﬂno sinxcos X Xh_I}IlO (

sin X cos X Sin X COs X

x—0

X + XcosX ): lim ( X

sin X

X csc 2x : x . _1 (1 1 2x :
S XIE)IIO (sin2x cosSx) - (2 IE)IIO sin ZX) (th

: 0] _ 2
lim 5=

— 3~

3

(x +2) forx > —2)

=3 (where 0 = 3y)

L )—|— lim

COs X

. 1 .
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34

31.

33.

35.

37.

39.

41.

43.

45.

47.

49.

51.

2.5

Chapter 2 Limits and Continuity

: l—cosf _ 13 (1—cos@)(1+cosb) __ 1. 1—cos?d — 1 sin® 9
015110 sin20 T elgno (2sinfcosf)(1+cosh) — 915110 (2sinfcosf)(1+cosh) — 6151’10 (2sinf cos 0)(1 + cos §)
— lim sin 0 0o _ 0

g QeosO)(I+cost)  2)2)

tlim0 %zelim(J %zl sinced =1—cost — Oast— O
— S —

: sinf __ 1; sinf 20 _ 1 71; sinf _ 26 _ 1. 1.1-1
ehjno sin 20 —911110 (sinze 29) =3 elﬂno ( 7 sin26) =3-1-1=3

lim fcosd =0-1=0
6—0

: tan3x __ 13 sin3x 1 . sin3x 1 8 _3
lim = lim (cos3x sin8x)_ lim (cos3x sin 8x  3x 8)

X — 0 sin 8x X — 0 X — 0
:%Xliino (00513)() (S";%) (sig)%x) = % 1-11:%

sin @

: 0 _ 1; _ 1 infsin30 __ 1; in 6 in 30 3 _ 3\ —
elgno 9;:([)160 - glgno 9;%8‘%3 - elino 025101(1)5(3130539 - elgno (%) (8129 )(cochos 39) - (1)(1)(ﬁ) =3

Yes. If . lin}1+ f(x) =L = . lin}r f(x), then Xtha f(x) =L. If xli}rrzl+ f(x) # . ILH}; f(x), then thna f(x) does not exist.

If f is an odd function of x, then f(—x) = —f(x). Given lirr[1)+ f(x) = 3, then lin%)f f(x) = —3.
X — X —

I=(55+68) = 5<x<5+6. Also, /x—5<e€ = x—5<€ = x <5+ € Choose § = ¢
= lim+ x—5=0.

X — 5

Asx — 07 the number x is always negative. Thus,

ﬁ—(—l)’ <e = |X +1] <e = 0< ewhichis always

true independent of the value of x. Hence we can choose any 6 > 0 with —6 <X <0 = lir% - ‘% = -1
X —

(a) li% o |x| = 400. Just observe that if 400 < x < 401, then |x| = 400. Thus if we choose § = 1, we have for any
X —

number € > 0 that 400 < x < 400+ ¢ = ||x| —400| = |400 — 400| =0 < e.
(b) li%()* |x] = 399. Just observe that if 399 < x < 400 then |x| = 399. Thus if we choose § = 1, we have for any
X —

number ¢ > 0 that 400 — § < x < 400 = |[x] — 399| =399 — 399 = 0 < e.
(c) Since . il% o |x| # . _1}1%07 | x| we conclude that . 215100 | x| does not exist.

CONTINUITY
No, discontinuous at X = 2, not defined at x = 2

Continuous on [—1, 3]

(a) Yes (b) Yes, 1i1’I31+ f(x) =0
(c) Yes (d) Yes
(a) No (b) No

f(2) =0,since lim f(x) =-2Q2)+4=0= lim f{(x)
X — 2 X — 2%
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19.

21.

23.

25.

27.

29.

31.

33.

35.

37.

39.

41.

43.

45.

Section 2.5 Continuity

. Nonremovable discontinuity at x = 1 because lim1 f(x) fails to exist ( lin} f(x) =1 and lirri+ f(x) = 0).
X — X — X —

Removable discontinuity at x = 0 by assigning the number lim0 f(x) = 0 to be the value of f(0) rather than f(0) = 1.
X —

. Discontinuous only whenx —2 =0 = x =2
. Discontinuous only when x> —4x+3=0 = x—-3)x—1)=0 = x=3orx =1

. Continuous everywhere. (|x — 1| =+ sin x defined for all x; limits exist and are equal to function values.)

Discontinuous only at x = 0

nm

Discontinuous when 2x is an integer multiple of 7, i.e., 2x = nm, n an integer = x = ', n an integer, but

continuous at all other x.
Discontinuous at odd integer multiples of I, i.e., x = (2n — 1) Z, n an integer, but continuous at all other x.

Discontinuous when 2x +3 < Qorx < — % = continuous on the interval [— %, oo) .

Continuous everywhere: (2x — 1)!/3 is defined for all x; limits exist and are equal to function values.

. . . 2—x—6 _ 1 (x=3)(x+2) — L — 5 _
Continuous everywhere since xhln3 2 = Xhin3 — Xth3 (x+2)=5=g(3)

xli_r}n7T sin (X — sin X) = sin (7 — sin 7) = sin (7 — 0) = sin 7 = 0, and function continuous at X = 7.

lim ‘sec (ysec’y —tan’y — 1) = lim sec (y sec’y —sec’y) = lim ‘sec ((y — Dsec’y) = sec ((1 — 1)sec? 1)
y— y—

y%

= sec 0 = 1, and function continuous aty = 1.

= ﬁ, and function continuous at t = 0.

s m
4 2

lim cos | ——Z2——| = cos | ——Z——| = cos
t—0 V19 —3 sec 2t v 19—-3sec0

= COS

s
[=)}

g0 = £=g = IO 3 43523 o g3 = lim (x+3)=6

_ P11 (PHsHDG-D 24541 T s4+s+1) _ 3
fs) === = "Grte-D = 11 s # 1 éf(l)*slgnl( st1 )*E

As defined, lir% f(x) =(3)>—1=28and lin})’+ (2a)(3) = 6a. For f(x) to be continuous we must have
X—= X —

6a=8 = a:‘S—‘.

As defined, lirré _f(x) =12 and 1irr§+ f(x) = a’ (2) —2a= 2a% — 2a. For f(x) to be continuous we must have
X — X —

12=2a%2—-2a = a=3o0ora=—2.

As defined, limr f(x) = —2 and lim1+ f(x) =a(—1)+ b= —a+b, and lirr%f f(x)=a(l)+b=a+band
X — — X — — X —

lirr{+ f(x) = 3. For f(x) to be continuous we must have —2 = —a+banda+b=3= a=3Jandb= 1.
X —
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36 Chapter 2 Limits and Continuity

47. The function can be extended: f(0) ~ 2.3. 49. The function cannot be extended to be continuous
at x = 0. If f(0) = 1, it will be continuous from
the right. Or if f(0) = —1, it will be continuous

’ from the left.
! 107 — |
/2.2' f(X) = X

0.05 0.1

y

51. f(x) is continuous on [0, 1] and f(0) < 0, f(1) > 0
= by the Intermediate Value Theorem f(x) takes
on every value between f(0) and f(1) = the
equation f(x) = 0 has at least one solution between
x=0and x = 1.

53. Let f(x) = x® — 15x + 1, which is continuous on [—4,4]. Then f(—4) = —3, f(—1) = 15, f(1) = —13, and f(4) = 5.
By the Intermediate Value Theorem, f(x) = O for some x in each of the intervals —4 < x < —1, —1 < x < 1, and
1 < x < 4. Thatis, x* — 15x + 1 = 0 has three solutions in [—4, 4]. Since a polynomial of degree 3 can have at most 3
solutions, these are the only solutions.

55. Answers may vary. Note that f is continuous for every value of x.
(a) f(0) =10, f(1) =13 —8(1) + 10 = 3. Since 3 < 7 < 10, by the Intermediate Value Theorem, there exists a c
sothat 0 < ¢ < 1 and f(c) = 7.
(b) f(0) = 10, f(—4) = (—4)> — 8(—4) + 10 = —22. Since —22 < —\/5 < 10, by the Intermediate Value
Theorem, there exists a ¢ so that —4 < ¢ < 0 and f(c) = —\/g.
(c) f(0) = 10, £(1000) = (1000)® — 8(1000) + 10 = 999,992,010. Since 10 < 5,000,000 < 999,992,010, by the
Intermediate Value Theorem, there exists a ¢ so that 0 < ¢ < 1000 and f(c) = 5,000,000.

% is discontinuous at X = 2 because it is not defined there.

57. Answers may vary. For example, f(x) =

However, the discontinuity can be removed because f has a limit (namely 1) as x — 2.

59. (a) Suppose X is rational = f(xg) = 1. Choose ¢ = % For any § > 0 there is an irrational number x (actually
infinitely many) in the interval (xo — 8,Xg + 6) = f(x) = 0. Then 0 < |x — Xq| < 6 but |f(x) — f(x0)]
=1> % =€, S0 Xler%(O f(x) fails to exist = fis discontinuous at X, rational.
On the other hand, x irrational = f(xo) = 0 and there is a rational number x in (xg — 6,xg + 6) = f(x)

= 1. Again lemX . f(x) fails to exist = fis discontinuous at X, irrational. That is, f is discontinuous at

every point.
(b) fis neither right-continuous nor left-continuous at any point xo because in every interval (xg — 6, Xg) or
(X0, Xo + 6) there exist both rational and irrational real numbers. Thus neither limits . lin}( _ f(x) and
0

lim+ f(x) exist by the same arguments used in part (a).
X — XO
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 37

61. No. For instance, if f(x) = 0, g(x) = [x], then h(x) = 0 ([x]) = 0 is continuous at x = 0 and g(x) is not.

63. Yes, because of the Intermediate Value Theorem. If f(a) and f(b) did have different signs then f would have to
equal zero at some point between a and b since f is continuous on [a, b].

65. If f(0) = 0 or f(1) = 1, we are done (i.e.,c = 0 or ¢ = 1 in those cases). Thenletf(0) =a > 0andf(1) =b < 1
because 0 < f(x) < 1. Define g(x) = f(x) —x = gis continuous on [0, 1]. Moreover, g(0) = f(0) —0 =a > 0 and
g(l)=1f(1) -1 =b—1< 0 = by the Intermediate Value Theorem there is a number c in (0, 1) such that
g(c)=0 = f(c) —c=0orf(c)=c.

67. By Exercises 52 in Section 2.3, we have lim f(x) =L < hlim0 f(c+h) =L.

Thus, f(x) is continuous at x = ¢ < lim_f(x) = f(c) < hlim0 f(c +h) = f(c).

69. x ~ 1.8794, —1.5321, —0.3473 71. x =~ 1.7549

73. x =~ 3.5156 75. x = 0.7391
2.6 LIMITS INVOLVING INFINITY; ASMYPTOTES OF GRAPHS

L (@ lim f(x)=0 (b)

li fx) = -2
X_}Iil3+ ()

(c) lim37 f(x) =2 (d) lim 3 f(x) = does not exist
X — — X — —

(&) lim f(x)=—1 ® lim f(x)= + o0
x — 0" x—0

(2) lim0 f(x) = does not exist
X —

@) . Lirgoo f(x) =0

(h) | lim_f(x) = 1

1

Note: In these exercises we use the result v = 0 whenever T > 0. This result follows immediately from

lim
X — £ 00

m/n . m/n
Theorem 8 and the power rule in Theorem 1:  lim (%) = lim (l) "= ( lim l) =" = (.
X — oo X X — +oo ‘X X — too X

3. (a) -3 (b)) -3

1 1
5. (@) 3 (®) 3
7. (@ —3 (b) —3
9 —% < Si“XZX < % = lemm % = 0 by the Sandwich Theorem

S 2—tdsint _ s T CH) _0—140
I lim - == = Jim Sy = g = -
3

13. (a) Xli}mOo gii; :XILInOC ii; :% (b) % (same process as part (a))

. < . 1+d
15. (a) Xgmw x’++13 :Xll)mOO H% =0 (b) 0 (same process as part (a))

. 7%3 .
th x3—3x24+6x

(b) 7 (same process as part (a))
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38 Chapter 2 Limits and Continuity

. 54 4t . ByL+3
19. (@  lim_ 10t t31 — Jim =5 =0 (b) 0 (same process as part (a))
2 3
. 23243 _ 7 2-ots 2
21 () [ lim 557 50s =  lim 3i2-5 3

(b) — % (same process as part (a))

X — 00 2x2+x X — 00

23 lim (/223 — lim \/8‘42—

= ) L —x > L —x > 0+00)\3
1 —X P— 1 X P 1 X —_— —_
25. | lim <x2_7x) =, lim ) =« lim >— | = (—1_0) =00

2 1
. 2 +x! . (1'2)*(,(_2)

27. lim VAR S lim ~~»EA 22 =

x=o00 3x-T7 T x=00 3-4

X 1 — x5 =(1/3) 1*(21’15)
—X 9 __ H x2/ —
20, tim, G = dim R = [ =
2/
1/15 1 7
5/3 _ x1/3 47 . X — g+ 5

31, lim 2 =XxTHT — Jm o e =00

X =00 P43+ /X X 00 1+ 5+ g

33, lim VOH = fim VOEUVE g VOOEDA g JTEIR VIS0

©x T Tx—00 x+1)/Vx2  x— o0 (x+1)/x x—»ooW:Uw):
35, lim A = lim SIS = lim e = lim e = Ul =
3. lim = oo (B ) 3. lim 2 = —oo (fetine)
41 dim 25 = oo (nezae ) 43, lim o = oo (Bt )
45. (a) 13]%+ a7 = 00 (b)  lim_ a5 = —00
47 xli_r}no X2/ li—r>no (xlé,}S)2 -
49.  lim tanXx = oo 51. lim (1 +cscl)=—

x— (3 0— 0"

3. @ lim o= lim ooy = o0 poqmvepomwe)

—~
o
~
=
8
—
Il

(= e =

(
(oeveresa
© lim o= lim = oo (
(e
(

positive- negallve

X — —2+ 92+t (x+2)(x—2)

: 1 : 1 _
@ lim o X_I}IET G-

negatlve negatlve

positive- negatlve )

: x> 1 _ 3 I
55. (a) xlglzﬁ 5 T X O+xlin(l)+ = negdtlve)
. x2 1 _ : 1 _ -+
(b) xlg%’ T %= O+Xll>r%, X — © (posmve)
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. 2
(¢ lim_ % — ==
o2 22
. x> 1 __ 1 1)y_3
@ lim, Tox=3- (&) =3
. X2—3x+2 . x-2)x—-1) __
@ lim S5 = im Sy
: X=3x4+2 _ ; x=2(x—-1)
L
. x2—3x+2 . x—2)(x—1)
(©) Xli)l’l’%7 W_xlin’é* X -2)
. x2—3x+2 __ 1 x—2)x—1)
@ Jim, = = Jmy Sl =
. x2—3x+2 _ . x—-—2)(x—1) __
(e) xlgn() T —X]Eno T2x-2)
. 3 —
59. (@ lim [2— 5] = —o0
. 1 2
61. (a) X£I%+ [mﬁ-m} 00
. 1 2
R E
_ 1
63. y=
y
10f
sk
] Il X
)
_5—
-10F
_ x+3 __ 1
67. y*x+27l—'—m

Section 2.6 Limits Involving Infinity; Asymptotes of Graphs

negative-negative
positive-negative

=1.x#2
= % LXFE2
% ,X#£2
negative-negative
positive-negative
®) lim [2- 3] = o
0 iy [t ] -
PR FE N
_ 1

71. Here is one possibility.

y=f®

—

|
|
I
I
!
10
I
I
I
I
I
I
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73.

77.

79.

81.

83.

85.

87.

89.

91.

93.

Chapter 2 Limits and Continuity

Here is one possibility. 75. Here is one possibility.
y

h(x) = X x#0
|x] 1

x
A
-1

Yes. If _lim_ ™ — 2 then the ratio of the polynomials' leading coefficients is 2, so _ lim
X — 00 gXx) X — —oo g

)

Lx; = 2 as well.

0

At most 1 horizontal asymptote: If _lim
x =00 gx)

lim & — [ as well.
X — —o0 gXx)

= L, then the ratio of the polynomials' leading coefficients is L, so

im_ (\/x2+25—\/x2—1> = lim_ [\/x2+25—\/xz_1] Pf:; +/x :] e B
6

. % 2
= lim =
X700 /x2425+4+/x2—1 XHDO ,/1+2‘+,/

=0

' P43 -2) =, 1 e |
Jim (2% VBT EI ) = lim | [ox+ VEEF a2  [Beviiaa] o B

X — —0

—3x+2 3_2

=y lim %_Xl}m S s im e = lim e
00 2x — x> +3x—2 o] ik 4+;_X_2 S 4+;__ o0 9 4+;_X_2

_ 3-0 _ _3

T -2-2" 4

Jim (\/x2+3x—\/x2—2x): lim _ [\/xz—|—3x—\/x2—2x}-[—XZHX+ iﬁ:ii]— lim —(XHHX) (=29

X% +3x+ X =00 /x24+3x+

L

= = =3
= (lim,, x2+3x+ % = xlim,, /1Jr /1 +1 72

For any € > 0, take N = 1. Then for all x > N we have that [f(x) — k| = [k —k| =0 < e.

=l <« —B. Now,

-L<-B<0& L1>B>0 < x <_<:>|X|<f Chooseéff then0<\x|<5:>|x|<\[

For every real number —B < 0, we must find a § > O such that forallx,0 < [x — 0] < § =
= =3 < —Bso that hm0 -4 = —cc.
X —

‘29< —B.

For every real number —B < 0, we must find a § > O such that forall x, 0 < [x = 3| < § = B

Now, =37 < -B<0 & 25 >B>0 & @<§ & x-3)?2<2 <:>O<|x—3|<\/g. Choose

§=1/g then0<|x=3]<é = —00.

5 2)2 < —B < 0 so that hm

-2 _
3 x=372

(a) We say that f(x) approaches infinity as x approaches x from the left, and write . lirr}( _f(x) = o0, if
— Xp

for every positive number B, there exists a corresponding number § > 0 such that for all x,
Xp— 6 <x<xo = f(x) >B.

(b) We say that f(x) approaches minus infinity as x approaches x, from the right, and write 11m f(x) = —o0,
X — XO

if for every positive number B (or negative number —B) there exists a corresponding number 6 > 0 such
that for all X, xg < X < X9+ 6 = f(X) < —B.
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Section 2.6 Limits Involving Infinity; Asymptotes of Graphs 41

(c) We say that f(x) approaches minus infinity as x approaches x, from the left, and write . lin}( _f(x) = —o0,
— X0

if for every positive number B (or negative number —B) there exists a corresponding number é > 0 such
that for all x, xg — 6 < x < X9 = f(Xx) < —B.

95. FrB>0,1 < -B<0 & ~1>B>0% —x<i & —L<x Choose§ = L. Then —§ <x <0
= —3+<x = 1< -Bsothat lim i=—o0.
x — 0 X

97. ForB>0, 25 >B < 0<x—2<32. Choose§ =2. Then2<x<2+6§ = 0<x—2<¢§ = 0<x—-2<2

1 1
X—2 Xx—2

=

> B > 0 sothat lim = o0.
x — 2%

®
I
[

|
[ \C ) S
|
—
—
G Y g
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42 Chapter 2 Limits and Continuity

109. (a) y — oo (see accompanying graph)
(b) y — oo (see accompanying graph)
(c) cuspsatx = =+ 1 (see accompanying graph)

- Y-y

CHAPTER 2 PRACTICE EXERCISES

1. Atx=—-1: . iin}r f(x) = . _lirzl1+ fx) =1 y=

= lim fx)=1=f(—1)
X — —1

—
= fis continuous atx = —1. SR N x
Atx=0: Ilim f(x)= lim f(x)=0 = lim f(x)=0. ’»\&
x—0 x — 0t x—0

Butf(0) = 1 # lim f(x)

= fis discontinuous at x = 0.
If we define f(0) = 0, then the discontinuity at x = 0 is
removable.
Atx=1: lim f(x)=—-1and lim f(x)=1
x—1 x — 17

= lim_ f(x) does not exist
x—1

= fis discontinuous at x = 1.

3. @ lim (3(1) =3 lim f(1) =3(-7) = -21

t— 1ty
2

(b) lim (f(t)’ = (nm f(t)) = (~7)* = 49

t— 1
© Jim (f(0) - g(0) = lim (1) lim g(t) = (~7)©0) =0
f) _  dmfo - Jmfo 5
d tlin}o g0=7 7 lim (g(t) =7) " lim g(0) — lim7 — 0-7 1

(e) JLmtO cos (g(t)) = cos (tlin%o g(t)) =cos0=1
0 lim [f0)] = | lim (0] = |7/ =7
(9) lim (f(t) +g(t) = lim f(t) + lim g(t)=-7+0=-7

1 _ 1 _ 1 _ 1

5. Since hmo x = 0 we must have that hm (4 — g(x)) = 0. Otherwise, if hm (4 — g(x)) is a finite positive

X —

number, we would have hn%r {4 g(x)} —o0 and hng)+ {%} = oo so the limit could not equal 1 as
X — X —

x — 0. Similar reasoning holds if hm0 (4 — g(x)) is a finite negative number. We conclude that lim0 g(x) = 4.
X—= X —

7. (a) Jim f(x) = lim x!/3 = ¢1/3 = f(c) for every real number ¢ = f is continuous on (—o0, c0).
(b) Jlim g(x) = lim x3/4 = ¢3/% = g(c) for every nonnegative real number ¢ = g is continuous on [0, co).
(¢) lim h(x) = lim x~2/3 = -L; = h(c) for every nonzero real number ¢ = h is continuous on (—c0, 0) and (—o0, 00).
X—C X—C C
(

(
(d) lim_k(x) = lim x'/% = {5 = k(c) for every positive real number ¢ = k is continuous on (0, o)
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9.

11.

17.

19.

21.

23.

25.

27.

29.

Chapter 2 Practice Exercises

x2—4x+4 x=2)(x—2) __

(a) hm Frse 1 — Xlgn0 TN = xhin0 0 +7) , X # 2; the limit does not exist because
X=2 x=2 _ _
XILH}T XX+ ooandxhn%ﬁ ¥ T
X_dxt4 G=Dx-2) _ 1 —2

(b) lim 5e-mn = lim oy = lim, xxi7 X # 2, and Jim 555 = = 35 =0
. 17\/; . 17\/— . 1 1

lim = lim ——Y* 1 1
x—1 1-x x—1 (1= \/_)(1+\/_) —>1 [V

. 2 _ x2 - 2+2hx +h%) —x2 :

lim @HW=X gy BCHER) X iy (2x + h) = 2x
h—0 h h—0 h h~>0( + )

1 1

; Tix "3 2-Q2+x) _ -1 _ _1
X]E}I’IO X Xlgno 2x(2+x) Xlgno 4+2x 4

. _1 . (KA —1) (PRSP (x+D) s (x=D(/x+1) VE+1
Xh_IPl \/Z Xh_,l (Vx—=1)  (Vx+1)(x23+x13+1) _Xh_l,n] (x— D3 +x13+1) hml x23 +x1/3+1
_ o141 2

Tl+1+1 3

tan2x __ sin2X = COSTX __ 13 sin 2x COS TTX X 2x\ 2 2
hmo tanmx 1141’)110 cos2x  sinmx xlgno ( 2x )(cost)(sinwx)(H) =111 T

Jim_sin (3 + sinx) = sin (5 + sin7) = sin (5) = 1

hm

=0 3sinx —

8x = 1li 8 _ 8 —
= IIm 5z = =4
X XHO3%_1 3(1)—1

1/3
tim [4g00]' =2 = [Xlirr(l]+4g(x)] =2 = lim 4g(0) =8,since 2’ = 8. Then lim g(x) = 2.

Jim 3’;;)1 =00 = lim g(x)=0since lim (3x24+1)=4
Atx=—1: lim fx)= lim X&=1 i
X — —1 X — —1 [x*—1] /
= lim_ =D _ fim x=—1,and .
x— —1 X x — —1
. x(x2=1) _ . x(x2—1)
jdm ()= lim Ty = Im L S . S
= lim ' (—=x) = —(=1) = 1. Since \
X — —
lim fx)# lim f(x) !
o o f) =x(c2 = 1)/l = 1]
= lim : f(x) does not exist, the function f cannot be =
X — —
extended to a continuous function at x = —1.
Atx = 1: Xli)mr f(x) = Xli)n} X‘E:;z:]ll) = Xl_i)n} i((i:ll)) = limf (—x) = —1, and
. lirri+ f(x) = . lini+ X‘S;Z:lll) = ILH}+ xi’éz:lw = lim1 x = 1. Again hm f(x) does not exist so f

cannot be extended to a continuous function at x = 1 either.
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44 Chapter 2 Limits and Continuity

31. Yes, f does have a continuous extension to a = 1: Y
. _ . x—1 _ 4
define f(1) = Xlgn1 oyl £ 2
1
X
=1 1
fw = a1
33. From the graph we see that lim h(t) # lim h(t) n(t)

t— 0~ t— 0+
so h cannot be extended to a continuous function
2
ata=0.

A
h@)= 1+ 1DV, a=0

35. (a) f(—1) = —1andf(2) =5 = fhasaroot between —1 and 2 by the Intermediate Value Theorem.
(b), (¢) root is 1.32471795724

%3 . i 2+ 240 2
37. x1l>moo5x+7 xL>005+

39, lim =8 = gim (L - L 4 3)=0-0+0=0

X — =0 X X — =0

x2—T7x _ =7 _ _
41. xl} —o0o x+1 _kaoclJr—_ o0

43, lim $M* < 1im -1 = Osince int X — 0o as X — oo =_lim _$t* = (.
x =00 [x] X =00 [x] X =00 [x]

. sin x
45, lim AESCERAE g TR gi0s0 g
X =00 X + sin X X = 00 1+°'"" 140

2 .
47. (@) y =2+t ’;+34 = —ooand lim ’;*; = + oo, thus x = 3 is a vertical asymptote.
x—>3 x — 3%
x2—x—2 x2-x-2 _ : x2—x-2 _ 13 :
b y= 72“1 is undefined at x = 1: thr T = and thﬁ Tl = — 0% thus x = 1 is a vertical
asymptote.
(c) y = 2+2=6 jsundefined at x = 2 and —4: hm S S [ € R PO 11 BT == Sl | P S R
x2+2x—8 —,0 X2 +2x-8 X —52 Xx+4 67y oy X*H+2x-8 T, 04— x+4
. 2
lim " e & = lim - iii = —oo. Thus x = —4 is a vertical asymptote.
X — — X — —

CHAPTER 2 ADDITIONAL AND ADVANCED EXERCISES

1. (@ x |0.1 0.01 0.001 0.0001 0.00001
x* | 0.7943 0.9550 0.9931 0.9991 0.9999

Apparently, lim x* =1
pp yx—>0+x
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11.

(b)

0.6

0.2

Chapter 2 Additional and Advanced Exercises 45

0.2

0.6 1

. . / 2 / lim v2 '
Vll}l’l’éiszll{IéiLo 1—\0,7:L0 1- 2 —LO —2—7—0

The left-hand limit was needed because the function L is undefined if v > c¢ (the rocket cannot move faster
than the speed of light).

|10 + (t — 70) x 1074 — 10| < 0.0005 = |(t— 70) x 10‘4| < 0.0005 = —0.0005 < (t — 70) x 10~* < 0.0005
= 5<t—-70<5 = 65°<t<75° = Within 5°F.

Show lim f(x) = lim_ (x*—7) = —6 = f(1).
X — 1 x — 1

Stepl: |[(xX2=7)+6/<e = —e<x*—1<e=>1l-e<x*<1l+e = ]I—-e<x<l+e
Step2: [x—1|<6 = —6<x—1<6 = —-6+1<x<é6+1

Then -6 +1=+1—coréd+1=+/1+e Chooseézmin{l—\/l—e,\/l—i-e—l},then

O<|x—1]<é6 = |(x*-7)—6| <eand lim1 f(x) = —6. By the continuity test, f(x) is continuous at x = 1.
X —

Show lim h(x) = lim v/2x—3 =1 =h(2).
X — X —

. (1—e+3 (1+e)’+3
Step 1: ‘\/2x—3—1‘<e = —e<V2x=3-1<e = 1-e<V/2x-3<1+e =5 —5— <x< —5—.

Step2: |x—2|<8d = —6<x—2<bdor—6+2<x<b+2

Then —6 +2 = U=9#3 o s (=0%sd _1-0-0" _
2 2 2
2
= §= (1+62) +3

e
2

_ (A+e*+3
,ord+2= e

. (A +e?-1 & _ &
2="—5—=¢c+ 5. Choose b=c¢ 5 » the smaller of the two values. Then,

0<|x—2|<é6 = ‘\/ZX -3 - 1’ < €, S0 lim2 v/2x — 3 = 1. By the continuity test, h(x) is continuous at x = 2.
X —

Suppose L; and L, are two different limits. Without loss of generality assume Ly > L;. Lete = % (Lo — Ly).
Since Xi@(o f(x) =L thereisaé; > Osuchthat0 < [x —xo| < é; = [f{X) —Li| <e = —e<f(x)—L; <e
= —1(@Ly—L)+L; <f(x) <i(Ly—Li)+L; = 4L; — Ly < 3f(x) < 2L; + L,. Likewise, Jim f(x) = Lo

so there is a & such that 0 < |[x — xo| < 62 = |[f{X) —Lo| <€ = —e <f(x)— Ly <e¢
= —1(@Ly—L)+Ly <f(x) <$(@Ly—Ly)+Ly = 2Ly +L; <3f(x) <4L, — L,
= L — 4L, < —3f(x) < —2Ly — L;. If § = min {61, 62} both inequalities must hold for 0 < |x — x¢| < 8:

4L, — Ly < 3f(x) < 2L; + Lo
L; — 4L, < —3f(x) < —2L, — L

a contradiction.

} = 5(L; —Ly) <0< Ly —Ly. Thatis,L; — Ly <OandL; — Ly >0,
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46 Chapter 2 Limits and Continuity

13. (@ Sincex — 07, 0<x*<x<1 = (x*—x) —» 07 = lir%+f(x3—x): ]ir%ff(y):Bwherey:x?’—x.
X — y—

(b) Sincex — 07, -1<x<x3<0 = (x3-x) - 0F = 1in})7f(x3—x): lin}ﬁf(y):Awherey:x?’—x.
X — y—
X —

(© Sincex — 07, 0<x'<x* <1 = (x¥*—x') — 0" = lim f(x*-x')= 11113J+ f(y) = A where y = x* — x%.
y;}

(d) Sincex — 07, -1<x<0 = 0<x'<x*<1 = (X*—-x') - 0" = lim f(x>—x*)=Aasinpart(c).

x—0

: 1 =1 _ 1; x+Dhx-=1) _
15. Showxgnllf(x)—xgrgl i _xlimq W—flx;&fl.
. . . e # -1 .
Define the continuous extension of f(x) as F(x) = X 2+ 1 L We now prove the limit of f(x) asx — —1
_ X = —

exists and has the correct value.

x2—1
x+1

Step 1: oD

Step2: [x—(—1| <6 = —6<x+1<6 = —-6—-1<x<é6—1.
Then -6 —1=—€e—1 = §=¢€c0or6—1=¢—1 = 6 =¢c. Choosed =¢€. Then0 < |[x — (—1)| < ¢

—(—2)‘<e e BEDOCD Lo oo oy o (x—D42<exE -1 = —e—l<x<e—1

= ’;2;11 — (—2)’ <e = lim . F(x) = —2. Since the conditions of the continuity test are met by F(x), then f(x) has a
X — —
continuous extension to F(x) at x = —1.

17. (a) Lete > 0be given. If x is rational, then f(x) = x = |f(x) — 0| =|x — 0| <€ < |x — 0] < €; i.e., choose
6=c¢c. Then|x — 0] < 6 = |f(x) — 0| < e for x rational. If x is irrational, then f(x) =0 = |f(x) — 0| < ¢
< 0 < e which is true no matter how close irrational x is to 0, so again we can choose § = €. In either case,
given e > Othereisaé = ¢ > O suchthat 0 < |[x — 0] < § = [f(x) — 0| < e. Therefore, f is continuous at
x =0.

(b) Choose x = ¢ > 0. Then within any interval (c — 8, ¢ + §) there are both rational and irrational numbers.
If c is rational, pick € = % No matter how small we choose § > 0 there is an irrational number X in
(c—0d,c+8) = [f(x) —f(c)] = [0 —c| =c > § = e Thatis, fis not continuous at any rational ¢ > 0. On
the other hand, suppose c is irrational = f(c) = 0. Again pick ¢ = 5. No matter how small we choose § > 0
there is a rational number x in (¢ — 6,¢ + 6) with [x —¢| < § =€ < § < x < 3. Then [f(x) — f(c)| = [x — 0|
= |x| > § =€ = fis not continuous at any irrational ¢ > 0.

If x = ¢ < 0, repeat the argument picking € = % = . Therefore f fails to be continuous at any

nonzero value x = c.

19. Yes. Let R be the radius of the equator (earth) and suppose at a fixed instant of time we label noon as the
zero point, 0, on the equator = 0 + 7R represents the midnight point (at the same exact time). Suppose X1
is a point on the equator “just after" noon = x; + 7R is simultaneously “just after" midnight. It seems
reasonable that the temperature T at a point just after noon is hotter than it would be at the diametrically
opposite point just after midnight: That is, T(x;) — T(x; + 7R) > 0. At exactly the same moment in time
pick x, to be a point just before midnight = x5 + 7R is just before noon. Then T(x2) — T(x2 + 7R) < 0.
Assuming the temperature function T is continuous along the equator (which is reasonable), the Intermediate
Value Theorem says there is a point ¢ between 0 (noon) and 7R (simultaneously midnight) such that
T(c) — T(c + wR) = 0; i.e., there is always a pair of antipodal points on the earth's equator where the
temperatures are the same.

o1 e i g 71+\/1_+a) (441—”)
21 (@) Atx=0: lim 1y @ = lim S5/ = fim ( v o
1-(1+a) _ —1 1

=iy oy T T 2

— _1- : _ : 1—(1+a) _ . —a o 1 o
Atx =1 ainilﬁ r+(a)_a£r£11+ a(-1-V1+a) _agrrll a(-1—/1+a) ~ —1-+0 =1
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Chapter 2 Additional and Advanced Exercises 47

() Atx=0: lim r_(a)= lim ==V1¥2_ |y (‘1‘ ”a) (‘”V”a)
a—0 a—0 a

a a— 0" —1++/1+a
o 1-d+a _ 1 —a = 1 -1 -
= v M S v o M- iy o o (because the
denominator is always negative); lim r_(a) = lim ——— = —co (because the denominator
y g )’aHO*' (a) s T/ (

is always positive). Therefore, lim(J r_(a) does not exist.
a—

1. . _ . —1—y/l+a __ . -1 _
Atx = —1: a_1)1r1_11+r_(a)_a_l}ril1+ — —a_l>1r£11+ 7—1+\/1_+a_1
©
r, (a)
1+ r_(a)
~14+.J/T+a
0.8 r+(a)=—“_ _—l— 1+a
0.6 ’ 2 e ?
a a
-1 -0.5 0.5 1 o] 2 4
Graph not to scale -2
-4
(d
f(x) f(x)
a=0.2 40
1 a=0.1 a=0.5
a=0.05
20
X
-1 .5 1 L
b /] X
-50 -
f)=ax*+2x -1 30
f@ =ax*+2x-1
-20.

23. (a) The function f is bounded on D if f(x) M and f(x) < N for all x in D. This means M < f(x) < N for all x

in D. Choose B to be max {|M|, [N|}. Then |f(x)| < B. On the other hand, if |f(x)| < B, then
—-B<fx) <B = f(x) —Bandf(x) <B = f(x)is bounded on D with N = B an upper bound and
M = —B a lower bound.

(b) Assume f(x) < N for all x and that L > N. Lete = % Since lemxo f(x) = L there is a 6 > 0 such that
0<[x—xo|<é = [fx)—L|<e e L-e<fx)<L+e e L-5N<fx) <L+ 5N
& N o f(x) < &N ButL >N = YN > N = N < f(x) contrary to the boundedness assumption
f(x) < N. This contradiction proves L < N.

(c) Assume M < f(x) for all x and that L < M. Lete = % As in part (b), 0 < |x — xo| < 6
= L— % < f(x) <L+ % & w < f(x) < % < M, a contradiction.

: sin(1 — cos . sin(1 — cos —cos ~0S . sin(1 — cos . — coc? . in?
25, lim = sin(1 — cos x) — lim qml( cos X) o l—cosx | iJﬁLosx — lim Sml( cos X) . lim 11 cos’ X _ 1. lim lsm X
X — X X — (0 Ll—cosx X +cos X X — 0 l—cosx X — 0 X(1+cos x) X — 0 X(1+cos x)
— T sinx _sinx __1.(0) _
- Xlll}no X 1+cosx =1 (2) =0.
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27.

29.

31.

33.

Chapter 2 Limits and Continuity
Jim, S fim SR B2 = fim IR lim S =141 = 1.
Jim S i S0 (x4 2) = Jim D gim (x+2) = 1-4=4
Since the highest power of x in the numerator is 1 more than the highest power of x in the denominator, there is an oblique

asymptote. y = % =2x — ﬁ, thus the oblique asymptote is y = 2x.

Asx — 00, X2+ 1 -5 x2=/x24+1— Vx%asx — —00, VX2 = —x, and as x — + oo, VX2 = x; thus the
oblique asymptotes are y = x and y = —X.
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