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Abstract

In this paper, we give a necessary and sufficient condition for a one-dimensional functional
I(u) = j()] S () dr to satisfy the so-called (PS)-weak lower semicontinuity property on the space
WP, 1); R™); that is, I (i) < liminfy_, oo I (uy) for all uy — i in wlr (0, 1); R") and I'(up) - 0
inW— L 1’%l ((0, 1); R™). The result shows that in this case the property of (PS)-weak lower semicontinuity
is in general not equivalent to convexity of the functional if m > 2.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Let f:R™ — R be a continuously differentiable (i.e. C') function satisfying

0< f&) <cr(&l” + 1), 1f®]<c(eP ' +1), (1.1)

where ¢1,c2 > 0and 1 < p < oo are constants. Consider the integral functional

1
1 (u) =/0 fa())de, (1.2)
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where u: (0,1) — R™ is a curve in R” and u(t) = % € R™ is its velocity field. Under
these assumptions, the functional 7 (&) is continuously differentiable on the usual Sobolev space

X = WLP((0, 1); R™) and its Fréchet derivative I’ (1) € X* at u € X is given by

1
(I'(u), v) =/ fa@) -v@)dt YvelX.
0

Here, the inner product on R™ is denoted by & - n = Y_i"; &n; and the induced Euclidean norm
by [£] = (5 -&)!/%

Note that by the Sobolev embedding theorem a function in X can be viewed as an absolutely
continuous function on [0, 1]. In the following, the strong and weak convergences in X are
denoted by uy — u and uy — u, respectively. Let ¥ = W(;’p((O, 1); R™) be the subspace
of X consisting of the functions u# with u(0) = u(1) = 0. We shall use the equivalent norm in Y
given by

1
lully = (f Ib't(t)l”dt>
0

and define

1/p

I @) lly= = sup{{I"(w), v) | v € ¥, |vlly < 1}.

The following definition is a special case of the general definition introduced in Vasiliu and
Yan [11], which has been mainly motivated by a question raised in Miiller [7] concerning the
Morrey quasiconvexity condition in connection with the Ekeland variational principle [6].

Definition 1.1. Let uy, u € X. We say that uy (PS)-weakly converges to u in X (with respect to
functional I) provided that uy — u in X and |1’ (ug)| y+ — 0 as k — o0; in this case, we write

Uk LN u. We say that I is (PS)-weakly lower semicontinuous on X if
I(u) < liminf/(u;) whenever uy LN uin X. (1.3)
k— 00

The “PS” here simply refers to the sequence being the so-called Palais—Smale sequence in
nonlinear analysis [2].

The main result of this paper is the following theorem regarding the necessary and sufficient
condition for the (PS)-weak lower semicontinuity for the functional / defined above.

Theorem 1.1. Suppose f:R™ — R is C! and satisfies (1.1). Then the functional I defined by
(1.2) is (PS)-weakly lower semicontinuous on X = WHP((0, 1); R™) if and only if f satisfies
the following condition:

m+1 m+1 m+1
<29&><29f(& v059i51,295=1; 1.4)
1=
V& eR™ fiE) = 1), 1<i,j<m+1.

This theorem will be proved later as two separate results (Theorems 3.1 and 3.3), where we
also derive an equivalent condition of (1.4) (see Remark 3.2 later). The proof of the sufficiency
part (Theorem 3.3) of this theorem relies on the Young measure theory as developed in [3,8,10]
following the original idea of Young [12].
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As an immediate corollary of this theorem, we have the following result, which has been
proved in [11] in the case of m = 2; however, the proof there did not use the Young measure
theory.

Corollary 1.2. Let f:R™ — R be C! and satisfy (1.1). Suppose the derivative map f':R™ —
R™ is one-to-one. Then I is (PS)-weakly lower semicontinuous on X = wbhP((0, 1); R™).

Remark 1.1. If m = 1, it has been shown that the restricted convexity condition (1.4) is
equivalent to the usual convexity of f; see [11, Lemma 4.8]. Hence, in this case, the (PS)-weak
lower semicontinuity of / on X is equivalent to the usual weak lower semicontinuity of 7 (see [1,
5D.

However, in the case of m > 2, condition (1.4) is not equivalent to the convexity of f; see
Remark 3.3 below. Therefore, in general, (PS)-weak lower semicontinuity may lead to a non-
convex variational problem.

The following result shows that, under a certain coercivity condition on f, we do have
equivalence between the (PS)-weak lower semicontinuity of / and the convexity of f.

Theorem 1.3. Let f:R”™ — R be C' and satisfy (1.1). Suppose f satisfies
liminf f(&§)/|&] = oo. (1.5)
[§]—>00

Then I is (PS)-weakly lower semicontinuous on X if and only if f is convex in R™.

This theorem follows from Theorem 1.1 using an interesting calculus fact (see Theorem 3.4).
Note that, since p > 1, the condition (1.5) is satisfied if f satisfies the usual coercivity growth
condition f (&) > co(|&|” — 1) for some constant ¢y > 0.

2. (PS)-weak convergence and the Young measures

As above, let X = WIP((0,1): R™), Y = W(}’P((o, 1); R")and 1 < p < oo. Assume f is
a C! function satisfying (1.1) and I (1) is the functional defined by (1.2). Let p’ = % be the
conjugate of p.

We first have the following result.

Lemma 2.1. Let h € L? ((0, 1); R™). Define h € Y* by
1
(h, v) =/ ht)-0@)dt YveY
0

with norm ||h||y+ = sup{(fl, v) |v e, |vlly <1} given as above. Then

hlly= = min ||k — s =h—h|, .
IAlly Jmin Ih—cligy =l z»
where the minimizer h € R™ is uniquely determined by the equation
1
f \h(t) — h|” ~2(h(t) — h)dt = 0. 2.1)
0

Therefore, ||h|ly= < |kl and |h| < 2||h]l, .
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Proof. For any ¢ € R™, it follows that

1
(h, v) =f (h(t) —c)-v@®)dt < |h —cllp o llvly Vv ey,
0
and hence |||y« < || — cl|, » for all ¢ € R™. Therefore
hlly= < inf ||h —c|, » = .
2]y« < - I ”LI 0,1) 158

Using the direct method of calculus of variations and the convexity of L” -norm, the
minimization problem of u = inf.cgm |2 — ¢||, ,» has a unique minimizer h € R™, which is
uniquely determined by the Euler—Lagrange equation (2.1). We show ||fz llys = ||k — A =K
to complete the proof. To this end, define

t
v(t):f Ih(s) — h|P "2(h(s) — k) ds, te]0,1].
0

p/

By (2.1), v € Y and v(r) = |h(t) — h|P~2(h(t) — h). Hence ||v]y = |lh — ﬁ||L7’p, and

1 /
IAlly=llvlly = (h, v) =f (h(t) —h)-v@)dt = ||h —hllip/,
0
from which it follows that © > ||fz ly= > |h — & I, » = n and hence the equality holds.  [J

Lemma 2.2. Let uy LN u in X. Then there exists a subsequence {uy;} such that f ! (L'tkj) — L
strongly in LP'((0, 1); R™) for some constant L € f'(R™) C R™.

Proof. Let hy(t) = f'Gix()) € LP' (0, 1). Then it is easy to see that I'(ux) = hy in Y*, and
hence by Lemma 2.1, there exists a constant iy € R™ such that

”1/(’4/()”17* = ||hx — }_lk”Lp’(()’]) —0 2.2)

as k — oo. Let uy LN uin X. The_n {hi(t)} defined above is a bounded sequence in LY O, 1)
and hence the number sequence {/} is a bounded sequence in R™. Therefore, there exists a
subsequence such that hx; — L, for some constant L € R™. By (2.2), f ’(L'tkj) — L strongly

in L”'(0, 1) as J — oo. What is left to prove is that L € f'(R™). After taking a further
subsequence, we may assume

lim f/(l;tkj #)=L VtekE, (2.3)
j—o00

where E C (0, 1) is a measurable set such that |E| = 1. Since ||itg || » is bounded, for all M > 0,
it follows that the measure |{t € E | |ux(t)| > M}| < % for a constant C. Therefore, for some
large fixed M1 > 0, we have |E;| > %forallj =1,2,..,whereE; ={t € E | |ﬂkj(t)| < M}.
We claim that there exists a subsequence {js} such that j; — oo ass — ocoand N2, E; # 0.
Suppose to the contrary that no such subsequences {j;} existed. Define g(¢) = Zj’;l XE; (1),
where (1) is the characteristic function of set ' C (0, 1). Then g(¢) would be finite for every
t € E.Let gu(t) = 3>y xg;(®). Then 0 < g,(t) < 1foralln € Nand¢ € E, and

gn() < % — 0 asn — oo forall + € E. Hence by the dominated convergence theorem,

Jg gn()dt — 0 as n — oo. However, [ g,(t)dt = %Z;'.:l |Ej| > %; this is a desired
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contradiction. Once we have N2 | E; # @, we take 1 € N2, E;.. Then [ix(f)] < M for a

subsequence of k — oo. Taking further subsequence, we assume iy (f) — & along the further
subsubsequence of k — oo. Hence by (2.3) we have L = f/(£); this proves L € f/(R™). 0O

Lemma 2.3 (Young Measure Theorem). Let {Ur} be a bounded sequence in LP((0, 1); R™).
Then there exist a subsequence {Uy;} and a family of probability measures (v;)ie,1) on R"

such that ¢ (Uy;) — ¢ weakly * in L0, 1) for all p € Co(R™) as j — oo, where Co(R™)
denotes the set of continuous functions on R™ satisfying ¢ (&) — 0 as |E| — oo, and

o) = [Rm ¢(E)dv(§) = (v, ) Vae.re€(01).

Moreover, for any continuous function ¥ € C(R™; RY), if Y (Uk; (1)) converges weakly to (1)
in L'((0, 1); RY) then

V() = /Rm Y(E)dv(E) Yae.te 1) (2.4)

Furthermore, for any non-negative continuous function g € C(R™), one has

1 1
/ / g(&)dv;(§)dr < lim inf/ g(Uk; (1)) dt. 2.5
0 JR" j=oe Jo '

In this case, we say the subsequence {Ukj} converges to (V)ie(0,1) in the sense of the Young
measure as j — 00, and (Vt):e(0,1) is called the Young measure determined by {Uy; }.

Proof. The Young measure theory has been developed in [3,8,10] following the original idea of
Young [12]. The last conclusion concerning inequality (2.5) can be found in [8] and also follows
from (2.4) using the biting convergence in LY(0, 1) (see also [1,4,7]). O

Let K C R™ be any given set. Denote by co(K) the convex hull of K, which, by the
Carathéodory theorem [9], is given by

m+1 m+1
co(K)={Zeia|siel<,0§eisl,zei=1}. (2.6)
i=1 i=1

Note that co(K) may not be a closed set even when K is closed. However, by the Hahn—Banach
theorem [2,9], it follows that the closure of co(K), the so-called closed convex hull of K and
denoted by co(K), can be characterized by

Co(K)={&eR"|y-E<supy-n VyeR"}. (2.7)
nek
The main result of this section is the following:
Theorem 2.4. Let uy LN uin X = WHP((0, 1); R™). Then there exists a subsequence {ug; }
converging to a Young measure (V;);e(0,1) that satisfies
suppvy C K1 :=={§ e R" | f'(§) = L}, (2.8)

u(t) = &dv,(§) Cco(Kp), (2.9)
KL

for almost every t € (0, 1), where L € f'(R™) is a constant.
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Proof. Let Uy = ug. Then {Uy} is bounded in L”((0, 1); R™). By the Young measure theorem
(Lemma 2.3), there exists a subsequence {Uk. ; } which converges to the Young measure (vs);¢(0,1)
on R™ as j — oo. By (2.4),

u(t) =f Edv(§) Vae.te(0,1). (2.10)
Rm

By virtue of Lemma 2.2, we may also assume that this subsequence satisfies f’ (Ux;) - L
strongly in L”' (0, 1) as j — oo for some constant L € f'(R™). Let (&) = |f'(§) — LI” €
C(R™). Then {w(Ukj (1))} converges weakly (in fact, strongly) to ¥ (¢) = 0 in L'(0, 1). Hence,
by (2.4) in the Young measure theorem above,

/Rm |f'®) = LI dvi(§) =¥ (1) = 0

for almost every ¢ € (0, 1), which implies suppv; C K; = {§€ € R" | f/(§) = L}, proving
(2.8).

Finally, to show u(¢) € co(K ) for almostevery ¢t € (0, 1), we observe that for every y € R™,
by (2.8),

y'( ECM(S)) =/ y - &dv(§)
KL Ki

< (sup y~n> </ dvt(é)) = sup y-n.
neky KL neky

Hence by (2.7) and (2.10) we have u(t) € co(Kr). This completes the proof. O
3. Proof of the main theorems

As before, we assume [ (1) is the functional on the space X = W]’P((O, 1); R™) defined by
(1.2) with f satisfying the condition (1.1).

Given L € f/(R™),let Ky = {£ € R™ | f/(§) = L}. Then K is a non-empty closed set in
R™.

Proof of Theorem 1.1. We prove the theorem in two separate steps.

Theorem 3.1. Assume functional I is (PS)-weakly lower semicontinuous on X. Let L € f'(R™)
andn € {1,2,3,...} be given. Then, for all 0 < 0; < 1 with Z?:] 0 =1landall & € K, we
have

f (Z %) <) 0ifE). 3.1)
i=1 i=1

Proof. Let A; = (a;_1, a;] be the intervals with ag = 0 and a; = Z;Zl Ojfori =1,2,...,n.
Let p(r) = Y7, xa,(1)& be defined on (0, 1], where x4, is the characteristic function of
A; C (0, 1]. We extend p to the whole of R as a 1-periodic function. Define U (¢) = f(; p(s)ds
forallt € R.Foreach k = 1,2, ..., define uy(t) = %U(kt). Then uy € X = WhP((0, 1); R™)
and g () = U(kt) = p(kt) € {€1, &, ..., &} Hence f/(ux(¢)) = L for almost every ¢ € (0, 1)
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and thus I'(u) =0in W’]’P/((O, 1); R™). From this, we have u LN ionX,whereii(t) = £t
with & = Z?:l 0;&;. Hence, by the (PS)-weak lower semicontinuity,

(i) < liminfI(ux) = [(U),
k— 00

which after simplification is the required condition (3.1). O

In order to prove the sufficiency part, we need the following calculus result.

Lemma 3.2. Suppose that f : R™ — Ris C' and satisfies

{f(9$ + A =0)n) <0fE)+A-06)f(n) (3.2)
V0 < 6 < 1 whenever f'(§) = f'(n). ’

Then f(n) = f(&) + f'(§) - (n — &) whenever f'(§) = f'(n).
Proof. Assume that &, n satisfy f/(§) = f/(n). Let k(@) = f(0& + (1 — 0)n). Then 1’ (9) =
f/(0& + (1 —0)n) - (¢ — n). From the assumption and the mean value theorem,

R (60)0 = h(0) — h(0) < O(f (&) — f(m),

R0 —0) =h(1) —h(®) = (1 =0)(fE) — f(n),

where 0 < 6y < 6 and 6 < 01 < 1 are some constants depending on 6. Hence

h' (o) < f(&) — f(n), (3.3)
W' @) = f&) — f). (3.4)

Letd — 0% in (3.3) and # — 1~ in (3.4), respectively, and we have
ffay-E—m=fE&—f)=fE-E-—n.

Since f(§) = f'(n), this implies f(n) = f(&) + f'(§)-(n—§). O

Remark 3.1. As mentioned before, if m = 1 and f > 0, then the restricted convexity condition

(3.2) in Lemma 3.2 is equivalent to the convexity of f (see [11, Lemma 4.8]). But this is not the
case if m > 2; see Remark 3.3 below.

Theorem 3.3. Assume function f satisfies the condition (1.4) above. Then the functional I is
(PS)-weakly lower semicontinuous on X.

Proof. Since condition (1.4) implies the condition (3.2) of Lemma 3.2, it follows that f(n) =
fE+L-(n—§) forallé, n e K forall L € f/(R™).Letn € co(Kr) and & € K. Then,
by (2.6), n = ZE’:}I 0;&; for some 9; > 0 with ZE’:}I 0; = 1 and some & € K. Hence the
condition (1.4) implies

m+1 m+1

F =3 0 FE) =S GLFE + L& -6 = £ +L-(n— &)
i=1 i=1

this inequality holds for all n € co(K ) and § € K, which yields
fay = fE+L-n—§ VYLe f'R™), neco(Ky), &ekKp. (3.5

ps . . . .
Now assume u; — u in X. After taking a subsequence, we also assume limg_, oo 1 (1) exists.
Let a subsequence {ukj} and the Young measure (v;);¢(0,1) be determined as in Theorem 2.4
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above. By the Young measure theorem (Lemma 2.3),

1
/ / f &) dv(§)dr < liminf 7 (ug;) = lim 7 (ug). (3.6)
Since u(t) € co(Kp) for almost every ¢ € (0, 1), by (3.5), we have

fu@) = fE+L- @) —§) VéeKg.

Hence, integrating this over £ € K with respect to v; and using the fact supp v; C K, it follows
that

f@) = /K (fE) +L-@u@) —§))dv(§)

=/ f(S)de(E)+L-<b't(t)—f Edvt(é))
R" R™"
=f J(&)dv (§)

Rm

for almost every ¢ € (0, 1). Therefore, in view of (3.6),

1 1
I(u) = / f@)dr < f / f@)dv (§)dr < lim T (u).
0 0o Jrm k—o0
This proves the (PS)-weak lower semicontinuity of /. O

Remark 3.2. We point out that, by Lemma 3.2, condition (3.5) is equivalent to condition (1.4).

Proof of Theorem 1.3. The theorem follows from Theorem 1.1 and the following calculus fact.

Theorem 3.4. Suppose that f : R™ — R is C' and satisfies the condition (1.5) given above.
Then the condition (3.2) in Lemma 3.2 is equivalent to the convexity of f.

Proof. Certainly if f is convex on R™ then the condition (3.2) holds. Now assume (3.2) holds
and f satisfies (1.5). We show f is convex. Givenany n € R",letg(&§) = f(n)+ f'(n) - (E —n)
be the linear approximation of f at 5. It is sufficient to show

fE) =g VEeR™ (3.7)

Suppose, to the contrary, there exists§ e R” _such that f (§ ) < g(§ ).LetS={& eR"| f(§) <
g(®)}. Therl S is a non-empty open set since § € S. Also by (1.5) the set S is bounded and hence
its closure S is compact. Let

o= msin(f -8 =f(E")—gE

for some &* € §. Since 0 < 0 and f = g on 35, it follows that £* € S and hence

f'(E") = g'(€") = f'(n). Then by Lemma 3.2, f(§%) = f(n) + f'(n) - (§* —n) = g(¢"),

which is a contradiction since 0 = f(§*) — g(§*) < 0. O

Remark 3.3. We show that Theorem 3.4 fails without the condition (1.5). For example, let
E=(6.5) e R*and f(§) = p(&1 — &), where

e t<0;
H=11
(1) Et2+t+1 t>0.
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Then it is easy to see that f is C? and its derivative map f’: R*> — R? is one-to-one. Hence the
condition (1.4) is satisfied automatically, but f is not convex; of course, (1.5) does not hold.
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